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Abstract
Let Mk be a given set of k integers. Define Exact-Mk -Colorability to be the problem of determining whether
or not χ(G), the chromatic number of a given graph G, equals one of the k elements of the set Mk exactly. In 1987,
Wagner [Theoret. Comput. Sci. 51 (1987) 53–80] proved that Exact-Mk -Colorability is BH2k (NP)-complete, where
Mk = {6k + 1, 6k + 3, . . . , 8k − 1} and BH2k (NP) is the 2kth level of the Boolean hierarchy over NP. In particular, for k = 1,
it is DP-complete to determine whether or not χ(G) = 7, where DP = BH2 (NP). Wagner raised the question of how small
the numbers in a k-element set Mk can be chosen such that Exact-Mk -Colorability still is BH2k (NP)-complete. In
particular, for k = 1, he asked if it is DP-complete to determine whether or not χ(G) = 4.
In this note, we solve Wagner’s question and prove the optimal result: For each k  1, Exact-Mk -Colorability is
BH2k (NP)-complete for Mk = {3k + 1, 3k + 3, . . . , 5k − 1}. In particular, for k = 1, we determine the precise threshold of
the parameter t ∈ {4, 5, 6, 7} for which the problem Exact-{t}-Colorability jumps from NP to DP-completeness: It is
DP-complete to determine whether or not χ(G) = 4, yet Exact-{3}-Colorability is in NP.
 2003 Elsevier Science B.V. All rights reserved.
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1. Exact colorability and the Boolean hierarchy
over NP
To classify the complexity of problems known to be
NP-hard or coNP-hard, but seemingly not contained
in NP ∪ coNP, Papadimitripu and Yannakakis [16] in✩
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troduced DP, the class of differences of two NP problems. They showed that DP contains various interesting types of problems, including uniqueness problems,
critical graph problems, and exact optimization problems. For example, Cai and Meyer [7] proved the DPcompleteness of Minimal-3-Uncolorability,
a critical graph problem that asks whether a given
graph is not 3-colorable, but deleting any of its vertices
makes it 3-colorable. A graph is said to be k-colorable
if its vertices can be colored using no more than k colors such that no two adjacent vertices receive the same
color. The chromatic number of a graph G, denoted
χ(G), is defined to be the smallest k such that G is
k-colorable.
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Generalizing DP, Cai et al. [3,4] defined and studied
the Boolean hierarchy over NP. Their papers initiated
an intensive work and many papers on the Boolean
hierarchy; e.g., [20,15,13,21,2,5,1,6,12,17] to name
just a few.
To define the Boolean hierarchy, we use the symbols ∧ and ∨, respectively, to denote the complex intersection and the complex union of set classes. That
is, for classes C and D of sets, define

C ∨ D = {A ∪ B | A ∈ C and B ∈ D}.
Definition 1 (Cai et al. [3]). The Boolean hierarchy
over NP is inductively defined as follows:
BH1 (NP) = NP,
BH2 (NP) = NP ∧ coNP,
and
BH(NP) =



then B is BH2k (NP)-hard.
For fixed k  1, let Mk = {6k + 1, 6k + 3, . . . ,
8k − 1}, and define the problem

C ∧ D = {A ∩ B | A ∈ C and B ∈ D};

BHk (NP) = BHk−2 (NP) ∨ BH2 (NP)

If there exists a polynomial-time computable function f such that, for all strings x1 , x2 , . . . , x2k ∈ Σ ∗
satisfying (∀j : 1  j < 2k)[xj +1 ∈ A ⇒ xj ∈ A], it
holds that


{i | xi ∈ A} is odd ⇔ f (x1 , x2 , . . . , x2k ) ∈ B,
(1.1)

for k  3,

BHk (NP).

k1

Equivalent definitions in terms of different Boolean
hierarchy normal forms can be found in the papers [3,
20,15]; for the Boolean hierarchy over arbitrary set
rings, we refer to the early work by Hausdorff [11].
Note that DP = BH2 (NP).
All hardness and completeness results in this paper
are with respect to the polynomial-time many-one
p
reducibility, denoted by m , which is defined as
p
follows. For sets A and B, A m B if and only if there
exists a polynomial-time computable function f such
that for each x ∈ Σ ∗ , x ∈ A if and only if f (x) ∈ B.
A set B is said to be C-hard for a complexity class
p
C if and only if A m B for each A ∈ C. A set B is
said to be C-complete if and only if B is C-hard and
B ∈ C.
In his seminal paper [20], Wagner provided sufficient conditions to prove problems complete for the
levels of the Boolean hierarchy. In particular, he established the following lemma for BH2k (NP).
Lemma 2 (Wagner, see Theorem 5.1(3) of [20]). Let A
be some NP-complete problem, let B be an arbitrary
problem, and let k  1 be fixed.

Exact-Mk -Colorability


= G | G is a graph with χ(G) ∈ Mk .
In particular, Wagner applied Lemma 2 to prove that,
for each k  1, Exact-Mk -Colorability is
BH2k (NP)-complete. For the special case of k = 1,
it follows that Exact-{7}-Colorability is DPcomplete.
Wagner [20, p. 70] raised the question of how
small the numbers in a k-element set Mk can be chosen such that Exact-Mk -Colorability still is
BH2k (NP)-complete. Consider the special case of k =
1. It is easy to see that Exact-{3}-Colorability
is in NP and, thus, cannot be DP-complete unless the
Boolean hierarchy collapses; see Proposition 3 below.
Consequently, for k = 1, Wagner’s result leaves a gap
in determining the precise threshold t ∈ {4, 5, 6, 7}
for which the problem Exact-{t}-Colorability
jumps from NP- to DP-completeness.
Closing this gap and solving Wagner’s question,
we show that for each k  1, Exact-Mk -Colorability is BH2k (NP)-complete for Mk = {3k + 1,
3k + 3, . . . , 5k − 1}. In particular, for k = 1, it is DPcomplete to determine whether or not χ(G) = 4.

2. Solving Wagner’s question
Proposition 3. Fix any k  1, and let Mk be any
set that contains k noncontiguous positive integers
including 3. Then, Exact-Mk -Colorability is
in BH2k−1 (NP); in particular, for k = 1, Exact-{3}Colorability is in NP.
Hence, Exact-Mk -Colorability is not
BH2k (NP)-complete unless the Boolean hierarchy,
and consequently the polynomial hierarchy, collapses.
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Proof. Fix any k  1, and let Mk be given as above.
Note that
Exact-Mk -Colorability

=
Exact-{i}-Colorability.
i∈Mk

Since for each i ∈ Mk ,
Exact-{i}-Colorability

 

= G | χ(G)  i ∩ G | χ(G) > i − 1
and since the set {G | χ(G)  i} is in NP and the
set {G | χ(G) > i − 1} is in coNP, each of the k − 1
sets Exact-{i}-Colorability with i ∈ Mk − {3}
is in DP. However, Exact-{3}-Colorability is
even contained in NP, since it can be checked in
polynomial time whether a given graph is 2-colorable,
so {G | χ(G) > 2} is in P. Hence, Exact-Mk -Colorability is in BH2k−1 (NP). ✷
To prove the main result of this paper, we apply two
known reductions from 3-SAT to 3-Colorability, which have certain useful properties needed to
apply Lemma 2. These properties are stated in the
following two lemmas.
The first reduction is the standard reduction from
3-SAT to 3-Colorability, which is due to Garey,
Johnson, and Stockmeyer [9,19]. Here, 3-SAT is
the satisfiability problem for Boolean formulas in
conjunctive normal form and with three literals per
clause, and 3-Colorability is the set of graphs
G with χ(G)  3. Both are standard NP-complete
problems [8].
Lemma 4 (Garey et al. [9,19]). There exists a polynop
mial-time computable function σ that m -reduces 3SAT to 3-Colorability and satisfies the following
two properties:


ϕ ∈ 3-SAT ⇒ χ σ (ϕ) = 3;
(2.1)


ϕ∈
/ 3-SAT ⇒ χ σ (ϕ) = 4.
(2.2)
The second reduction is due to Guruswami and
Khanna [10]. Using the PCP theorem, Khanna, Linial,
and Safra [14] showed that it is NP-hard to color a
3-colorable graph with only four colors. Guruswami
and Khanna [10] gave a novel proof of the same result
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that does not rely on the PCP theorem. Theorem 6 below uses the properties of their direct transformation,
which are stated in Lemma 5.
Lemma 5 (cf. the proof of Theorem 1 of [10]).
There exists a polynomial-time computable function ρ
p
that m -reduces 3-SAT to 3-Colorability and
satisfies the following two properties:
ϕ ∈ 3-SAT

⇒

ϕ∈
/ 3-SAT

⇒



χ ρ(ϕ) = 3;


χ ρ(ϕ) = 5.

(2.3)
(2.4)

Proof. The Guruswami–Khanna reduction, call it ρ,
is the composition of two subsequent reductions:
first a reduction from 3-SAT to the independent set
problem, another standard NP-complete problem [8];
and then from the independent set problem to 3Colorability. The independent set problem asks,
given graph a G and an integer m, whether or not the
size of a maximum independent set of G (i.e., of a
maximum subset of G’s vertex set in which no two
vertices are adjacent) is at least m.
We omit presenting the details of Guruswami and
Khanna’s very sophisticated construction, which involves tree-like structures and various types of gadgets
connecting them. Instead, we give only a rough outline
of the construction. Using the standard reduction from
3-SAT to the independent set problem [8], construct
from the given Boolean formula ϕ a graph G consisting of m triangles (i.e., of m cliques of size 3 each)
such that each triangle corresponds to some clause of
ϕ and the vertices of any two distinct triangles are connected by an edge if and only if they represent some
literal and its negation, respectively, in the corresponding clauses.
Then, transform G to a graph H = ρ(ϕ) such
that, to each such triangle in G, there corresponds
a tree-like structure with three leaves in the graph
H . The “vertices” of the tree-like structures are basic
templates consisting of 3 × 3 grids such that the
vertices in each row and in each column of the grid
induce a 3-clique. The three vertices in the first column
of any such basic template are shared among all the
basic templates in each of the tree-like structures.
Finally, connect the leaves of any two distinct tree-like
structures by appropriate gates that will be described
later on.
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Similarly, we also omit presenting the details of
their clever proof of correctness and give only a
rough outline of the idea. Intuitively, it is argued that
every 4-coloring of the graph H “selects” the root of
each tree-like structure and that this root selection is
inherited downwards to the leaves. Then, the gadgets
connecting the tree-like structures at the leaf-level
ensure that if the graph H = ρ(ϕ) is 4-colorable, then
ϕ is satisfiable. On the other hand, it is proven that if
ϕ is satisfiable, then H is even 3-colorable. Thus, the
construction guarantees that an unsatisfiable formula
implies a graph with chromatic number at least five.
In other words, the graph H has never a chromatic
number of exactly four, no matter whether or not ϕ
is satisfiable.
However, there is one subtle point in the Guruswami–Khanna reduction that requires detailed explanation here, since it is crucial to our application of their
reduction in Theorem 6. As noted above, Guruswami
and Khanna [10] prove that their reduction ρ satisfies
that:
• ϕ ∈ 3-SAT implies χ(ρ(ϕ)) = 3, which is
Eq. (2.3), and
• ϕ∈
/ 3-SAT implies χ(ρ(ϕ))  5.
Guruswami and Khanna [10] note that the graph
H = ρ(ϕ) they construct is always 6-colorable. However, to apply Wagner’s technique (see Lemma 2) in
the proof of Theorem 6, we need to have that ϕ ∈
/
3-SAT implies not only 5  χ(H )  6, but exactly
χ(H ) = 5.
We now argue that the Guruswami–Khanna construction even gives that the graph H is always 5colorable as required. To see why, look at the reduction
in [10]. Recall that the graph H consists of tree-like
structures whose vertices are replaced by basic templates, which are 3 × 3 grids whose rows and columns
induce 3-cliques. Thus, the basic templates can always
be colored with three colors, say 1, 2, and 3. In addition, some leaves of the tree-like structures are connected by leaf-level gadgets of two types, the “same
row kind” and the “different row kind”.
The latter gadgets consist of two vertices connected
to some grids, and thus can always be colored with two
additional colors. The leaf-level gadgets of the “same
row kind” consist of a triangle whose vertices are
adjacent to two grid vertices each. Hence, regardless

of which 3-coloring is used for the grids, one can
always color one triangle vertex, say t1 , with a color
c ∈ {1, 2, 3} such that c is different from the colors
of the two grid vertices adjacent to t1 . Using two
additional colors for the other two triangle vertices
implies χ(H )  5, which proves Eq. (2.4). ✷
Theorem 6. For each fixed k  1, let Mk = {3k + 1,
3k + 3, . . . , 5k − 1}. Then, Exact-Mk -Colorability is BH2k (NP)-complete.
Proof. Apply Lemma 2 with A being the NP-complete
problem 3-SAT and B being the problem ExactMk -Colorability, where Mk = {3k + 1, 3k + 3,
. . . , 5k − 1} for fixed k.
Let σ be the standard reduction from 3-SAT to 3Colorability according to Lemma 4, and let ρ be
the Guruswami–Khanna reduction from 3-SAT to 3Colorability according to Lemma 5.
The join operation ⊕ on graphs is defined as
follows: Given two disjoint graphs A = (VA , EA ) and
B = (VB , EB ), their join A ⊕ B is the graph with
vertex set VA⊕B = VA ∪ VB and edge set EA⊕B =
EA ∪ EB ∪ {{a, b} | a ∈ VA and b ∈ VB }. Note that ⊕
is an associative operation on graphs and χ(A ⊕ B) =
χ(A) + χ(B).
Let ϕ1 , ϕ2 , . . . , ϕ2k be 2k given Boolean formulas
satisfying ϕj +1 ∈ 3-SAT ⇒ ϕj ∈ 3-SAT for each j
with 1  j < 2k. Define 2k graphs H1 , H2 , . . . , H2k
as follows. For each i with 1  i  k, define H2i−1 =
ρ(ϕ2i−1 ) and H2i = σ (ϕ2i ). By Eqs. (2.1)–(2.4), it
follows that:

3 if 1  j  2k and ϕj ∈ 3-SAT,






 4 if j = 2i for some i ∈ {1, 2, . . . , k}
and ϕj ∈
/ 3-SAT,
χ(Hj ) =



5 if j = 2i − 1 for some i ∈ {1, 2, . . . , k}




and ϕj ∈
/ 3-SAT.
(2.5)
For each i with 1  i  k, define the graph Gi to
be the disjoint union of the graphs H2i−1 and H2i .
Thus, χ(Gi ) = max{χ(H2i−1 ), χ(H2i )}, for each i
with 1  i  k. The construction of our reduction
f is completed by defining f (ϕ1 , ϕ2 , . . . , ϕ2k ) = G,
where the graph G = ki=1 Gi is the join of the graphs
G1 , G2 , . . . , Gk . Thus,
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χ(G) =

k

χ(Gi ) =
i=1



max χ(H2i−1 ), χ(H2i ) .

i=1

(2.6)
It follows from our construction that


{i | ϕi ∈ 3-SAT} is odd
⇐⇒ (∃i: 1  i  k)
[ϕ1 , . . . , ϕ2i−1 ∈ 3-SAT and
/ 3-SAT]
ϕ2i , . . . , ϕ2k ∈
(2.6),(2.7)

⇐⇒ (∃i: 1  i  k)
k
j =1 χ(Gj ) = 3(i − 1) + 4 + 5(k − i)

= 5k − 2i + 1
(2.7)

⇐⇒ χ(G) ∈ Mk = {3k + 1, 3k + 3, . . . , 5k − 1}
⇐⇒ f (ϕ1 , ϕ2 , . . . , ϕ2k )
= G ∈ Exact-Mk -Colorability.
Hence, Eq. (1.1) is satisfied. By Lemma 2, ExactMk -Colorability is BH2k (NP)-complete. ✷
In particular, for k = 1, Theorem 6 has the following corollary.
Corollary 7. Exact-{4}-Colorability is DPcomplete.
To conclude this paper, we mention in passing that
Riege and this author [17] recently obtained similar
BH2k (NP)-completeness results for the exact versions
of the domatic number problem and the conveyor flow
shop problem.
The results of this paper appear in preliminary form
in [18].
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