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derFakulẗat für MathematikundInformatik
derFriedrich-Schiller-Universiẗat Jena
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Chapter 1

Intr oduction

Computationalcomplexity theoryhasdevelopedinto arich, establishedfield of theoretical
computerscienceover the pastthreedecades.It hasby now produceda vastnumberof
importantresultsmany of which fascinatebothby their puremathematicalbeautyandby
their ability to stimulateandinteractwith other, in many casesapplied,fieldsof computer
science.To namea few examples,areasasdiverseascryptography, codingandinforma-
tion theory, datacompression,logic,graphtheory, thedesignandanalysisof algorithms,or
circuit theoryhave to dategreatlybenefittedfrom—andhave hadthemselvesa greatdeal
of influenceon—complexity theory.1 Evenin areasseeminglyasfar apartaspolitical sci-
enceandsocialchoicetheory, complexity-theoretictechniqueswererecentlyappliedwith
strikingsuccess[BTT89a,BTT89b,BTT92,HHR97a,HHR97b].Historicallyandconcep-
tually, complexity theoryis closelyrelatedto recursivefunctiontheoryandto thetheoryof
automataandformal languages.Finally, theyoungfieldsof quantumcomputing[Ber97]
andbiological computing[KMRS97]—which may have the potentialto have a decisive
impacton futurecomputertechnologies—dwellwell andflourishin complexity theory.

Onecentraltaskof complexity theoryis to classifyproblems—thatarisenaturallyin
a wide varietyof fields—with respectto their intrinsic computationalcomplexity, i.e., to
placetheminto complexity classes.Any complexity classcontainsall thoseproblemsthat
aresolvablevia a certaintype of algorithm—specifically, via a Turing machine[Tur36]
representinga certaincomputationalparadigmsuchasdeterministiccomputation,nonde-
terministiccomputation,probabilisticcomputation,etc.—andsubjectto acertainlimitation
of computationalresourcessuchascomputationtimeor space.2 By exploring therelation-

1Someof thoseareasarenow sodeeplyinterwovenwith complexity theorythat it is sometimesdifficult
to draw a firm borderlinebetweenthem. Occasionally, this interactionhasevencreatednew, intermediate
subfieldssuchascomplexity-theoreticcryptographyor circuit complexity theory.

2Time(i.e.,thenumberof stepstheTuringmachinestakesto solvetheproblem),space(i.e.,thenumberof
memorycellsneeded),andotherresourcesaremeasuredin termsof functionsof theinput size.Throughout

1



2 1. Introduction

shipsbetweencomplexity classes,complexity theoreticiansseekto learntherelativepower
of theunderlyingcomputationalparadigmsand/orresourceconstraints.However, thepur-
poseof complexity theorygoesbeyond that. By studyingthe structureandpropertiesof
complexity classes,complexity theoreticiansseekto gaininsightsinto whysomeproblems
seemto becomputationallyharderthanothers,not merelyto determinehoweasyor hard
agivenproblemis to solve. This taskis especiallycrucialin light of thefactthatfor many
practicallyimportantproblemsnoefficientalgorithmsappearto exist.

The most fundamentalcomplexity classesareP (deterministicpolynomial time) and
NP (nondeterministicpolynomial time). P was perceived as early as in the mid six-
ties[Cob64,Edm65] to bethemostappropriateformalnotionto capturetheinformal term
of “feasible”computation:Setscontainedin Pareviewedascomputationallyeasysets.On
theotherhand,thehardestsetsin NP[Coo71,Lev73] areconsideredto becomputationally

intractable.Fromthebeginningsof complexity theory, the famousP
?9 NP questionhas

beenits centralissueandits mostseriouschallenge,if notthecentralissueandchallengeof
all of theoreticalcomputerscience,andit is anopenquestionstill today. Theoutstanding
role of this questionfor boththeoryandpracticeis substantiatedby theannoying discrep-
ancy between,on theonehand,theutmostpracticalsignificanceof many of thecurrently
known NP-completeproblemsand,on theotherhand,thetotal lackof efficientalgorithms
for any of them,despitethecontinuous,decades-longeffort to getholdof suchalgorithms.

Thepresentthesiscontinuesthe studyof thestructureandpropertiesof the classesP
andNP, andof relatedclasses.More to the point, themain topicsthis thesiscoversmay
be summarizedby the following catchwords,which will be explainedin moredetail in
thesequel:certificatecomplexity, one-wayfunctions, heuristicsversusNP-completeness,
andcountingcomplexity, wherethe latter item hasthreeindependentfacetsthat may be
describedmore specificallyas: (a) countingpropertiesof circuits, (b) separationswith
immunityfor countingclasses, and(c) countingthesolutionsof tally NPsets.

Wewill usethefollowingconcreteexampleof aproblemin NPtodescribemorevividly
someof the above topics. First, we needthe following graph-theoreticnotion. Given a
graph� , asubset: of thevertex setof � is an independentsetof � if no two verticesof :
arejoinedby anedge.Let mis;<�>= denotethesize(i.e., thenumberof vertices)of a maxi-
mumindependentsetof � . Figure1.1showsagraph� having two maximumindependent
setseachof sizeseven, i.e, mis;?�@= 9BA . The problem  �CEDGF�HIF�CEDGF�CKJL"$F�J is definedas
follows: Givena pair M?�ON�PGQ , where � is a graphand P is a positive integer, is it true that

this thesis,we consideronly the traditional model of worst-casecomplexity (as opposedto average-case
complexity, an alternative model that hasalsoattractedmuchattention);i.e., resourcefunctions R	SUTKV are
boundsonthemaximumresourceallowed,wherethemaximumis takenoverall inputsof size T .
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Figure1.1: Graph� with oneof its maximumindependentsetsdisplayedby full circles

mis;<�>=cbdP ?  �CEDGF�HIF�CEDGF�CKJe"$F�J is oneof thestandardNP-completeproblems,3 i.e., it is
oneof thehardestproblemsin this class,sinceeveryNP problemcanbetransformedinto
(in technicalterms:canbemany-onereducedto)  �CGDEF�HIF�CGDEF�CKJO"$F�J in polynomialtime.

Now we turn to thedetaileddescriptionof thetopicstreatedin thepresentthesis.We
alsoprovide somemotivation and backgroundof the questionsto be addressedand the
conceptsto be used,andwe presentanddiscussour main resultsaswell asa numberof
relatedresultsknown from theliterature.For eachtopicdiscussed,we heregivea detailed
accountof the publicationsandpapersthat originally describethe researchpresentedin
this thesis—forthepublicationsoverview, thereaderis referredto theAcknowledgments.

(1) Certificate complexity – [HRW97a, HRW97b]. GivenanNP set f andaninstancegih f , a certificate(a.k.a.witnessor solution) for “ gih f ” is a shortstring(i.e., a string
of lengthatmostpolynomialin thelengthof g ) thatcertifiesmembershipof g in f sothat
this canbecheckeddeterministicallyin polynomialtime. For example,if � is thegraph
displayedin Figure1.1, then Mj�kN A Q h  �CGDGF�HlF�CGDGF�CGJm"$F�J , andthetwo certificatesfor this
membershiparethe vertex sets n W�X N W�] N W�` N W�^ N W�a N W$X<\ N W�X<Zpo and n W$X N W�] N W�` N W�_ N W�a N W�X<\ N W�X<Zpo ,
appropriatelyencodedasstrings.To checkthevalidity of suchacertificate,onesimplyhas
to verify that it containssevenverticesno two of which arejoined by an edge,which is
easyto dogiventheadjacency list of graph� .

Technicallyspeaking,for any certificatescheme(i.e., NP machine) q acceptingf ,
eachacceptingcomputationpathof q on input g is acertificatefor “ grh f .” A certificate
schemeq for f is saidto beeasyif thereis a polynomial-timecomputablefunction that
prints,for eachgsh f , somecertificatewitnessingmembershipof g in f .

3Thousandsof problemshave asyet beenshown to beNP-complete;seethe bookby Garey andJohn-
son[GJ79] for an early, yet very instructive account.However, dueto thewell-known fact that if any one
NP-completesetis in Pthenall NPsetsarein P, it doesnotreallymatterwhichparticularNP-completeprob-
lem wepick asanexample.Indeed,thefamousIsomorphismConjectureof BermanandHartmanis[BH77]
suggeststhatall NP-completeproblemsmay, in fact,bejustoneandthesameproblem“in disguise.”



4 1. Introduction

Caneasysetsonly have easycertificateschemes?In Chapter3, we studytheclassof
setssatisfyingthatall their certificateschemesareeasy. We denotethis classby EASYtt .
WealsostudyEASYut , theclassof setsfor whichthereexistssomeeasycertificatescheme;
it turnsout thatEASYut

9 P. In addition,we studyEASYtio andEASYuio, the analogsof
EASYtt andEASYut whosecertificateschemesareonly requiredto beeasyinfinitely often.
SeeFigure3.1onpage22 for theinclusionsamongthesefour classeswithin NP.

Theideacapturedby EASYtt waspreviously studiedby BorodinandDemers[BD76].
Statingtheir resultin our notation,they provedthat if P v9 NP w coNPthenP vx EASYtt ,
wherecoNP is the classof setswhosecomplementsare in NP. That is, undera very
plausiblehypothesisit holds that there exists an easyset that doesnot haveonly easy
certificateschemes. Thisbeautifulresultmotivatedtheresearchreportedon in Chapter3.

Section3.2 characterizesthe classesEASYtt and EASYtio in terms of Kolmogorov
complexity, showing that they are robust. Informally speaking,Kolmogorov complex-
ity ([Kol65, Cha66],seealso[LV93]) measuresthe “randomness”of finite binarystrings
in an information-theoreticsense,andis hereinvokedto describethe randomnessof cer-
tificates. Thatis, a certificatebeing“random” meansit is “hard to find.” In contrast,easy
certificateschemeshavecertificatesof smallgeneralizedKolmogorov complexity.4

In our example, if somecertificatefor “ Mj�kN A Q h  	CGDGF�HIF�CGDGF�CKJy"$F�J ” happensto
be encodedas the binary string consistingof only zeroes,this certificatewould not be
Kolmogorov-random. However, NP-completeproblemssuchas  	CGDGF�HIF�CGDGF�CKJz"$F�J are
very unlikely to have easycertificateschemes,sincedue to EASYut

9 P this property
would immediatelyimply P 9 NP. Interestingly, NP-completesetshavesomeeasycertifi-
cateschemeif and only if they have only easycertificateschemes,seeCorollary 3.3.2
on page28. In fact, the difficulty of finding certificatesfor the acceptedinstancesof
NP-completeproblemsappearsto be onecrucial sourceof their intractability. Thepoint
of the result of Borodin and Demersand of our resultsis that even easysets(i.e., sets
in P)arelikely to havehard certificateschemes(i.e.,certificateschemesnotalwayshaving
Kolmogorov-easycertificates).

Section3.3 providesstructuralconditions—regardingimmunity,5 P-printability,6 and
classcollapses—thatput upperandlower boundson the sizesof the classesEASYtt and
EASYtio. Thepositiveresultsof Section3.3aresummarizedin Figure3.2onpage26.

4Notethat“randomness”means“non-compressibility”in termsof thetheoryof datacompression.Gen-
eralizedKolmogorov complexity wasintroducedby Hartmanis[Har83a] to measurenotonly how farastring
canbecompressed,but alsohow fastit canbe“restored.” SeeDefinition3.2.5onpage23.

5Immunity is an importantnotionof bothrecursive functiontheory[Rog67] andcomplexity theory. For
any complexity class { , a { -immunesetis aninfinite sethaving no infinite subsetin { .

6P-printability[HY84] is anotionarisingin thetheoryof Kolmogorov complexity anddatacompression.
Informally stated,a set is P-printableif all its elementsup to a given lengthcanbe printedin polynomial
time,seeDefinition2.2.8onpage17.
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Section3.4providesnegative resultsshowing thatsomeof our positiveclaimsareop-
timal with regardto beingrelativizable.Onesuchresultis provenvia a novel observation:
theclassical“wide spacing”oracleconstructiontechniqueyieldsinstantnon-bi-immunity
results.We alsoconstructanoraclerelative to which NP v9 P 9 EASYtt , which improves
on theclassicalresultthat,in somerelativizedworld, NP v9 P 9 NP w coNP[BGS75].

(2) One-wayfunctions. ThepreviouscommentsonNP-completeproblemslackingeffi-
cientalgorithms,yet beingof extremepracticalimportance,mighthave giventhe(wrong)
impressionthatcomputationalefficiency wastheonly criterionof decidingwhatis useful,
important,desirablefor practicalpurposes.On the contrary, computationalinefficiency
(hardness)—andabove all, provablehardness—issometimesusefulanddesirablein cer-
tainapplications.In particular, applicationshaving to dowith strategic considerations,with
adversariesexpectedto haveacertaincomputationalpower, with security, etc.undoubtedly
do need,andrely upon,computationalhardnessanddo need,andrely upon,theoretically
well-foundedresultsproving hardnessto beaninherentfeatureof thegivencomputational
task.Onesuchfield instantlycomesto mind: cryptography.7

In cryptography, and particularly in its modernsubfieldssuchas public-key crypto-
graphy, oneseeksto find securewaysof transmittingdatain cipheredform over unsecure
channels,thusseekingto guaranteethattheinformationtransmittedis secureagainsteaves-
dropping,forgeryof authorship,etc.To thisend,appropriatecryptographicprotocolsneed
be designedwhosebuilding blocksarecryptographicprimitivessuchaspseudo-random
generators,bit commitmentschemes,or one-way functions. Intuitively, a one-way func-
tion is a functionthatis easyto computebut hardto invert. Sincethepresentthesisis the-
maticallyconcernedwith complexity theory, we will bedealingwith complexity-theoretic
cryptography. In particular, thetypeof one-wayfunctionswewill studyin Chapter4 is the
complexity-theoreticone-way functionsintroducedby GrollmannandSelman[GS88].

An issueof centralimportancein complexity-theoreticcryptographyis thequestionof
whetheror notsuchfunctionsexist. However, sinceit is well known thatone-wayfunctions
exist if andonly if P v9 NP, we cannotgive anultimateanswerto this questionunlesswe

cansolve the P
?9 NP question. All we canhopefor is to characterizethe existenceof

certainspecialtypesof one-wayfunctionsin termsof complexity-theoreticconditionssuch
ascomplexity classseparations.Chapter4 providessuchcharacterizationsfor certaintypes
of associativeone-way functions—whichwereintroducedby RabiandSherman[RS97]—
andfor partialandtotalone-waypermutations.A one-waypermutationis aninjective(i.e.,
one-to-one)andsurjective (i.e.,onto)one-way function.

7This field, sure enough,is not the only one. For instance,a very interestingapplicationfield of
complexity-theoretichardnessresultsin political sciencewasrecentlyproposedby Bartholdietal. [BTT89a]:
They prove that for theCopelandvoting scheme,anelectionschemethat is in practicalusetoday, thecom-
putationaltaskof manipulatingtheelectionis hard;in fact,is NP-complete.
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(2a) Associative one-way functions – [HR99]. Rabi and Sherman[RS97] presented
novel digital signatureandunauthenticatedsecret-key agreementprotocols,developedby
themselvesandby RivestandSherman.Theseprotocolsusestrong,8 total,commutative(in
the caseof multi-partysecret-key agreement),associative one-way functionsastheir key
building blocks. ThoughRabiandShermandid prove thatassociative one-way functions
exist if P v9 NP, they left asan openquestionwhetherany naturalcomplexity-theoretic
assumptionis sufficient to ensurethe existenceof strong,total, commutative, associative
one-wayfunctions.In Section4.2,weprovethatif P v9 NPthenstrong,total,commutative,
associativeone-way functionsexist.

Theproofof this resultalsoresolvesanotherquestionof RabiandSherman.They also
posedasanopenissuetheproblemof whetherastrong,total,associativeone-wayfunction
canbeconstructedfrom any givenone-way function[RS93]. Theproof of Theorem4.2.8
showshow tocreateastrong,total,commutative,associativeone-wayfunctionfromany set
in NP | P, assumingP v9 NP. For example,if P v9 NPthen  �CGDGF�HIF�CGDGF�CKJO"$F�J h NP | P,
andthusour proof shows how to constructsucha one-way function from this particular
problem.Sinceit is well known how to constructasetin NP | P from any givenone-way
function,RabiandSherman’squestioncanbeansweredin theaffirmative.

Furthermore,basedonKleene’s[Kle52] carefuldistinctionbetweenweakandcomplete
equalityof partial functions,we give a novel definition of associativity that, for partial
functions,is a more naturalanalogof the standardtotal-functiondefinition than that of
RabiandSherman.Weshow thattheirandour resultsholdevenunderthisdefinition.

We alsodiscuss,in Section4.2, the issueof injective associative one-way functions.
ThoughRabiandShermanprovedthatno total associativeone-way functioncanbeinjec-
tive, we characterizethe existenceof partial, injective, associative one-way functionsby
theseparationP v9 UP, whereUP [Val76] (unambiguouspolynomialtime) is theclassof
thosesetsf in NPthathavesomecertificateschemefor whicheachg}h f hasexactlyone
certificate. UP haslong playeda centralrole in complexity-theoreticcryptography;see,
e.g.,[GS88]. By definition,P

x
UP

x
NP, andboth inclusionsarewidely suspectedto

beproper—thoughthis is anopenresearchproblem:any proof of P v9 UP or UP v9 NP
would immediatelyprove thatP v9 NP. NP-completeproblemssuchas  	CGDGF�HIF�CGDGF�CKJO"$F�J
areunlikely to bein UP.9 Candidatesfor problemsin UP | Pare,e.g.,(a languageversion
of) thediscretelogarithmproblem[GS88]andprimality testing[FK92].

8Informally stated,strongone-way functionsarebinaryone-way functionsthatarehardto invert evenif
oneof theirargumentsis given,seeDefinition4.2.7onpage49.

9Seethepapers[HH88a, Rac82] for argumentsasto why. Intuitively, instances~����j��� of � ���	���������	���	�� ��� mayhaveupto exponentiallymany (in thesizeof ~����&��� ) certificatesin thecanonicalcertificatescheme
(i.e., for the “natural” NP algorithmthat guessesall possiblesubsetsof size ��� of the vertex setand,for
eachsubsetguessed,checkswhetheror not it is anindependentset),andit seemsunlikely that � ���	���������	���	�� ��� hassomeothercertificateschemeobeying thevery restrictiveunambiguityrequirementof UP.
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Finally, we provide a counterexampleto a constructionthat Rabi andShermanclaim
convertspartial associative one-way functionsinto total associative one-way functions.10

Moreprecisely, weshow thatany proofof theirclaimwould immediatelyproveUP 9 NP.

(2b) Partial and total one-waypermutations – [RH96], seealso [HRW97b]. A one-
way permutationis an injective andsurjective one-way function, and in Section4.3 we
considerbothpartialandtotal one-way permutations.Interestingly, it turnsout thatpartial
one-way permutationsare closely linked with the easycertificateclassesintroducedin
Chapter3. In particular, we definetheUP analogof EASYtt , denotedEASYtt ; UP= . This
classsimultaneouslypreventstwo of thepossiblesourcesof thepotentialintractabilityof
NP-completeness:It reducesthe solutionspaceof NP problemsto at mostonesolution
for eachinput,andit requiresthatthis onesolution,if it exists,is easyto find. Expanding
resultsof GrollmannandSelman[GS88], we show that the existenceof partial one-way
permutationscanbecharacterizedby theseparationP v9 EASYtt ; UP= .

Wealsocharacterizetheexistenceof varioustypesof poly-to-oneone-wayfunctionsin
termsof separationssuchasP v9 EASYtt ; FewP= , whereEASYtt ; FewP= is theFewPanalog
of EASYtt . FewP [All86, AR88] (ambiguity-boundedpolynomialtime) is thatsubclassof
NP whosemachineshave at mostpolynomially many (in the input size)certificatesfor
eachinput. Finally, we establisha conditionnecessaryandsufficient for the existenceof
totalone-waypermutations.

(3)HeuristicsversusNP-completeness. Theoreticalhardnessresults—suchasNP-com-
pletenessresults—areoftenthoughtof asbeingnegative results:They expresstheimpos-
sibility to efficiently solve importantproblems.A practitionerwho urgentlyneedsto have
someproblemsolvedmightsay:“I don’t careabouttheory. All I careaboutarethose2500
instancesof  �CGDGF�HlF�CGDGF�CGJ�"$F�J that I musthave solvedby tomorrow morning.And asfar
asI’m concerned,for my first 423 inputsthis greedyheuristicseemsto have worked just
perfectly.”

Indeed,heuristicalgorithmscan be useful in quickly providing solutionsto certain
“well-structured”instancesof hardproblems.For instance,our examplegraph � in Fig-
ure1.1happenstohaveonlyverticesof degree1 or2,andit is knownthatthe  �CEDGF�HIF�CEDGF�CKJ
"$F�J problem,restrictedto graphswith no vertex degreeexceeding2, is solvablein deter-
ministic polynomialtime, see[GJ79]. Similarly, theMinimum DegreeGreedyAlgorithm
(MDG, for short;seeFigure5.1onpage68)efficiently findsamaximumindependentsetif
theinputgraphis a tree,asplit graph,thecomplementof a P -tree,awell-coveredgraph,or
a completeP -partitegraph.Evenin caseswheresomeheuristicfails to find theoptimum,

10Theirclaimrefersto thenotionof associativity thatis basedonweakpartial-functionequalityin Kleene’s
sense.Thoughtheirclaimis invalid,weshow thatfor associativity basedoncompletepartial-functionequal-
ity, avariantof RabiandSherman’sconstructionindeedis usefulin ourproofof Theorem4.2.8.
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it still mightbeusefulin providing goodapproximatesolutionsof theproblem.Again,for
certaingraphclassesit is known thatMDG hasagoodapproximationratio [HR94].

The centralquestionaddressedin Chapter5 is: Givena hard problem,and givena
heuristicalgorithmfor thatproblem,whatis thecomplexity of recognizingonwhich inputs
theheuristicdoeswell? Tobeabit morespecificaboutaheuristic“doingwell,” wemention
the following threefacetsof this question,focusingon  	CGDGF�HIF�CGDGF�CKJs"$F�J andthe MDG
heuristic.First,onecanrestrictthedecisionproblem  �CEDGF�HIF�CEDGF�CKJO"$F�J to thoseinputson
whichMDG is ableto solveit, andstudythecomplexity of therestrictedproblem.Second,
onecanaskaboutthecomplexity of recognizingthosegraphsfor which MDG cansolve
theoptimizationproblem,i.e., for which MDG is ableto outputa maximumindependent
set. Third, given any fixed constant� , onecanaskaboutthe complexity of recognizing
thosegraphsfor whichMDG canapproximatetheoptimumsolutionwithin a factorof � .

We studythisquestionfor two importantNP-completegraphproblems: �CEDGF�HIF�CEDGF�CKJ
"$F�J and � - �I�$�$���G���!���G�	JG� , see[GJ79]. Let ��;<�>= denotethechromaticnumberof graph� ,
i.e., the smallestnumberof colors neededto color the verticesof � suchthat no two
adjacentverticesreceive thesamecolor. Theproblem � - �E�K�$���G�������G�	JK� is the following:
Given a graph � anda positive integer P , is it true that ��;?�@=L��P ? Note that already�
- �I�$�$���G���!���G�	JG� —thespecialcaseof � - �E�$�$���G���!���E�	JK� with P 9 �

—is NP-complete.

(3a) Independentsetproblems– [HR98a], seealso[HHR97c]. Bodlaender, Thilikos,
andYamazaki[BTY97] proposedto studythe computationalcomplexity of the problem
of whetherthe MDG algorithmcanapproximatea maximumindependentsetof a given
graphwithin a constantfactorof � , for any fixed rational �zbB� . (Note that the special
caseof � 9 � is theoptimizationproblemalludedto above.) They denotedthis problem
by ,.- andprovedthatfor eachrational �mb�� , ,.- is coNP-hard.They alsoprovideda PNP

upperboundof ,.- , wherePNP is the classof setssolvablevia sequential(a.k.a.“Turing”
or “adaptive”) accessto NP. They left openthequestionof whetherthegapbetweenthe
upperandthelowerboundof ,.- canbeclosed.For thespecialcaseof � 9 � , they showed
that , X is evenDP-hard,whereDP[PY84] is theclassof setsthatcanberepresentedasthe
differenceof two NP sets.Again, they left openthequestionof whether, X canbeshown
to becompletefor DPor somelargerclasssuchasPNP.

In Section5.3,we completelysolve all thequestionsleft openin [BTY97]. Our main
result is that for eachrational ��b�� , ,.- is completefor PNP� � , the classof setssolvable
via parallel (a.k.a.“truth-table” or “nonadaptive”) accessto NP. The classPNP� � hasre-
centlyprovento be importantfor describingthecomplexity of somenaturalproblemsfor
which previously only NP-hardnessor coNP-hardnesslower boundswereknown, seethe
papers[HHR97a,HHR97b,HW97] andthesurvey [HHR97c].

(3b) Graph coloring problems – [Rot98a]. In Section5.4, we study the complexity
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of the problem
�
- �E�$�K���G���!���G�	JK� whenrestrictedto thoseinput graphson which a given

graphcoloringheuristicis ableto solve theproblem. Theheuristicswe considerinclude
the sequentialalgorithm traversingthe verticesof the graphin variousorderings—e.g.,
in the order by decreasingdegreeor in the recursive smallest-lastorder of Matula et
al. [MMI72]—as well as Wood’s algorithm [Woo69]. For eachof the seven heuristics
consideredin Section5.4,we prove thatthecorrespondingrestrictionof

�
- �E�$�K���G���!���G�	JK�

remainsNP-complete.

(4) Counting complexity. To preciselydescribethe complexity of computingthe per-
manentof a given matrix, Valiant [Val79a] introducedthe countingclass ¡ P. Count-
ing has since been a central theme in complexity theory, and a rich body of very
useful, important, sometimessurprisingresultshas beendeveloped; see,e.g., the pa-
pers [Hem87, Hem89, Tod91a, Tod91b, TO92, Tor88, Tor91] and the excellent sur-
veys[Sch90,For97b]. Traditionally, NPis viewedasaclasscapturingtheexistentialquan-
tification: Doesthereexist asolutionto agiveninstance?Valiant’spaperandits follow-up
papersaskaboutthenumberof solutions;i.e., ¡ P is theclassof functionsthatcountthe
numberof certificatesof NP machines.For example,thecanonicalcertificateschemefor
 �CGDEF�HIF�CGDEF�CKJm"$F�J describedin Footnote9 correspondsto some¢ h ¡ P; taking,e.g.,the
graph � from Figure1.1, we have ¢£;
Mj�kN A Q�= 9¥¤ . ¡ P functionscanbe usedto define
variousimportantcountingandprobabilisticclassessuchasPP, BPP, C9 P, ¦ P, andSPP;
seeDefinition 2.2.1on page13. The studyof ¡ P andof relatedclasseshassignificant
applicationsin circuit complexity andotherfields.

(4a)Counting propertiesof circuits – [HR, HR98b]. Themotherof complexity theory
is recursive function theory. One of the most beautiful and importantresultsof recur-
sive function theory is Rice’s Theorem[Ric53, Ric56], which statesthat every nontriv-
ial languagepropertyof the recursively enumerablesetsis undecidable. Borchertand
Stephan[BS97] initiated the searchfor complexity-theoreticanalogsof Rice’s Theorem.
In particular, they provedthatevery nontrivial countingpropertyof circuits is UP-hard,11

andthat a numberof closelyrelatedproblemsareSPP-hard.SPPplaysa centralrole in
complexity theory[For97b]and,in particular, is closelylinkedto theclosurepropertiesof
¡ P [OH93].

In Chapter6, we show thatBorchertandStephan’s UP-hardnessresultitself cannotbe
improvedto SPP-hardnessunlessunlikely complexity classcontainmentshold. Nonethe-
less,we prove that every “P-constructiblybi-infinite countingpropertyof circuits”—see
Definition 6.3.5on page93—isSPP-hard.We alsoraisetheir generallower boundfrom
unambiguousnondeterminismto constant-ambiguitynondeterminism.

11SeeDefinition 6.1.3on page86 for theprecisemeaningof thoseterms,andnotein particularthenon-
standardusageof “ { -hardnessof countingpropertiesof circuits” for any complexity class { .
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(4b) Separationswith immunity for counting classes– [Rot, Rot98b]. Ko [Ko90] and
Bruschi[Bru92] independentlyshowedthat, in somerelativizedworld, PSPACE contains
a setthat is immuneto PH, thepolynomialhierarchy[MS72, Sto77]. A complexity class
separationwitnessedby animmunesetis aparticularlystrongseparation,sinceanimmune
witnesssetcontainsonly finite setsof the classto separatefrom; immunity thusshields
the witnessset againstbeing “approximatedfrom the inside.” In Chapter7, we study
andsettlethe questionof relativizedseparationswith immunity for PH andthe counting
classesPP, C9 P, and ¦ P in all possiblepairwisecombinations. Our resultsstrengthen
previouslyknown simpleseparationresultsof Torán[Tor91],Green[Gre91],andBerg and
Ulfberg [BU], which are not witnessedwith immunity. We alsoprove the existenceof
a relativizedC9 P-simpleset(i.e., a coinfiniteC9 P setwhosecomplementis C9 P-immune),
which extendsresultsof Balcázaret al. [Bal85, BR88]. Our proof techniquerequiresan
exponentialcircuit lower boundfor the Booleanfunction EQU §©¨&ª «¬ (definedon page100)
thatis derivedfrom Razborov’s [Raz87] circuit lowerboundfor themajority function.

(4c) Counting the solutions of tally NP sets– [GOR, GOR98]. Chapter8 studies
¡ PX [Val79b],theclassof functionsthatcountthenumberof solutionsof tally NPsets.A
setis tally if it is encodedovera unaryalphabet.¡ PX is aninterestingsubclassof ¡ P and
containsa numberof importantproblemssuchastheproblem "$FG��­ - ®$¯l�G��D°�	CG±6²I�E��³ (de-
finedonpage114,seealso[Wel93]),aclassicalproblemof statisticalphysicsandpolymer
chemistry. Themostsignificantquestionregarding¡ PX is whetheror not ¡ PX is contained
in FP, theclassof polynomial-timecomputablefunctions.We studythis questionin rela-
tion to othercomplexity-theoreticconditions.Notethatif ¡ PX x FPthenall tally NP sets
arein P. We prove thattheassumption¡ PX x FPimpliesevenmoreunlikely complexity
classcollapses:PH

x ¦ PandP 9 BPP.
We alsoshow that ¡ PX is containedin FP if andonly if every P sethasaneasy(i.e.,

polynomial-timecomputable)censusfunction. Informally stated,the censusfunction of
a set f mapseachnumber ´ (given in unary) to the numberof length ´ elementsin f .
Censusfunctionsareacentralnotionin complexity theoryandhaveprovenusefulin many
contexts, seeSection8.1. Our main resultis thatevery ¡ PX PH functioncanbecomputed
in FPµ P¶¸· P¶

. Consequently, every P sethasan easycensusfunction if andonly if every
setin thepolynomialhierarchydoes.We relatea set’s propertyof having aneasycensus
functionto otherwell-studiedpropertiesof sets,suchasP-printability, rankability[GS91]
(anothernotion arising in the theoryof Kolmogorov complexity anddatacompression),
andscalability[GH96] (theclosureof therankablesetsunderP-isomorphisms).

Finally, we prove that it is no morelikely that thecensusfunctionof any setin P can
beapproximated(moreprecisely, canbe ´!¹ -enumeratedin time ´!º for fixed » and ¼ ) than
thatit canbepreciselycomputedin polynomialtime.



Chapter 2

Notationsand BasicConcepts

This chapterprovidesthe notationsandthe basiccomplexity-theoreticconceptsusedin
this work. Readersfamiliar with the conceptsand the standardnotationof complexity
theoryareencouragedto skip thepresentchapterandto consulttheIndex whennecessary.
For furtherinformationandhistoricalbackground,we referto somestandardtext bookon
computationalcomplexity suchas[HU79, WW86, BDG88,BDG90,BC93,Pap94].

Furtherconceptsandnotationswill be definedlater on; e.g., the fundamentalnotion
of Kolmogorov complexity will bedefinedin Section3.2,andsomebasicgraph-theoretic
conceptswill be provided in Section5.2. The readeris assumedto be familiar with the
standardnotationsof mathematics,logic, andcomputerscience.

2.1 Strings, Sets,and Functions

Fix the two-letteralphabet½ 9 n�¾GN�� o . ½�¿ is the setof all stringsover ½ , and ½�À 9
½�¿Á|�n�Â o , where Â denotesthe empty string. For eachstring gÃh ½�¿ , Ä g Ä denotesthe
lengthof g . We denotethesetof non-negative integersby Å , andwe adoptthestandard
bijection between½�¿ and Å —the naturalnumber Æ correspondsto the lexicographically
;<ÆÈÇÉ��= st string in ½�¿ : ¾�Ê Â , �ËÊ ¾ , ¤ Ê � , � Ê ¾�¾ , etc. We let � denotethestandard
lexicographicorderon ½�¿ .

The existential quantifieris denotedby Ì , and the universal(“for all”) quantifier is
denotedby Í . As is standard,the notation Ì io g (respectively, Í aeg ) means“there exist
infinitely many g ” (respectively, “for all but finitely many g ”).

For eachset f x ½ ¿ (equivalently, f x Å via the above bijection), ÄÎÄ fÏÄÎÄ denotesthe
cardinalityof f , and f 9 ½ ¿ |Ðf denotesthecomplementof f . For any class Ñ of sets,
definecoÑ 9 n�fLÄ f h Ñ o . Let fÓÒ ¬ (respectively, f�Ô ¬ ) denotethesetof stringsin f of
length ´ (respectively, of lengthat most ´ ), andlet f�Õ ¬ 9 f�Ô ¬ |�fÓÒ ¬ . Let ½ ¬ and ½ÖÔ ¬

11
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be shorthandsfor ;?½�¿�=×Ò ¬ and ;?½�¿©=©Ô ¬ , respectively. For any sets Ø and Ù , their disjoint
union, denotedØÚ¦ÐÙ , is definedto be n�¾ g Ä g}h Ø oÓÛ n$��ÜÁÄ�Ü h Ù o . For classesÑ and Ý
of sets,let ÑOÞßÝ denoten�à�¦�4�Ä�à h Ñ and 4 h Ý o .

All functionsmaypotentiallybemany-to-oneandpartial,unlessexplicitly specifiedto
beone-to-oneor total. For each(single-valued,partialor total) function ¢ , let domain;j¢�=
andimage;j¢È= denotethedomainandimageof ¢ , respectively.

To encodepairs of strings as a single string, we use somestandardtotal, one-to-
one, onto, polynomial-timecomputablepairing function, M×áÎNpáâQäãc½�¿Oåy½�¿�æ ½�¿ , that
haspolynomial-timecomputableinverses,andis non-decreasingin eachargumentwhen
the other argumentis fixed.1 This pairing function is extendedto encodeç -tuplesof
strings as is standard. For convenience,we will sometimeswrite ç -tuplesof stringsgÈX N g°Z Npè�è�è.N glé¥h ½�¿ explicitly as gÈX ¡ g°Z ¡êá	á	á
¡ glé , using a specialseparatingsymbol
¡ not in ½ .

Thecharacteristicfunctionof any set f is denotedby �ìë , i.e., �ìëÈ; g = 9 � if grh f , and
�ìëÈ; g = 9 ¾ if g vh f .

2.2 Turing Machines,Complexity Classes,Reducibilities,
and Other Notions

Thedefinitionof Turingmachinesandtheirlanguages,Turingtransducersandthefunc-
tionsthey compute,relativized(i.e.,oracle)computations,(relativized)complexity classes,
etc. is standardin the literature,see,e.g.,the text books[HU79, WW86, BDG88,BC93,
Pap94]. We will abbreviate “deterministic(respectively, nondeterministic)polynomial-
time Turing machine”by DPTM (respectively, NPTM). An unambiguousTuringmachine
(sometimescalledcategorical Turing machine)is a nondeterministicTuring machinethat
onno inputhasmorethanoneacceptingcomputationpath.

For any Turing machineí , fî;?íÉ= denotesthe language of í , i.e., thesetof strings
acceptedby í . The notation í�; g = means“ í on input g .” For any NPTM q andany
input g , we assumethat all computationpathsof qï; g = aresuitablyencodedby strings
over ½ . An NPTM q is saidto benormalizedif thereexistsa polynomial ð suchthat for
all ´ h Å , ðE;<´È=cbñ´ and,on eachinput of length ´ , all computationpathsof length ðE;<´È=
exist in the computationof qï; g = , and q�; g = hasonly computationpathsof length ðE;<´È= .
Unlessotherwisestated,all NPTMsconsideredin thiswork arerequiredto benormalized.

We assumethat thesetof final statesof any Turing machineis partitionedinto theset
of acceptingstatesandthesetof rejectingstates.Computationpathsof nondeterministic

1Using the above-mentionedstandardcorrespondencebetweenò.ó and ô , we will view ~öõâ�)õ � alsoasa
pairingfunctionmappingôø÷ùô onto ô .
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Turingmachinesareassumedto beencodedasstringsin ½�¿ ; acomputationpaththattermi-
natesin anacceptingfinal stateis calledanacceptingcomputationpath, andacomputation
paththatterminatesin a rejectingfinal stateis calleda rejectingcomputationpath.

For any NPTM q andany input g , we denotethesetof acceptingcomputationpaths
of q�; g = by ACCúù; g = , andwe let accúî; g = 9 ÄÎÄACCúù; g =�ÄûÄ denotethenumberof accepting
computationpathsof qï; g = . Similarly, rejú ; g = denotesthenumberof rejectingcomputa-
tion pathsof qï; g = , andtotúù; g = denotesthetotal numberof computationpathsof qï; g = .

For any oracleTuring machineí , we will usethesamenotationsasgivenabove,ex-
ceptthat“ í ” bereplacedby “ íýü ” when þ is thegivenoracleset.In particular, theabove
normalizationrequirementis meantto hold independentof thespecificoracleused.Some-
times,whenwe speakof anoracleTuring machineí with no oraclespecified,we write
í ÿ � � . We will usethe shorthandsDPOTM andNPOTM, respectively, to denoteDPTMs
andNPTMsthatareoracleTuringmachines.Weallow bothlanguagesandfunctionsto be
usedasoracles.In the lattercase,themodelis thestandardone,namely, whenquery ð is
askedto a functionoracle ¢ theansweris ¢ ;<ð�= .

Webriefly recallthedefinitionsof somewell-known complexity classesthatarecentral
to this work. In someof the chapters,a numberof additionalcomplexity classeswill
be defined. Every complexity classthat occursin this work can be found in the Index
alongwith a referenceto thepagewhereit is defined.Figure2.1 summarizestheknown
inclusionsamong(someof) theclassesdefinedbelow.

P (respectively, NP) is the classof all setsthatareacceptedby someDPTM (respec-
tively, NPTM). UP [Val76] is the classof all setsthat areacceptedby someunambigu-
ousNPTM. PSPACE is theclassof problemsdecidablein polynomialspace.Let FINITE
betheclassof all finite sets.Let P� denotetheclassP | FINITE of all infinite P sets.FP
denotesthe classof all polynomial-timecomputablefunctionsfrom ½�¿ to ½�¿ . FE is the
classof functionsthat canbe computedby deterministictransducersrunningin time ¤�� ¬
for someconstant� . Let E 9�� �
	 \ DTIME � ¤�� ¬
� andNE 9�� �
	 \ NTIME � ¤�� ¬�� .
Definition 2.2.1 1. [MS72, Sto77] Thepolynomialhierarchy is inductivelydefined

asfollows: ½�� \ 9 P, ½�� � 9 NP��� ��� ¶ and ��� � 9 co½�� � for Pebß� , andPH 9������ \ ½��� .
2. [Val79a,Val79b] ¡ P 9 n acc� Ä�í is anNPTMo .
3. [Gil77] PP is the classof languages f for which there existsan NPTM í such

that for all strings gsh ½ ¿ , grh f�� � acc� ; g =�b rej� ; g = .
4. [Sim75, Wag86] C9 P is theclassof languages f for which there existsan NPTM
í such that for all strings gsh ½ ¿ , grh f��!� acc��; g = 9 rej� ; g = .
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PSPACE

��� Z ½�� Z C9 P coC9 P

BPP
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coNP

Figure2.1: Inclusionrelationsamongsomecomplexity classes

5. [CH90, Her90,BG92] For anyfixed Pzb ¤ , MOD � P is theclassof languages f
for which there existsan NPTM í such that for all strings g h ½�¿ , gêh f �!�
acc� ; g =1v" ¾$# %'& P .
If P 9É¤ , wewrite ¦ P (introducedin [PZ83,GP86]) insteadof MOD Z P.

6. [Gil77] BPPis theclassof languages f for which there existsan NPTM í such
that for all strings g h ½�¿ , ; g h f 9 � rej� ; g =6� X

8 tot� ; g =×= , and ; g vh f 9 �
acc� ; g =�� X

8 tot� ; g =
= .
7. [All86, AR88] FewP is theclassof languages f for which there exist an NPTM
í anda polynomial( such that for all strings gih ½ ¿ , (a) acc� ; g =@�)( ;©Ä g Ä¸= , and
(b) gsh f��!� acc� ; g =+* ¾ .

8. [OH93, FFK94] SPPis the classof languages f for which there exist functions
¢ h ¡ Pand , h FPsuch thatfor all stringsgrh ½�¿ , ; gsh f 9 � ¢ ; g = 9ý¤ � - ÿ/. � � Ç3��= ,
and ; g vh f 9 � ¢ ; g = 9 ¤ � - ÿ/. � � = .

Therearevariousequivalentwaysof definingtheclassespresentedin Definition 2.2.1
above. For instance,thelevelsof thepolynomialhierarchymayalternatively bedefinedvia
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alternatingpolynomiallyboundedexistentialanduniversalquantifiersappliedto a P pred-
icate[Sto77, Wra77].CountingclassessuchasPP, C9 P, ¦ P, or SPPmaybedefinedvia the
differencebetweenthenumberof acceptingandthenumberof rejectingcomputationpaths
of NPTMs[FFK94]—suchclassesarecalled“gap-definableclasses”in [FFK94]. Bovet,
Crescenzi,andSilvestri[BCS92] introducedtheconceptof “leaf languages”asanexcellent
wayof uniformlydefiningvirtually all standardcomplexity classes.Concludingthis list of
definitionalalternatives,we mentionthat it hasbecomepopularamongcomplexity theo-
reticiansto definenew languageandfunctionclassesvia applyingoperatorsto somegiven
classof sets,andwewill resortto thiscommonoperatornotationattimes.Thisveryflexible
formalismwasespeciallysuccessfulwith regardto yieldingstrongandunexpectedresults
regardingthepowerof countingclasses,aswell asin thestudyof Wagner’scountinghierar-
chy [Wag86].Thereaderis referredto thework of Toda[Tod91a, Tod91b], TodaandOgi-
hara[TO92], Wagner[Wag86],Torán[Tor91], andVollmer andWagner[VW95, VW93],
seealso[Vol94].

We exemplify this operator-basedapproachby giving below thedefinitionof the“ ¡ ”
operator,2 whichgeneralizesValiant’sclass¡ Pdefinedaboveandwhichmaybeelegantly
usedto yield generalizationsof theabovecountingclasses.Wereferto Definition6.2.1on
page88 andto Definition 8.2.2on page116 for interestingrefinementsof the general¡
operator.

Definition 2.2.2 For any language class Ñ , define ¡�áÈÑ to be the class of functions
¢sãK½ ¿ æ Å for which there exist a set þ h Ñ and a polynomial ( such that for eachgsh ½�¿ , ¢ ; g = 9 ÄûÄân�ÜÁÄ�Ä ÜìÄ 9 ( ;©Ä g Ä = and M g N�ÜGQ h þ o ÄÎÄ .

For any complexity class Ñ , we usethe term Ñ machine (respectively, Ñ oracle ma-
chine) to denotea Turing machine(respectively, Turing oraclemachine)whosespecific
acceptance/rejectionbehavior is implicitly givenby the definitionof Ñ . Givenany (rela-
tivizable)complexity class Ñ andany oracleset þ , we write Ñ ü to denotetheclassof sets
acceptedby some Ñ oraclemachinewith oracle þ . For classesÑ and Ý of sets,let Ñ10 be� 243 0 Ñ

2
.

For eachP h Å , thenotation“ � P � ” denotesa restrictionof at most P oraclequeries(in
a sequential—i.e.,“adaptive” or “Turing”—fashion).Restrictionsof thenumberof oracle
queriesallowedmayalsodependon theinput length. For example,PNP5 ª7698
: is theclassof
problemssolvableby a DPOTM that, on inputsof length ´ , is allowed to accessits NP
oracleat most ;�%=< ´ times. Thenotation“ �?> ;)��= � ” (asin PNP5 @ ÿ X � : ) denotesthat, for some
constantP , a “ � P � ” restrictionholds.

2TheconceptbeingduetoToda[Tod91a] andthenotationbeingduetoVollmer[Vol94], seethediscussion
in [HV95].
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Definition 2.2.3 1. [KL80] For any language class Ñ , let Ñ /poly be the classof all
languages f for which there exist a set þ h Ñ , a polynomial( , andan advicefunc-
tion AeãK½ ¿ æ ½ ¿ such that for each length ´ , ÄBAì;+� ¬ =	Ä 9 ( ;ö´.= , andfor every grh ½ ¿ ,grh f if andonly if M g NCA ;+� � . � =×Q h þ .

2. For any functionclass D , let D /poly be theclassof all functions, for which there
exist a function ¢ h D , a polynomial( , andan advicefunction AäãÈ½�¿Áæ ½�¿ such
that for each length ´ , Ä7Aì;)� ¬ =�Ä 9 (ì;<´.= , andfor every gsh ½�¿ , ,È; g = 9 ¢ ;×M g NEAì;)� � . � =
Q
= .

Definition 2.2.4 1. Givenany two setsþ@NCF x ½�¿ , wesay þ polynomial-timemany-
onereducesto F (in symbols,þä�HGIJF ) if andonly if there existsa function ¢ h FP
such that for all gsh ½ ¿ , grh þ �!� ¢ ; g = h F .

2. We say þ polynomial-timeTuring reducesto F (in symbols,þä� GK F ) if andonly if
þ h PL .

For otherreducibilities,suchaspolynomial-timetruth-tablereducibility, wereferto the
standardsource[LLS75].

For any complexity class Ñ andany set F x ½�¿ , we say F is �HGI -hard (respectively,
� GK -hard) for Ñ if for all setsþ h Ñ , þä�MGI�F (respectively, þä� GK F ). We say F is �HGI -
completefor Ñ if F is �MGI -hard for Ñ and F h Ñ . In all chaptersexceptChapter6, we
usethe terms“ Ñ -hard” and“ Ñ -complete”to mean“ �MGI -hardfor Ñ ” and“ �MGI -complete
for Ñ ,” respectively.3

Wenow providethedefinitionsof variousotherimportantnotionsof complexity theory.

Definition 2.2.5 1. For any complexity class Ñ , a set f is said to be Ñ -immuneif f
is infinite and no infinite subsetof f is in Ñ . Let Ñ -immunedenotethe classof all
Ñ -immunesets.

2. A set f is saidto be Ñ -bi-immuneif both f and f are Ñ -immune. Let Ñ -bi-immune
denotetheclassof all Ñ -bi-immunesets.

3. For classesÑ and Ý of sets, Ý is saidto be Ñ -immune(respectively, Ñ -bi-immune)
if Ýßw�; Ñ -immune=Ïv9ON (respectively, if Ý w�; Ñ -bi-immune=1v9)N ).

Definition 2.2.6 [BH77] Abijection PrãK½�¿�æ ½�¿ is aP-isomorphismif P iscomputable
andinvertiblein polynomialtime.

3Note, however, the conventionregarding“ { -hardnessof countingpropertiesof circuits” that will be
madein Definition6.1.3onpage86.
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Definition 2.2.7 [GS91] The ranking function of a language þ x ½�¿ is the function
�kãG½�¿ æ Å thatmapseach gLh ½�¿ to ÄûÄân�Ü � g Ä�Ü h þ o ÄÎÄ . A language þ is rankableif its
rankingfunctionis computablein polynomialtime.

Thatis, therankingfunctionfor þ tellsusthenumberof stringsin þ uptoagivenstring.
To avoid confusion,wementionthatthenotionof rankabilityusedhereis sometimescalled
“P-rankability” (e.g.,in [RH96, HRW97b]), andis alsosometimesreferredto as“strong
P-rankability”(e.g.,in [HR90]).

Forany set f , thecensusfunctionof f , censusë ã$½ ¿ æ Å , isdefinedbycensusë�;)� ¬ = 9
ÄÎÄ f Ò ¬ ÄûÄ ; seeSection8.2for discussionof thisdefinition.A set Q is saidto besparseif there
is a polynomial ( suchthat for eachlength ´ , censusR!;+� ¬ =>�)( ;ö´.= . A set S is saidto be
tally if S x n$� o ¿ .
Definition 2.2.8 [HY84] A set Q is P-printableif there existsa DPTM í such that for
each length ´ , í on input � ¬ printsall elementsof Q havinglengthat most́ .

P-printability [HY84] is a notionarisingin a varietyof contexts, includingthe theory
of Kolmogorov complexity, datacompression,andP-uniformcircuit complexity. Hence,
therearenumerouscharacterizationsof P-printabilityknown. For instance,Allenderand
Rubinstein[AR88] proved that the following four statementsareequivalent: (1) Q is P-
printable;(2) Q is sparseandrankable;(3) Q is P-isomorphicto sometally setin P; (4) Q
is asetin P having smallgeneralized(unconditional)Kolmogorov complexity.4

We now presentthenotionof one-way functionwe will bedealingwith in Chapter4;
seealsoDefinition 4.2.1on page46, which givesa variantof Definition 2.2.9below that
is tailoredto thecaseof binary functions.Note thatwe discussone-way functionsin the
complexity-theoreticsettingintroducedby GrollmannandSelman[GS88],seealso,e.g.,
[Ko85, Sel92, RS97]. So-calledcryptographicone-way functionsarenot discussedhere,
thoughweshouldmentionthatone-way functions,andparticularlyone-waypermutations,
havebeeninterestinglystudiedin thatcontext, see,e.g.,thepapers[Yao82,IR89,HILL91].

Definition 2.2.9 1. A function ¢ is honestif there is a polynomial( such that for every
Ü h image;j¢È= there existsa string g h domain;?¢È= such that Ü 9 ¢ ; g = and Ä g Ä �( ;©Ä ÜìÄ¸= .

2. A function ¢ is poly-to-oneif thereexistsa polynomial( such that ÄÎÄ ¢UT X ;öÜI=	ÄÎÄ$�V( ;©Ä ÜìÄ¸=
for each Ü h image;?¢È= .

4Regardingitem (4), the precisemeaningof thosetermswill be madeclear in Section3.2, wherethe
notionof Kolmogorov complexity is presented,seeDefinition3.2.5.
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3. A (many-to-one)function¢ is saidtobeFP-invertibleif thereexistsa function, h FP
such that for every Ü h image;j¢�= , ,�;<ÜE= printssomevalueof ¢UT X ;öÜI= . In particular, if
¢ is one-to-one, FP-invertibility of ¢ means¢ T X h FP.

4. A function ¢ is said to be a one-way function if ¢ is honest,¢ h FP, and ¢ is not
FP-invertible.5

5. If ¢Ðã�½ ¿ æ ½ ¿ is a surjectiveandone-to-oneone-wayfunction, ¢ is calleda one-
waypermutation.

Note that thehonestyof one-way functionsis requiredin orderto avoid thecasethat
the FP-noninvertibility is trivial; seealsoFootnote5 on page59 for a differentnotionof
honesty.

2.3 BooleanFunctionsand Cir cuits

An ´ -ary Booleanfunction is a mapping ¢ ¬ from n�¾EN�� o ¬ to n�¾EN�� o . Somespecific
Booleanfunctionswill bedefinedin Chapter7.

Circuits built over Booleangatesare ways of representingBooleanfunctions.6 An
AND (respectively, OR) gateoutputs1 (respectively, 0) if andonly if all its inputsare1
(respectively, 0),whereweallow AND andORgatesto haveunboundedfaninunlessstated
otherwise.A negationgateoutputs �Á| Æ if its input hasvalue Æ h n�¾GN�� o . In Chapter7,
we will alsoconsidercircuitshaving (unboundedfanin)PARITY gates.A PARITY gate,
denoted Þ , outputs1 if andonly if anoddnumberof its inputsare1. Circuitsareassumed
to beencodedin somestandardway—in fact, for simplicity of expression,we will often
treatacircuit andits encodingasinterchangeable.

The sizeof a circuit is the numberof its gates. The circuit complexity (or size) of a
Booleanfunction ¢ is thesizeof a smallestcircuit computing¢ .7 Thedepthof a circuit is
thelengthof a longestpathfrom its inputgatesto its outputgate.

Given an arity ´ circuit à , ¡e;<à>= denotesunderhow many of the ¤ ¬ possibleinput
patternsà evaluatesto 1.

5According to our generalconvention regardingfunctions,all one-way functionsmay potentially be
many-to-oneandpartial,unlessexplicitly statedasbeingone-to-one,poly-to-one,or total.

6More precisely, we aredealingwith familiesof Booleanfunctions,onefunction for eacharity T , that
arerealizedby circuit families. By convention,whenwe speakof “a” circuit W computing“a” function X ,
we implicitly meana family WZY S[W]\�V^\`_Ca of circuitscomputinga family XJY S[XE\�V^\b_Ca of functions(i.e.,
for each T , W]\ is a circuit with T input gatesandone outputgatethat outputsthe value XE\�Sdc�V for eachcfehgji���kEl \ ).

7For familiesof Booleancircuitsor functions,thesizeis a functionof T , whereT is thenumberof inputs.



Chapter 3

EasySetsand Hard Certificate Schemes

3.1 Intr oduction

BorodinandDemers[BD76] provedthefollowing result.

Theorem 3.1.1 [BD76] If P v9 NP w coNP, thenthereexistsa set f such that

1. f h P,

2. f x SAT, and

3. For no polynomial-timecomputablefunction ¢ doesit hold that: for each m h f ,
¢ ;nm>= outputsa satisfyingassignmentof m .

That is, undera hypothesismostcomplexity theoreticianswould guessto be true, it
followsthatthereis asetof satisfiableformulasfor which it is trivial to determinethey are
satisfiable,yet it is hardto determinewhy (i.e., via what satisfyingassignment)they are
satisfiable.

Motivatedby their work, thepresentchapterseeksto study, complexity-theoretically,
theclassesof setsthatdo or do not have easycertificates.In particular, we areinterested
in thefollowing four classes.Any nondeterministicpolynomial-timeTuringmachineí is
saidto alwayshaveeasycertificates(respectively, to infinitelyoftenhaveeasycertificates)
if thereis somefunction ¢ computablein polynomialtime suchthat for all (respectively,
for infinitely many) inputs grh fÖ;jíÉ= , thevalue ¢£; g = is anacceptingpathof í on input g .
EASYtt (respectively, EASYut ) is the classof all NP sets f suchthat eachNP machine
(respectively, someNP machine)acceptingf alwayshaseasycertificates.EASYtio (re-
spectively, EASYuio) is theclassof all NP setsf suchthateachNP machine(respectively,

19
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someNP machine)acceptingf infinitely oftenhaseasycertificates.Thus,the above re-
sult of BorodinandDemerscanin this notationberephrasedas: If P v9 NP w coNPthen
P vx EASYtt .

However, wenotethatEASYut
9 P andEASYuio equalstheclassof non-P-immuneNP

sets.Themainfocusof thepresentchapteris thuson theclassesEASYtt andEASYtio.
In Section3.2, we formally defineour notationsandestablishthe inclusionrelations

betweenthefour above-mentionedclasses.Wealsoprovideequivalentcharacterizationsof
theclassesEASYtt andEASYtio in termsof relative generalizedKolmogorov complexity,
thusshowing thatthey arerobust.

In Section3.3, we provide structuralconditions—regardingimmunity, P-printability,
andclasscollapses—thatput upperandlowerboundson thesizesof EASYtt andEASYtio.
Among the resultswe establisharethe implications: (a) if NP w coNPhasP-bi-immune
sets,thenEASYtio 9 FINITE; (b) if NP hasP-immunesets,thenEASYtio v9 NP; and(c) if
EASYtio v9 NP, thenthereexistsaninfinite P sethaving no infinite P-printablesubset.We
alsoproveequivalencesbetweensuchconditions,e.g.,P v9 NPif andonly if EASYtt v

9 NP.
Finally, in Section3.4, we provide negative resultsshowing thatsomeof our positive

claimsareoptimalwith regardto techniquesthatrelativize. Ournegativeresultsareproven
usinga novel observation: We show that theclassical“wide spacing”oracleconstruction
techniqueyields instantnon-bi-immunityresults. Furthermore,we establisha result that
improvesuponBaker, Gill, and Solovay’s classicalresult that NP v9 P 9 NP w coNP
holdsin somerelativized world [BGS75], andthat in additionlinks their resultwith the
above-statedresultof BorodinandDemers.

3.2 Definitions and Robustness

As a notationalconvention, for any NPTM q , we will say that q alwayshaseasy
certificates(respectively, that q infinitely oftenhaseasycertificates) if (theencodingof)
an acceptingpathof qï; g = canbe printedin polynomialtime for eachstring gÉh fÖ;?qr=
(respectively, for infinitely many strings gdh fÖ;?qr= ). Similarly, q is said to only have
hard certificates(respectively, to infinitely oftenhavehard certificates) if no FP function
is ableto output(the encodingof) an acceptingpathof qï; g = for eachstring gýh fÖ;?qr=
(respectively, for infinitely many stringsgsh fî;<qs= ).
Definition 3.2.1 Let f x ½�¿ beanysetin NP.

1. f h EASYtt if andonly if

;ÎÍ NPTM q ãÓfÖ;?qs= 9 fÓ=.;?Ìl¢�ú h FP=.; Í grh fÓ=o� ¢�úù; g = h ACCúî; g = � è
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2. f h EASYtio if andonly if either f is finite, or

; Í NPTM q ã�fÖ;?qr= 9 fÓ=.;jÌl¢�ú h FP=.;?Ì io gsh fÓ=o� ¢�úù; g = h ACCúù; g = � è
3. f h EASYut if andonly if

;jÌ NPTM q}=o�¸fî;<qs= 9 fqp ;?Ìl¢�ú h FP=.; Í grh fÓ=o� ¢�úù; g = h ACCúù; g = �r� è
4. f h EASYuio if andonly if either f is finite, or

;?Ì NPTM qs=o� fÖ;?qr= 9 fqp ;jÌl¢�ú h FP=.;jÌ io gsh fÓ=o� ¢�úî; g = h ACCúî; g = �r� è
Remark 3.2.2 1. It is easyto seethat bothEASYtt andEASYut containall finite sets.

On the other hand,the EASYs7s7sio classesare definedso as to also containall finite
sets;this is just for uniformityandsincewefeelthat it is reasonableto require that
thefinitesetssatisfyanysuggestednotionof “easysets.”

2. NotethatwecananalogouslydefineEASYtaeandEASYuaebyusingthequantification
“ Í aeg h f ” rather than “ Í g h f ” in part 1 and part 3 of the above definition.
However, sincetheclassesEASYtt andEASYut (asaremostcomplexity classes)are
closedunderfinite variations, it is clear that EASYtae

9 EASYtt and EASYuae
9

EASYut . Moreover, we showbelowthat EASYut
9 P and that EASYuio equalsthe

classof all non-P-immuneNP sets,and we therefore will not further discussthese
twoclassesin this thesis.

Theorem3.2.3 statesthe inclusion relationsbetweenFINITE, NP, and the above-
definedfour classesof easyNP sets,seeFigure3.1. Theseinclusionsfollow immediately
from Definition3.2.1.

Theorem 3.2.3 Thefollowingtwostatementsare true.

1. FINITE
x

EASYtt
x

EASYtio x EASYuio x NP.

2. EASYtt
x

EASYut
x

EASYuio.

Now wecharacterizetheclassesEASYut andEASYuio.

Theorem 3.2.4 Thefollowingtwostatementsare true.

1. EASYut
9 P.

2. EASYuio 9 P-immunew NP.
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EASYuio 9 P-immunew NP

FINITE

EASYtt

NP

EASYut
9 P EASYtio

Figure3.1: Inclusionsbetweenclassesof NP setshaving easycertificates

Proof. (1) The inclusion P
x

EASYut holds by definition. The converseinclusion,
EASYut

x
P, follows from the fact that, for eachNPTM q , � . 3 �'t ACCúù; g = is a set

in P. More precisely, let f be any set in EASYut , andlet this membershipbe witnessed
by NPTM q andFPfunction ¢�ú . Thereexistsa DPTM í that recognizesf asfollows.
On input g , í computes¢�úù; g = , checkswhetheror not ¢�úî; g = h ACCúù; g = by simulating
thecorrespondingcomputationpathof q�; g = , andacceptsor rejectsaccordingly. If gsh f ,
then ¢�úî; g = h ACCúÏ; g = , and í acceptsg . If g vh f , then ¢�úî; g = cannotbeanaccepting
pathof qï; g = , andthus í rejectsg .

(2) Let f h EASYuio via NPTM q andFPfunction ¢�ú . Thus, f h NP,andif f is nota
finite set,thentheset n grh f Ä&¢�úî; g = 9 Ü and qï; g = acceptsonpath Ü o is aninfinite subset
of f thatis in P. Hence,f is not P-immune.

Conversely, let þ beany NP setthat is not P-immune.Let í ü beanNPTM accept-
ing þ . If þ is finite, thenwe aredone. So supposeþ is infinite, andthereis an infinite
set F suchthat F x þ and F h P via DPTM í L . We now describeanNPTM q andan
FPfunction ¢�ú thatwitnessþ h EASYuio. On input g , q first simulatesthecomputation
of í L ; g = , andacceptsg if í L acceptsg . If í L rejectsg , then q simulatesthecompu-
tation of í ü ; g = . It holdsthat fÖ;?qs= 9 þ . For eachg , define ¢�úî; g = to be the (suitably
encoded)computationof í L ; g = . SinceF is aninfinite set, ¢�úù; g = printsanacceptingpath
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of qï; g = for infinitely many grh þ .

The Kolmogorov complexity of finite strings was introduced independentlyby
Kolmogorov [Kol65] andChaitin[Cha66]. Roughlyspeaking,theKolmogorov complexity
of afinite binarystring g is thelengthof ashortestprogramthatgeneratesg . Intuitively, if
astring g canbegeneratedby aprogramshorterthan g itself, then g canbe“compressed.”
Thenotionof generalizedKolmogorov complexity ([Adl79, Har83a,Sip83b],seeLi and
Vitányi [LV93, LV90] for anicesurvey of thefield) is aversionof Kolmogorov complexity
thatprovidesinformationaboutnot only whetherandhow far a stringcanbecompressed,
but also how fast it can be restored. We now give the definition of (unconditionaland
conditional)generalizedKolmogorov complexity.

Definition 3.2.5 ([Har83a],seealso[Adl79, Sip83b]) For any Turing machine S and
functionsu and v mappingÅ to Å , defineK w��xuK;ö´.=�Njv�;<´È= � to betheset

n g Ä�;?ÌEÜI=o��Ä g Ä 9 ´ and Ä ÜìÄ��yu$;<´È= and S>;<ÜE= outputsg in at mostv�;ö´.= steps
� o è

It wasshown in [Har83a] thatthereexistsa universal1 Turingmachinez suchthatfor
any otherTuringmachineS thereexistsaconstant� suchthat

K w��{u$;<´È=�Njv�;ö´.= � x K |}�xu$;<´È=.ÇZ��N~��v�;<´È=�;�%=<�v�;<´È=.ÇZ� � è
Fixing a universalTuring machinez anddroppingthe subscript,the unconditionalgen-
eralizedKolmogorov complexity will bedenotedby K �xuK;ö´.=�Njv�;<´È= � 9 K |}�xuK;ö´.=�Njv�;<´È= � . The
conditionalgeneralizedKolmogorov complexity (undercondition � ), in which the infor-
mationof thestring � is givenfor freeanddoesnot countfor thecomplexity, is definedas
follows.

Definition 3.2.6 Let z bea fixeduniversal Turing machineand � bea string. For func-
tions u and v mappingÅ to Å , defineK �xu$;<´È=�Njv�;ö´.= Ä�� � to betheset

n g Ä�;jÌEÜE=o��Ä g Ä 9 ´ and Ä Ü Ä��yuK;ö´.= and zË;
M?Ü NC��Q�= outputsg in ��v�;<´.= steps
� o è

In particular, K �xu$;<´.=�Njv�;<´È= Ä�Â � 9 K �xuK;ö´.=�Njv�;<´È= � .
Of particular interest in this chapterare certificates(i.e., strings encodingaccept-

ing computationpathsof NPTMs) that have small generalizedKolmogorov complexity.

1Roughlyspeaking,a universalTuring machine� expectsasinput a pair of a (suitablyencoded)Turing
machine � and an input string � and simulatesthe computationof �ÓSd��V . More precisely, denotingthe
encodingof � by codeSr� V andusingour pairing function, � runson input ~ codeSd� V+�n��� andoutputsthe
resultof thecomputationof �ÓSd��V .
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Levin (see[Tra84]) and Adleman[Adl79] independentlydiscoveredthe connectionbe-
tweensmallgeneralizedKolmogorov complexity andcertificates.Thisconnectionhasalso
beenusedin othercontexts([HW91], seealso[HR90,GT91]andthecommentsin [HR90]
on [CH89]).

Thenotionof P-printabilityis presentedin Definition2.2.8onpage17. TheP-printable
setsare closely relatedto setsof strings having small unconditionalgeneralizedKol-
mogorov complexity: A set Q is P-printableif andonly if Q h P and Q x

K � P�;�%=< ´£N
´ � �
for someconstantP ([AR88], seealso[BB86, HH88b,Rub86]). Below we notea similar
connectionbetweenthesetsin EASYtt andEASYtio andthesetsof certificateshaving small
conditionalgeneralizedKolmogorov complexity, thusshowing therobustnessof theseno-
tions. Dueto Theorem3.2.4,thecorrespondingclaimsfor EASYut andEASYuio areomit-
ted. Thoughthe flavor of thecorrespondencehereinvoked is by now standard(see,e.g.,
theabovepapers),we includetheproofof Observation3.2.7for completeness.

Observation 3.2.7 Thefollowingtwostatementsareequivalent.

1. f h EASYtt .
2. For each normalizedNPTM q acceptingf there is a constantP (which maydepend

on q ) such that for each string gsh f it holdsthat

ACCúù; g =.w K � P+;�%=< ´ N�´ � Ä g � v9yN è
Proof. In onedirection the function proving a machineeasyitself yields Kolmogorov-
simple certificates. That is, for any normalizedNPTM q acceptingthe given EASYtt
set f , thereis anFPfunction ¢�ú thatoutputsanacceptingpathof q�; g = for eachgÐh f .
Note that for eachgßh f , the programfor ¢�ú , encodedasa string Ü , hasconstantsize,
andtheuniversalTuring machinez , runningon input M?Ü N g Q , cangenerate¢�úù; g = in time
polynomialin Ä ¢�úî; g =	Ä . Hence,for eachgLh f , thecertificate¢�úù; g = is in K � P+;�%�< ´£N�´ � Ä g �
for someconstantP dependingonly on ¢�ú , andthuson q .

In theotherdirection,let q beany NPTM acceptingf . By assumption,for eachgsh f ,
q�; g = hascertificatesof smallconditionalKolmogorov complexity relative to g , i.e., q�; g =
hascertificatesin K � P+;�%=< ´ N�´ � Ä g � for someconstantP . Note that ´ , the lengthof those
certificates,is polynomial in Ä g Ä ; let ( be somesuchpolynomialbound. So, for each g ,
´ 9 ( ;©Ä g Ä¸= is a polynomialboundon the lengthof the certificatesof q�; g = . Thereare
at most ¤ @ ÿ ª7698 ¬ � 9 ´~� (for somesuitableconstant� ) shortstringsthat potentiallyencode
programsÜ suchthat the universalTuring machinez , runningon input M<Ü!N g Q , produces
a certificateof q�; g = in time polynomialin ´ , sayin time ´ é 9 ;�( ;�Ä g Ä¸=
= é . Let ðE;�Ä g Ä¸= 9#!�
�°nG;�( ;�Ä g Ä¸=×= � N�;d( ;©Ä g Ä =
= é o .
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Thefunction ¢�ú proving q easyworkson input g asfollows. In abrute-forcemanner,
¢�ú runs the universalmachineon the pairs M?Ü N g Q for all the at most ðE;�Ä g Ä¸= many short
strings Ü , Ä ÜìÄ � P+;�%=< ´ , for ðE;�Ä g Ä¸= steps,andthenfor eachoutputchecksif the outputis
anacceptingpathof q�; g = , andeventuallyoutputsthefirst suchacceptingpathfound. If
no acceptingpathwas found, the input g is not in f . Note that ¢�ú is polynomial-time
computableand,for eachinput gsh f , outputsacertificateof qï; g = .
Remark 3.2.8 Notethatthenormalizationrequirementin theaboveobservationiscrucial,
sinceour definitionof conditionalgeneralizedKolmogorov complexity displaysthestrange
feature that for machinesthat are not normalized,if weusea certainsimplepolynomial-
timecomputableandpolynomial-timeinvertiblepairing function,say M×áÎN�á Q weird, to encode
the pair of the program Ü and the condition � as input M?Ü NC��Q weird to the universal Turing
machine, theneventheemptystringhasnon-constantconditionalKolmogorov complexity.
Dueto our normalizationrequirement,however, this issueis notgermanehere.

The proof of Observation 3.2.9 follows preciselythe lines of the proof of Observa-
tion 3.2.7.

Observation 3.2.9 Thefollowingtwostatementsareequivalent.

1. f h EASYtio.

2. For each normalizedNPTM q acceptingf there is a constantP (which maydepend
on q ) such that for infinitelymanystrings grh f it holdsthat

ACCúù; g =.w K � P+;�%=< ´ N�´ � Ä g � v9yN è
3.3 PositiveResults

In this section,we prove a numberof implicationsbetweencertainpropertiesof sub-
classesof NPthataresummarizedin Figure3.2.Usually, whenoneis trying to givestrong
evidencefor somecomplexity-theoreticstatementQ not to betrue,onedoessoby showing
that Q impliesP 9 NP. In contrast,Figure3.2hasP v9 NPasits topconclusion.Nonethe-
less,the implicationsof Figure3.2 arenot meaningless.Their importanceis obvious in
light of thefactthatthestatementsof thefigurearewell-studiedandimportantconditions
in complexity theory. Theimplicationsof Figure3.2statethattheseconditionsareat least
ashardto proveasprovingP v9 NP,andthey explorethelogicalfine-structureamongthose
importantconditions.

Notethatnochainof implicationsin Figure3.2thatcontainsanarrow markedby a“ � ”
is invertiblein all relativizedworlds.



26 3. EasySetsandHardCertificateSchemes

�

�

�

�

�

�
�

�

�

�

�

�

�

NP w coNPis P-bi-immune

EASYtio v9 NP

having no infinite
P-printablesubset

P vx EASYtt

P v9 NP

(1a)

(1c)

(10)

(9b)

(8)

(7)

(2)

(3)

(4)

(5)

EASYtio 9 FINITE

EASYtio x FINITE Û ; NP | P=

EASYtio x FINITE Û ; NP | coNP=

(1b)

*

*

P v9 NP w coNP

EASYtt
9 FINITE

(6)*

NPis P-immune

Thereis a P� set

(9a)

*

Figure3.2: Implicationsbetweenvariouspropertiesof (classesof) setswithin NP

Key: Implicationsrepresentedby arrowsthataremarkedby a“ � ” arenotinvert-
ible upto thelimits of relativizations,seeSection3.4.Arrowslabeledby boldface
numbersindicatenontrivial implicationsto beprovenin Theorem3.3.3.
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We first discussthetrivial implicationsof Figure3.2. We stressthatthesetrivial state-
mentsareincludednotonly in orderto makethepicturedisplayedin Figure3.2ascomplete
aspossible,but alsofor the following reason.In the next section,we will prove that the
reverseof someimplicationchainscomprisingboth trivial andmoreinterestingimplica-
tionsnot only fails in suitablerelativizedworlds,but, evenworse,this relativized failure
canalreadybeshown for thetrivial partof theimplicationchainconsidered.Therefore,it
doesmakesenseto explicitly statesuchtrivial implications.

Thesetrivial facts are either immediately clear, or they follow from simple set-
theoreticalarguments,or they arestraightforwardly establishedby theequivalencesgiven
in Theorem3.3.1 below. For instance,the equivalenceof “EASY tt

9 FINITE” and
“EASY tt

x
FINITE Û ; NP | P= ” canbeseenby simpleset-theoreticalconsiderations.2 The

statement“EASY tt
9 FINITE,” in turn, immediatelyimpliesthestatement“P vx EASYtt ,”

seearrow (10) in Figure3.2. We have beeninformedthat the authorsof [FFNR96] have
shown anumberof very interestingconditions,including“ ½�¿>vh EASYtt ” and“thereexists
an honestpolynomial-timecomputableonto function that is not polynomial-timeinvert-
ible,” to beall equivalentto thestatement“P vx EASYtt .”

Furthermore,thearrows in Figure3.2 labeled(1a), (1c), (7), and(8) areimmediately
clear. Concerningarrows (9a) and (9b), note that (9b) follows from the equivalenceof
“EASY tt

9 FINITE” and“EASY tt
x

FINITE Û ; NP | P= ” statedin thepreviousparagraph,
whereas(9a) is implied by part2 of Theorem3.3.1below. Similarly, arrow (6) holdsdue
to part1 of Theorem3.3.1,sinceif P vx EASYtt , thenthereexistsa setin NP | EASYtt ,
andthuswehaveP v9 NP.

Thefollowing propositiongivescharacterizationsfor two nodesof Figure3.2.

Theorem 3.3.1 Thefollowingtwostatementsare true.

1. P v9 NP if andonly if EASYtt v
9 NP.

2. EASYtio x FINITE Û ; NP | P= if andonly if ½�¿>vh EASYtio.

Proof. (1) Adleman([Adl79], seealso[Tra84] for a discussionof Levin’s relatedwork)
hasshown thatP 9 NP if andonly if for eachnormalizedNPTM í thereis a constantP
suchthat for eachstring gyh fÖ;?íÉ= it holdsthat ACC� ; g = w K � P�;�%=< ´ N�´ � Ä g � v9�N . By
Observation3.2.7,thisequivalenceimpliesthatP 9 NP if andonly if EASYtt

9 NP.
(2) First note that the statement“EASY tio x

FINITE Û ; NP | P= ” is equivalent to
the statement“EASY tio w P� 9�N ,” and thus immediatelyimplies ½�¿zvh EASYtio, since
½�¿ h P� .

2To bedefinite,for all sets� , � , W , and � , if ���!�O���V�!W , then Sd�yY��q�+ ��O���H¡ÓS�W£¢+��V<V .
Taking �¤Y FINITE, �¥Y P, W�Y NP,and �yY EASY¦¦ , wehaveverifiedourclaim.
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For the converseimplication, assumethereexists a set f in EASYtio w P� . Let í ë
be a DPTM suchthat fÖ;?í ël= 9 f . We show that ½�¿ h EASYtio. Let q be any NPTM
suchthat fî;<qs= 9 ½ ¿ . By way of contradiction,supposeq haseasycertificatesonly
for finitely many g h ½�¿ . Considerthe following NPTM q@ë for f . On input g , q@ë
first simulatesthe computationof q�; g = , andthen,for every pathof this simulation, q@ë
simulatesí ë.; g = andacceptsaccordingly. Notethat fî;<q@ëE= 9 f . By our suppositionthat
q haseasycertificatesfor finitely many inputsonly, q@ë alsocanhaveeasycertificatesfor
at mostfinitely many inputs,contradictingthat f h EASYtio w P� . Hence½�¿ h EASYtio,
completingtheproof.

The first part of Theorem3.3.1 alongwith the first part of Theorem3.2.4yield the
following interestingconsequence.Corollary 3.3.2canbe interpretedassayingthat for
any NP-completesetto haveonlyeasycertificateschemes,it sufficesthatit hassomeeasy
certificatescheme. Putting it differently, Corollary 3.3.2 is a downward collapseresult
of sorts,sinceit saysthat the collapseof NP to a potentiallysmallerclass,P 9 EASYut ,
impliesthecollapseof NPto EASYtt , whichitself is potentiallyevensmalleraclassthanP.

Corollary 3.3.2 NP 9 EASYut if andonly if NP 9 EASYtt .
Next, weprove thenontrivial implicationsof Figure3.2.

Theorem 3.3.3 Thefollowingfivestatementsare true.

1. If NP w coNPis P-bi-immune, thenEASYtio 9 FINITE.

2. If NP is P-immune, thenEASYtio v9 NP.

3. If EASYtio v9 NP, thenthere existsan infinite P sethavingno infinite P-printable
subset.

4. [All92] If there existsan infinite P sethavingno infinite P-printablesubset,then
P v9 NP.

5. [BD76] If NP w coNP v9 P, thenP vx EASYtt .
Proof. (1) Let § beany P-bi-immunesetsuchthat § h NP w coNPvia NPTMs q©¨ and
q ¨ , thatis, fî;<q©¨ì= 9 § and fÖ;<q ¨ = 9 § . By wayof contradiction,assumethereexistsan
infinite set f in EASYtio. Let q beany NPTM acceptingf . Considerthefollowing NPTM/q for f . Given g ,

/q runs qï; g = andrejectsonall rejectingpathsof qï; g = . Onall accepting
pathsof q�; g = , /q nondeterministicallyguesseswhethergäh § or gäh § , simultaneously
guessingcertificates(i.e., acceptingpathsof q©¨ ; g = or q ¨ ; g = ) for whichever guesswas
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made,andacceptson eachacceptingpathof q©¨ ; g = or q ¨ ; g = . Note that fÖ; /qs= 9 f . By

our assumptionthat f is an infinite set in EASYtio,
/q haseasycertificatesfor infinitely

many inputs.Let ¢«ªú beanFPfunctionthatinfinitely oftenoutputsaneasycertificateof
/q .

Define
/f 9 n g Ä�¢«ªú ; g = outputsaneasycertificateof

/qä; g = o è
Notethat

/f is aninfinite subsetof f , andthatfor any input g , it canbecheckedin polyno-
mial timewhetherg belongsto § w /f or § w /f , respectively, by simplycheckingwhether
the string printedby ¢ ªú indeedcertifieseither g h §ñw /f or gÉh §ñw /f . Thus,either§ñw /f or §ñw /f mustbe an infinite set in P, which contradictsthe hypothesisthat § is
P-bi-immune.Hence,everysetin EASYtio is finite.

(2) Let f beany P-immuneNPset.Weclaimthat fÉvh EASYtio. Supposeto thecontrary
that f h EASYtio. Let q beany NPTM acceptingf . ThenthereexistsanFPfunction ¢�ú
suchthat ¢�úî; g = h ACCúù; g = for infinitely many inputs g . Define

F 9 n g Ä�¢�úù; g = h ACCúî; g = o è
Notethat F is aninfinite subsetof f and F h P, contradictingtheP-immunityof f .

(3) If EASYtio v9 NP,thenthereexist aninfinite NPset f andanNPTM q acceptingf
suchthat

; ÍÈ¢ h FP=.; Í aeg}h fÓ=o� ¢£; g =Ïvh ACCúÏ; g = � è(3.3.1)

Let ð bea polynomialsuchthat Ä M g N�ÜEQ�Ä 9 ðI;©Ä g Ä¸= for any string g andany path Ü of q�; g = .
Define

4 9 nGM g N�ÜEQ£Ä�Ü h ACCúî; g = o è
Notethat 4 is aninfinite setin P. Supposethereexistsaninfinite set þ suchthat þ x 4
and þ is P-printablevia someDPTM í . DefineanFP function ¢ ü that is computedby
DPTM í ü asfollows. On input g , í ü simulatesthecomputationof í�;)�b¬×ÿ � . � � = andprints
all elementsof þ upto length ðE;�Ä g Ä¸= . If astringof theform M g N�ÜEQ is printed, í ü outputsÜ .
Notethat ¢ ü ; g = h ACCúù; g = for infinitely many grh f , contradicting(3.3.1)above.Hence,
4 hasno infinite P-printablesubset.

(4) This implicationcanbeprovenusingresultsdueto Allender [All92]. First, some
definitionsareneeded.Let usconsideranotherversionof time-boundedKolmogorov com-
plexity, a versionthat is dueto Levin [Lev84], seealso[Lev73]. For the fixed universal
Turingmachinez andany string g , defineKt ; g = to be

#®­�¯°nlÄ ÜìÄ�Ç°;[%=< ´�ÄbzË;<ÜE= outputsg in atmost ´ stepso è
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For any set f , let K ëÈ;ö´.= 9 # ­[¯!n Kt ; g = Ä gsh f Ò ¬ o .
An NE predicateis a relation ± definedby anNE machineí : ±k; g N�ÜE= is true if and

only if Ü encodesanacceptingpathof í�; g = . An NE predicate± is E-solvableif thereis
somefunction ¢ h FEsuchthat

; Í g =o��;jÌEÜE=o�x±k; g N�ÜI= � � � ±k; g N�¢ ; g =×= � è
Allender[All92] hasshown thefollowing two statements.

(a) Thereexistsaninfinite P sethaving no infinite P-printablesubsetif andonly if there
existsaset F h PsuchthatK L ;<´È= h¤² ;n;[%=< ´.= .

(b) Thereexists an NE predicatethat is not E-solvable if andonly if thereexists a set
à h PsuchthatK ³ ;<´È=Ávh >e;^;�%=< ´È= .

SinceK L ;<´È= h´² ;n;[%=< ´.= implies K L ;<´.=Ðvh > ;n;[%=< ´.= and sincethe existenceof an NE
predicatethatis notE-solvableimpliesP v9 NP, (4) is proven.

Wealsogiveamoretransparentdirectproofof (4). To provethecontrapositive,assume
P 9 NP. Let f beany infinite setin P. Definetheset

þ 9 nGMj¾ ¬ N¶µÏQ Ä�´}bý¾¤p Ä µOÄ 9 ´·p ;jÌ¸� h f Ò ¬ =o�B�®¹·µ � o è
Note that þ h NP. By our assumption,þ h P. Definethe setof the lexicographically
smallestlength ´ stringsof f for eachlength ´ :

Q 9 n gsh fLÄ�; Í!Ü h f Ò
� . � =o� g � Ü � o è

Notethat Q is an infinite subsetof f . Furthermore,Q is P-printable,sincewe canfind, at
eachlength ´ , the lexicographicallysmallestlength ´ string in f (which is the length ´
stringof Q ) via prefix searchthatcanbeperformedin FPü 9 FP. Thus,every infinite set
in P hasaninfinite P-printablesubset,aswasto beshown.

(5) The proof of this result is implicit in the mostcommonproof (often creditedas
Hartmanis’ssimplificationof theproofof BorodinandDemers)of thetheoremof Borodin
andDemers[BD76], herestatedasTheorem3.1.1,ashasbeennotedindependentlyof the
presentwork by Fenneretal. [FFNR96]. SeeSelman[Sel88]for relatedwork bearingupon
thetheoremof BorodinandDemers.

For completeness,we includetheproof thatNP w coNP v9 P impliesthatP vx EASYtt .
Let f h NP w coNPvia NPTMs qcë and q ë , thatis, fî;<q@ëI= 9 f and fÖ;?q ë = 9 f . Assume
furtherthat fÉvh P.
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ConsiderthefollowingNPTM í . Oninput g , í nondeterministicallyguesseswhethergÉh f or gÉh f , simultaneouslyguessingcertificates(i.e., acceptingpathsof qcëÈ; g = or
q ë ; g = ) for whicheverguesswasmade.Notethat

fî;?íÉ= 9 fÖ;?qcëI= Û fÖ;<q ë = 9 f Û f 9 ½ ¿ è
½ ¿ is a set in P. We claim that, underour assumptionthat f vh P, ½ ¿ vh EASYtt .

Supposeto the contrarythat ½�¿ h EASYtt . Then,for the NPTM í accepting½�¿ , there
existsanFPfunction ¢�� thatprintsanacceptingpathof íd; g = on eachinput g . Hence,f
canbedecidedin polynomialtime by simply checkingwhich pathof theinitial branching
of íd; g = led to acceptance.Thatis, a DPTM for f , on input g , computes¢�� ; g = andthen
checkswhetherthe initial nondeterministicguessof íd; g = on the pathprintedby ¢�� ; g =
waseither g h f or gïh f , andacceptsaccordingly. This contradictsour assumptionthat
fÉvh P. Hence,½�¿cvh EASYtt .

Finally, we stateaninterestingobservationby Selman.RecallthatP 9 EASYtt if and
only if ½�¿ h EASYtt . Thefollowing claim givesfurthercharacterizationsof P 9 EASYtt
in termsof thequestionof whetherEASYtt is closedundercomplementation.

Claim 3.3.4 [Sel95] Thefollowing threestatementsareequivalent.

1. P 9 EASYtt .
2. EASYtt is closedundercomplementation.

3. There existsa set f in Psuch that f h EASYtt and f h EASYtt .
Proof. (1) implies (2), and (2) implies (3). To seethat (3) implies (1), let f be a set
suchthat f h P, f h EASYtt , and f h EASYtt . Let í X (respectively, í Z ) bea DPTM
that acceptsf (respectively, f ). Let q be anNPTM that accepts½ ¿ . DefineNPTM q X
so that on input g , q X simultaneouslysimulatesq and í X , and q X acceptsif andonly
if both q and í X accept. Observe that every acceptingcomputationof q X encodesan
acceptingcomputationof q . Similarly, define q Z to simultaneouslysimulateq and í Z .
Then, fÖ;?q X = 9 f and fÖ;?q Z = 9 f . Thus,thereexist ¢ X and ¢ Z in FP suchthat gßh f
implies that ¢ X ; g = is anacceptingcomputationof q X , and gÐh f implies that ¢ Z ; g = is an
acceptingcomputationof q Z . Define ¢£; g = 9 ¢ X ; g = if g�h f , and ¢ ; g = 9 ¢ Z ; g = if g h f .
Then, ¢ h FPandfor all g , ¢ ; g = containsanencodingof a computationof q on g . Thus,
½�¿ h EASYtt .

Considerthereverseof arrow (10) in Figure3.2,i.e., thequestionof whetherthestate-
ment“P vx EASYtt ” implies “EASY tt

9 FINITE.” Supposenot. That is, supposethat
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P v9 EASYtt v
9 FINITE. Then,thereis a set f suchthat f is infinite, f is infinite, f h P,

f h EASYtt , and f vh EASYtt . In Corollary3.4.2below, we will giveanoraclerelative to
which P v9 EASYtt v

9 FINITE. SinceClaim 3.3.4andtheabove commentsrelativize, in
thisworld, suchaset f indeedexists.

3.4 NegativeResults

In this section,we show thatsomeof theresultsfrom theprevioussectionareoptimal
with respectto relativizabletechniques.That is, for someof theimplicationsdisplayedin
Figure3.2,weconstructanoraclerelative to whichthereverseof thatimplicationdoesnot
hold. For instance,from part 2 andpart 5 of Theorem3.3.3andthe trivial factsthat are
shown asarrows (1a)and(1c) in Figure3.2,wehave thefollowing implicationchains:

1. If NP w coNP is P-bi-immune,then NP is P-immune,which in turn implies that
EASYtio v9 NP,and

2. If NP w coNPis P-bi-immune,thenNP w coNP v9 P, which in turn implies that
P vx EASYtt .

We will prove that the reverseof thesechainsfails to hold in somerelativizedworld.
Evenworse,this relativizedfailurecanbeshown via proving thatnot eventhetrivial parts
of the chainsare invertible for all oracles. For both chains,this result canbe achieved
via oneandthe sameoracle, þ , to be constructedin the proof of Theorem3.4.1below.
Moreover, relative to þ , the inequalitiesFINITE v9 EASYtt v

9 P v9 NP canbeshown to
holdsimultaneously, seeCorollary3.4.2.

Themain technicalcontribution in theproof of Theorem3.4.1is thatwe give a novel
applicationof theclassic“wide spacing”oracleconstructiontechnique:We show thatthis
techniqueinstantlyyieldsthenon-P-bi-immunityof NPrelativeto someoracle.Theuseof
thewide spacingtechniquedatesso far backthat it is hardto know for surewhereit was
first used.It certainlyplayedanimportantrolein theearlypaperby Kurtz[Kur83]. Seealso
thevery earlyuseof wide gapsto facilitatethebrute-forcecomputationof smallerstrings
employedby Ladner[Lad75],Baker, Gill, andSolovay [BGS75], andRackoff [Rac82].

Theorem 3.4.1 There existsanoracle þ such that

(a) NPü 9 PSPACEü ,

(b) NPü is Pü -immune, and

(c) NPü is not Pü -bi-immune.
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Proof. Theoracleþ will beQBF ¦�F , whereQBFis any fixedPSPACE-completeproblem
andtheset F is constructedin stages,F 9��»ºE� \ F º . Definethefunction v inductively by

v�;<¾�= 9 ¤ and v�;r¼K= 9ý¤ Z¾½ ½À¿[Á Â � ¶[Ã for ¼mbß��è
DefinethesetsS and S � , P�by¾ , by

S � 9 ½�Ä ÿ � � for Peby¾ , and S 9 Å� � \ S � è
Theconstructionof F will satisfythefollowing requirement:

F x S and Æ�FêwÇS � Æ 9 � for eachP�by¾Eè(3.4.2)

Fix an enumerationn�í � o �[� X of all DPOTMs. For each Æ b � , let ( � be a fixed polyno-
mial boundingthe runtimeof machineí º . Without lossof generality, assumethat our
enumerationsatisfiesfor all ¼mbß� thatÈ ª7698 º¾ÉÊ �

Ò X
( � ;<¾ Ä ÿ º � =�¹ ¤ Ä ÿ º � T X è(3.4.3)

Notethatthiscanindeedbeassumed,w.l.o.g.,by clockingthemachineswith appropriately
slow clocksasis standard.At stage¼ of theconstruction,machinesí X N�í Z Npè�è�è.N�í È ª7698 º¾É
will be activeunlessthey have alreadybeencanceledduring earlier stages.Define the
language

f L 9 n�¾ ¬ Ä�Fêws½ ¬ T X ¾3v9ON o è
Notethat f L is in NPL , andthereforein NPü . Let F º T X bethecontentof F prior to stage¼ .
Initially, let F \ betheemptyset.Stage¼!* ¾ of theconstructionof F is asfollows.

StageË .
Case1: For noactivemachineí � doesí QBFÌ L Â � ¶� ;?¾ Ä ÿ º � = accept.

Choosethesmalleststring µ º h ½ Ä ÿ º � T X ¾ suchthat µ º is notqueriedin thecomputa-
tion of í QBFÌ L Â � ¶� ;<¾ Ä ÿ º � = for any activemachineí � . Set F º ã 9 F º T XÈÛ n�µ º o .

Case2: Thereexistsanactivemachineí � suchthat í QBFÌ L Â � ¶� ;?¾ Ä ÿ º � = accepts.
Let Í Æ bethesmallestsuchÆ . Mark machineíÏÎ� ascanceled.Set F º ã 9 F º T X�Û n$� Ä ÿ º � o .

End of StageË .
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By (3.4.3)above, thesumof theruntimesof all machinesthatcanbeactive at stage¼
andrun on input ¾ Ä ÿ º � is strictly lessthan ¤ Ä ÿ º � T X . Thus,thestring µ º , if neededin stage¼ ,
indeedexists. In addition, (3.4.3) combinedwith the widely spacedgapsbetweenthe
lengthsof thestringsconsideredin subsequentstagesguaranteesthat thesinglestagesof
theconstructiondonot interferewith eachother. To seethis,notethatfor eachstage¼ , no
machinethatis activeat thisstagecanreach(andquery)any stringof length v�;[¼ùÇê��= , that
is, nooracleextensionat laterstagescanaffect thecomputationsperformedin stage¼ .

NotealsothateachCase2 cancelsa machine,but for each¼ , at most ÐÑ;�%�<4¼=Ò machines
areactive in stage¼ , soCase2 canhappenat most ÐÑ;�%�<4¼=Ò times. Hence,Case1 happens
infinitely often in this construction.If Case1 occursin somestage,say ¼ 0 , a string from
½ Ä ÿ º�Ó � T X ¾ is put into F º Ó x F that is strictly larger than any string in F º Ó T X , the initial
segmentof F constructedin earlierstages.It follows that f L is an infinite setin NPü . It
remainsto prove that (a) NPü 9 PSPACEü , (b) NPü is Pü -immune,and(c) NPü is not
Pü -bi-immune.

Statement(a) follows immediatelyfrom theform of theoracle þ 9 QBF ¦ÔF andthe
factthatQBFis PSPACE-complete.

To provestatement(b), notethateachDPOTM í � is eithercanceledeventually, or í �
is never canceled.If í � is canceled,thenwe have by constructionthat ¾ Ä ÿ º � h fÖ;jí ü� =
for some¼ , yet ¾ Ä ÿ º � vh f L , since Fñwï½ Ä ÿ º � T X ¾ 9ÕN . Thus,the languageacceptedby í �
relativeto þ , fÖ;jí ü� = , is notasubsetof f L . In theothercase(i.e., if í � never is canceled),
we will arguethat fî;?íýü� =Ówäf L mustbe a finite set. Indeed,let u � be the first stagein
which all machinesí � , with �£¹yÆ , thatwill ever becanceledarealreadycanceled.Then,
for no stage¼ with ¼ïbÖu � will í QBFÌ L Â � ¶� acceptthe input ¾ Ä ÿ º � , asotherwiseí � would
have beenthe first (i.e., having the smallestnumberin the enumeration)active machine
accepting¾ Ä ÿ º � andwould thushave beencanceled.It follows that í ü� acceptsat mosta
finite number(moreprecisely, at most u � |É� ) of theelementsof f L . To summarize,we
have shown that thereexistsan infinite setin NPü (namely, f L ) having no infinite subset
in Pü , thatis, NPü is Pü -immune.

Finally, we prove statement(c). Supposethereexistsan infinite set f in NPü . Define
thefunction � inductively by

�I;<¾�= 9É¤ Z¾½ and �I;r¼G= 9ý¤ Z¾½ ½À× Á Â � ¶[Ã for ¼mbß��è
Definethesets

f in
9 n�¾ ¬ Ä�;jÌ=¼ by¾�=o�¸�E;[¼K= 9 ´�pÉ¾ ¬ h f � o

and

f out
9 n�¾ ¬ Ä�;?Ì=¼mby¾�=o� �I;r¼K= 9 ´·p ¾ ¬ vh f � o è
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Notethat f in
x f and f out

x f , andit holdsthateither ¾ - ÿ
º � h f for infinitely many ¼ , or

¾ - ÿ
º � vh f for infinitely many ¼ , or both.Thus,either f in is aninfinite subsetof f , or f out is

aninfinite subsetof f , or both.
Now we prove that both f in and f out arein Pü . Recall that þ 9 QBF ¦ØF andthatF x S and Æ�FýwÙS � Æ 9 � , sincetheconstructionof F satisfiesrequirement(3.4.2)above.

We now describea DPOTM í in for which fÖ;jíýüin = 9 f in. On input g , íêüin first checks
whetherg is of theform ¾ - ÿ

º �
for some¼ . If not, í üin rejectsg . Otherwise,assumeg 9 ¾ - ÿ � �

for somefixed P h Å . In this case,í üin constructsa potentialquerytable, § , of all strings
in F thatcanbe touchedin thecomputationof theNPü machineacceptingf . Note that
all stringsin F that aresmallerthan Ä g Ä 9 �E;jPI= canbe found by bruteforce, since—by
definitionof thefunctions� and v —they havelengthsat leastdouble-exponentiallysmaller
than Ä g Ä . For thesamereason,no stringin F of lengthnot smallerthan Ä g Ä canbetouched
in therun of theNPü machineacceptingf , on input g , morethanfinitely often. All those
stringsof Fýw �hºC� � S º that indeedarequeriedin this computationcanthusbehard-coded
into table § . It followsthat § containsall informationof F thatcanaffect thecomputation
of theNPü machinefor f on input g . Hence,againemploying thePSPACE-completeness
of QBF, í üin canasktheQBF partof its oracleto simulatethatcomputation,usingtable§ for eachqueryto F . If this simulationreturnstheanswer“ g h f ,” then í in acceptsg ;
otherwise,í in rejectsg .

Theproof that f out
h Pü is analogousandthusomitted.

To summarize,wehaveshown thatif thereexistsaninfinite set f in NPü , thenat least
oneof f or f mustcontainan infinite subset(specifically, f in or f out) that is decidable
in Pü , thatis, NPü is notPü -bi-immune.

Notethattheoracleþ constructedin thepreviousproofis recursiveandis “reasonable,”
sinceP v9 NP holdsrelative to þ , dueto the Pü -immunity of NPü . In addition,relative
to þ , the reverseof arrows (1a)and(1c) in Figure3.2 fails andFINITE v9 EASYtt v

9 P,
i.e., arrow (10) in Figure3.2 is not invertible. This observation is statedin the following
corollary.

Corollary 3.4.2 There existsan oracle þ such that thefollowing four statementshold si-
multaneously.

1. NPü is Pü -immune, yetNPü w coNPü is not Pü -bi-immune.

2. NPü w coNPü v9 Pü , yetNPü w coNPü is not Pü -bi-immune.

3. Pü vx ; EASYtt = ü .

4. ; EASYtt = ü w Pü � v9yN .
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Proof. Let þ 9 QBF ¦)F be the oracleconstructedin the proof of Theorem3.4.1. We
now arguethatthisoraclesatisfiesstatements(1) through(4).

The first two statementsfollow immediatelyfrom Theorem3.4.1. In particular, that
NPü is notPü -bi-immuneimpliesthatNPü w coNPü is notPü -bi-immune.Moreover, since
NPü 9 PSPACEü impliesthatNPü 9 coNPü , thereexistsa setin ; NPü w coNPü = | Pü
by thePü -immunityof NPü .

Therelativizedversionof part5 of Theorem3.3.3establishesthethird statementof this
corollary:SinceNPü w coNPü v9 Pü , wehavePü vx ; EASYtt = ü .

To prove thefourth statement,let � and v bethefunctionsandlet S � , P}b ¾ , and S be
thesetsdefinedin theproof of Theorem3.4.1. Recallthat theconstructionof F ensures
thattherequirement(3.4.2)is satisfied:F x S and Æ�FêwÙS � Æ 9 � for every P by¾ .

Definetheset f 9 n�¾ - ÿ
º � Ä�¼mby¾ o . Notethat f is aninfinite setin P, andthusin Pü .

We now show that f h ; EASYtt =+ü . Let q beany NPOTM that,with oracleQBF ¦�F ,
acceptsf , i.e., fÖ;<q QBFÌ L = 9 f . To show that q , with oracleQBF ¦ÚF , hasalways
easycertificates,we will describea DPOTM í thatcomputes,usingoracleQBF ¦ÔF , an
FPQBFÌ L function ¢�ú suchthat ¢�ú printsanacceptingpathof q QBFÌ L ; g = for eachg}h f .

On input g of theform ¾ - ÿ
º �

for some¼ , í computesby bruteforcea potentialquery
table, § , of all “short” stringsin F , i.e., § 9 FOÕ - ÿ º � 9 FkÔ Ä ÿ º � , and thenemploys the
PSPACE-completenessof QBFto construct,bit by bit, thelexicographicallyfirst accepting
pathof q QBFÌ L ; g = , say ( , via prefix search,wheretable § is usedto answerall queries
to F . Sinceby definition of � and v , Ä g Ä 9 �E;[¼K= is at leastdouble-exponentiallysmaller
thanany stringof length *Ov�;r¼K= , no stringin F of length *)v�;[¼K= canbequeriedin therun
of q QBFÌ L ; g = morethanfinitely often. All thosestringsin Fßw ��� 	 Ä ÿ º � S � that indeedare
queriedin thiscomputationcanthusbehard-codedinto table § . It followsthat § contains
all information of F that can affect the computationof q QBFÌ L ; g = . Thus, the path (
constructedby í QBFÌ L ; g = indeedis avalid acceptingpathof q QBFÌ L ; g = . í outputs( .

Hence,f h ; EASYtt =)ü . Thisestablishesourclaimthat ; EASYtt =+ükw Pü � v9yN .
Remark 3.4.3 In fact, it is not hard to seethat,via usinga Kolmogorov complexity based
oracleconstruction,wecanevenprovethefollowing claim that is stronger thanpart 3 of
Corollary 3.4.2above: Thereexistsanoracle 4 such thatP

2
vx ; EASYtio =

2
.

To bea bit more precise, theset f 9 n�¾ Ä ÿ º � ÄÛ¼ebß¾ o is in P, andthusin PÜ for any Ø .
However, one can constructan oracle set 4 such that there exists an NPOTM q with
fÖ;?q

2
= 9 f , yet q

2
hasonlyhard certificatesalmosteverywhere, i.e., fÉvh ; EASYtio =

2
.

As mentionedearlier, the implication P v9 EASYtt
9 � P v9 NP (i.e., arrow (6)

in Figure3.2) follows immediatelyfrom Theorem3.3.1. However, Theorem3.4.4below
statesthatthereverseof this implicationfails in somerelativizedworld.
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Theorem 3.4.4 There existsanoracle þ such that NPü v9 Pü 9 ; EASYtt = ü .

Beforewe turn to theproofof Theorem3.4.4,wenotethatTheorem3.4.4improveson
aclassicalresultof Baker, Gill, andSolovay[BGS75]: ThereexistsanoracleÝ relative to
which PÞ v9 NPÞ , yet PÞ 9 NPÞ�w coNPÞ . This resultstatesthatthe(trivial) implication
P v9 NP w coNP 9 � P v9 NP is irreversibleup to the limits of relativizing techniques.
Indeed,thatTheorem3.4.4is strongerthanthetheoremof Baker, Gill, andSolovay is due
to the theoremof BorodinundDemers:The implicationP v9 NP w coNP 9 � P v9 NP
canbepartitionedintoß

P v9 NP w coNP 9 � P v9 EASYtt�à p ß
P v9 EASYtt

9 � P v9 NPà N(3.4.4)

and both implicationsin (3.4.4)hold true in every relativization. The two implications
in (3.4.4)areshown asrespectively arrow (5) andarrow (6) in Figure3.2.

Corollary 3.4.5 (cf. [BGS75]) Theoracle þ to beconstructedin theupcomingproofof
Theorem3.4.4satisfiesthat NPü v9 Pü 9 NPü w coNPü .

Proof of Corollary 3.4.5. Thisstatementfollowsfrom Theorem3.4.4andthefactthatthe
proof of part5 of Theorem3.3.3relativizes.Thatis, statingthecontrapositiveof part5 of
Theorem3.3.3:For everyoracleF , if PL x ; EASYtt = L , thenPL 9 NPLmw coNPL .

Remark 3.4.6 NaorandImpagliazzo[IN88, Proposition4.2] (seealsothepapers [CS93,
FR94,FFNR96]) provethatin somerelativizedworld, thereverseof thetheoremofBorodin
andDemers doesnot hold, that is, noneof thetwo implicationsin (3.4.4)is reversibleby
relativizing techniques. Hence, their result too improveson the above-mentionedresult
of Baker, Gill, and Solovay [BGS75]. Notethat Fenneret al. [FFNR96] presenta rela-
tivizationin which evena conditionslightlystronger than“ P v9 EASYtt ” cannotimply the
condition“ P v9 NP w coNP,” andthusthey haveprovena statementslightlystronger than
that thereverseof arrow (5) fails in this relativizedworld.

Now weturn to theproofof Theorem3.4.4.

Proof of Theorem 3.4.4. This proof is an adaptationof the proof techniquethat Baker,
Gill, andSolovay [BGS75]usedto establishtheir result. As in their proof, we will apply
a priority argumentin theoracleconstruction.In what follows, we will recall thecrucial
ideasof Baker, Gill, andSolovay’soracleconstruction(see[BGS75, proofof Theorem6]),
pointingout thedifferencesto ourconstruction.

The oracle þ will againbe QBF ¦áF , whereQBF is any fixed PSPACE-complete
problem. Again, F 9 � ¬ � \ F ¬ is constructedin stages,and for every ´â* ¾ , F ¬ T X
denotesthecontentof F prior to stagé . Initially, set F \ to theemptyset.
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As in [BGS75], definethe function ã by ã$;?¾�= 9 ¤ and ã$;[¼K= 9 ¤ Z9ä Á Â � ¶[Ã for ¼ b � .
At stagé of the construction,at mostonestring of length ã$;ö´.= is addedto F so asto
simultaneouslyensurebothPü v9 NPü andPü x ; EASYtt =+ü .

Fix an enumerationn�í º o ºC� X of all DPOTMs and an enumerationn�q º o ºE� X of all
NPOTMs. For each¼ b � , let ( º be a fixed polynomialboundingthe runtimeof both
í º and q º . Definethelanguage

f L 9 n�¾ ¬ Ä�;jÌ�µ1=o�7µ h F Ò ¬ � o è
Notethat f L is in NPL , andthereforein NPü .

Therearetwo typesof requirementsto besatisfiedin theconstructionof F . Intuitively,
satisfyinga requirementof theform M?Æ
N�Æ&Q will ensurethat fÖ;jí ü� =>v9 f L . Thus,satisfying
M?Æ×N�ÆYQ for eachÆ�b � will establishour claim thatPü v9 NPü . On theotherhand,satisfying
a requirementof theform M�¼�N�PIQ with ¼Lv9 P will ensurethat fÖ;?q ü� =>v9 fÖ;jí üº = , and q ü� is
thusnot a machineacceptingthePü set fÖ;jí üº = . That is, that q ü� is a machineaccepting
fÖ;jí üº = can happenonly if requirementM�¼�N�PIQ with ¼ v9 P is never satisfied. Thus, to
establishour claim that Pü x ; EASYtt =)ü , it suffices to show that qøü� hasalwayseasy
certificatesfor every requirementM�¼�N�PIQ with ¼øv9 P thatis never satisfied.

In moredetail,anunsatisfiedrequirementM<Æ
N�Æ&Q is vulnerableatstagé of theconstruc-
tion of F if ( � ;åã$;ö´.=×=H¹ ¤
æ ÿ ¬ � . An unsatisfiedrequirementM�¼�N�PIQ with ¼sv9 P is vulnerableat
stagé if thereexistsastring g suchthat

ã$;<´ | �	=�¹�;�%=<1Ä g Ä$�çã$;<´.=��Ô# �
� nC( º ;�Ä g Ä¸=�Nå( � ;©Ä g Ä = o ¹Ôã$;<´OÇy��=(3.4.5)

andin additionit holdsthat g h fÖ;jí QBFÌ L'è � ¶º = if andonly if g vh fî;<q QBFÌ L'è � ¶� = . Note
that the definition of vulnerability for this secondtype of an unsatisfiedrequirementis
differentfrom thatgivenin theproofof [BGS75, Theorem6]. By convention,weagreethat
requirement± X hashigherpriority thanrequirement± Z exactly if ± X ¹é± Z . Stagé°* ¾
of theconstructionof F is asfollows.

Stageê . Therequirementof highestpriority thatis vulnerableat stagé will besatisfied.
To satisfyrequirementM[¼�N�PIQ with ¼ v9 P , we simply addno stringto F in this stage,i.e.,F ¬ ã 9 F ¬ T X . To satisfyrequirementM?Æ×N�ÆYQ , simulatethecomputationof í QBFÌ L'è � ¶� ;?¾ æ ÿ ¬ � = .
If it rejects,then let µ ¬ be the smalleststring of length ã$;ö´.= that is not queriedalong
the computationof í QBFÌ Lëè � ¶� ;?¾ æ ÿ ¬ � = , andset F ¬ ã 9 F ¬ T X Û n�µ ¬ o . If í QBFÌ Lëè � ¶� ac-
cepts¾ æ ÿ ¬ � , thenset F ¬ ã 9 F ¬ T X .
End of Stageê .

EachrequirementM?Æ×N�ÆYQ is eventuallysatisfied,sincethereare only finitely many re-
quirementsof higher priority. SupposerequirementM<Æ
N�Æ&Q is satisfiedat stage ´ . Then,
since M?Æ
N
ÆYQ is vulnerableat stage ´ , we have ( � ;åã$;ö´.=
=Ô¹ ¤�æ ÿ ¬ � . This implies that the
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string µ ¬ , if neededto be addedto F in stagé , mustexist, and further that no string
in F of length *�ã$;<´.= can be touchedin the run of í ü� ;?¾ æ ÿ ¬ � = . Sinceby construction
also µ ¬ is not queriedby íýü� ;?¾ æ ÿ ¬ � = , we concludethatoracleextensionsat stagesbß´ do
not affect thecomputationof í QBFÌ L'è � ¶� ;?¾ æ ÿ ¬ � = . Hence,¾ æ ÿ ¬ � vh fÖ;jí QBFÌ L� = if andonly
if ¾ æ ÿ ¬ � vh fÖ;jí QBFÌ L'è � ¶� = . By construction,¾ æ ÿ ¬ � vh fÖ;jí QBFÌ L'è � ¶� = if andonly if there
exists somestring µ ¬ h F ¬ wz½ æ ÿ ¬ � 9 FËÒ æ ÿ ¬ � . By definition of f L , thereexists some
string µ ¬ h FËÒ æ ÿ ¬ � if andonly if ¾ æ ÿ ¬ � h f L . It follows that fî;?í QBFÌ L� =øv9 f L . Since
eachrequirementM<Æ
N�Æ&Q is eventuallysatisfied,we have fî;?í QBFÌ L� =sv9 f L for eachÆ ; so
f L h NPü | Pü .

It remainsto provethatPü x ; EASYtt =)ü . Theremainderof thisproof is differentfrom
theproofof [BGS75, Theorem6]. Givenany pairof machines,í º and q � with ¼rv9 P , we
will show thateither fÖ;?q ü� = v9 fÖ;jí üº = , or q ü� hasalwayseasycertificates,thusproving
that for every set in Pü , eachNPü machineacceptingit hasalwayseasycertificates,in
symbols,Pü x ; EASYtt = ü .

EachrequirementM�¼�N©PIQ with ¼ v9 P is either satisfiedeventually, or M[¼�N�PIQ is never
satisfied. SupposerequirementM�¼�N©PIQ is satisfiedat stage ´ for some ´ . Then, by the
definition of vulnerability for this type of requirements,thereexists a string g suchthat
(i) g h fî;?í QBFÌ Lëè � ¶º = if andonly if g vh fÖ;?q QBFÌ L'è � ¶� = , (ii) F ¬ 9 F ¬ T X , and(iii) neither
í º nor q � , on input g , canqueryany stringof lengthexceedingã$;<´.= . Thus, gïh fÖ;jí üº =
if andonly if g vh fÖ;?q ü� = , i.e., q ü� cannotacceptthePü set fÖ;jí üº = .

So supposerequirementM�¼�N�PIQ is never satisfied,i.e., fÖ;?q3ü� = 9 fÖ;jíýüº = might now
happen.In thiscase,it sufficesto show that fî;<q ü� = 9 fÖ;jí üº = impliesthat q ü� hasalways
easycertificates. Sincethis holds for all P for which q ü� canaccept fÖ;?í üº = , we have
fÖ;jíýüº = h ; EASYtt =)ü .

Let u º 7 � bethefirst stagesuchthat(a)and(b) hold:

(a) For every g with Ä g ÄKbçã$;ìu º 7 � = thereis atmostone ´ suchthat

;�%=<ÏÄ g ÄG�çã$;ö´.=��Ô# �
�°nC( º ;�Ä g Ä =�Nì( � ;©Ä g Ä¸= o è
(b) All requirementsof higherpriority than M�¼�N©PIQ that will ever be satisfiedarealready

satisfied.

We will now show that q ü� on input g haseasycertificatesfor every string g accepted
by í üº . We describeanFPü function ¢ � that,on input g , usesoracle þ 9 QBF ¦OF to
outputsomeacceptingpathof qøü� ; g = if grh fÖ;jíýüº = .

On input g , if Ä g Äí¹�ã$;ìu º 7 � = , then ¢ � usesafinite tableto find andoutputsomeaccepting
pathof q ü� ; g = whenever gih fÖ;?í üº = . Otherwise(i.e., if Ä g ÄÈbîã$;ìu º 7 � = ), ¢ � calculatesthe
smallest́ suchthat ã$;ö´.=3bï;�%=<1Ä g Ä . Then, ¢ � builds a table, S , of all stringsthat were
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addedto F beforestagé , i.e., S 9 FOÕ æ ÿ ¬ � , by queryingits oracle F aboutall stringsof
lengthsã$;?¾�=�NCã$;+��=�N�èpè�èÈNCã$;ö´c|}�	= . Sinceã$;ö´c|}�	=ð¹·;�%=<ÏÄ g Ä , only > ;�Ä g Ä¸= queriesarerequired
in thisbrute-forcesearch.Wehave to considertwo cases.

Case1: ã$;<´È=©*ñ# �
� nC( º ;�Ä g Ä¸=�Nå( � ;©Ä g Ä = o . Then,neither í üº ; g = nor q ü� ; g = canquerytheir
oracleaboutany stringof length béã$;<´È= . Therefore,thecomputationof í º and q �
on input g with oracleQBF ¦)S is the sameaswith oracleQBF ¦ØF . Hence, ¢ �
canrun í QBFÌ wº on input g to determinewhetheríýüº wouldacceptg . If it rejectsg ,
then ¢ � canoutputanarbitrarystring,andwe aredone. If í QBFÌ wº acceptsg , then
¢ � exploitsthePSPACE-completenessof QBFto constructthelexicographicallyfirst
acceptingpathof q QBFÌ L� ; g = , say ( , bit by bit via prefix search,whereQBF uses
table S to answerevery oraclecall of q QBFÌ L� ; g = to F . It follows that ( is a valid
acceptingpathof q ü� ; g = if g}h fÖ;jí üº = . ¢ � outputs( .

Case2: ã$;<´È=L�ò# �
�°nC( º ;�Ä g Ä =�Nì( � ;©Ä g Ä¸= o . In this case,alsostringsof length ã$;<´È= canbe
queriedby íýüº ; g = or q3ü� ; g = . Note that q QBFÌ w� acceptsg if andonly if í QBFÌ wº
acceptsg , asotherwiserequirementM�¼�N�PIQ wouldhavebeensatisfiedatstagé , con-
tradictingour suppositionthat M�¼�N�PEQ is never satisfied. Indeed,since M�¼�N�PIQ is the
smallestunsatisfiedrequirementat stagé by (b) above andsince g meetscondi-
tion (3.4.5)aboveby (a), theequivalence

grh fÖ;jí QBFÌ wº =ó� � g vh fÖ;?q QBFÌ w� =
would enforcethe vulnerability of M�¼�N�PEQ at this stage. Now, ¢ � simulatesí üº ; g =
andoutputsanarbitrarystringif it rejects.Otherwise(i.e., if gzh fî;?í üº = ), ¢ � runs
í QBFÌ wº ; g = , call thiscomputationð . Therearetwo subcases.

Case2.1: Thecomputationof í üº ; g = exactly agreeswith ð . Then,thereexistsan
acceptingpathof q QBFÌ w� ; g = , and ¢ � againemploys QBF to constructthelex-
icographicallyfirst acceptingpathof q QBFÌ w� ; g = , call this path ( . If ( were
reliablew.r.t. oracleþ , then ¢ � couldsimplyoutput( , andweweredone.How-
ever, ( is notreliable,sinceS and F mightdiffer, so ¢ � hasto checkthevalidity
of ( . By our choiceof u º 7 � , thereexists(accordingto (a) above) at mostone ´
suchthat

;[%=<ÏÄ g ÄK�çã$;<´È=��Ô#!�
� nC( º ;©Ä g Ä¸=�Nì( � ;�Ä g Ä¸= o è
Hence,S canlack at mostonelength ã$;<´È= string of F that might be queried
in therun of q3ü� ; g = . Now, ¢ � checkswhether( is a valid certificateof q3ü� ; g =
by simply checkingwhetherall answersgivenalong( arecorrectaccordingto
the F partof ¢ � ’soracle.Therearetwo subcasesof Case2.1.
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Case2.1.1: All strings � queriedalong ( receive theanswer“yes” if andonly
if � h F . Weconcludethat ( is a valid certificateof q ü� ; g = . ¢ � outputs( .

Case2.1.2: Thereexistsastring � thatis queriedalong( , but receivesawrong
“no” answeraccordingto F , i.e., � h F . Then, ¢ � hasdetectedthat � is
theonestringof length ã$;ö´.= in F |·S . So,adding � to S , we now haveS 9 FkÔ æ ÿ ¬ � . ¢ � againemploysQBFto constructthelexicographicallyfirst
acceptingpathof q QBFÌ w� ; g = , say( 0 , whichnow mustbeavalid certificate
of q ü� ; g = . ¢ � outputs(I0 .

Case2.2: Thecomputationof í üº ; g = differsfrom ð . Theonly way this couldhap-
pen,however, is thattheonemissingstringin S , � h F Ô æ ÿ ¬ � |ôS , isqueriedon ð ,
but hasreceiveda wrong“no” answerfrom S . Then,asin Case2.1.2, ¢ � has
identified � andcancompletetable S by adding� to S . Now, S 9 FOÔ æ ÿ ¬ � , and
¢ � canproceedasin Case2.1.2to find andoutputa valid certificateof q ü� ; g =
if g is acceptedby íýüº (via oncemoreemploying QBF in theprefix searchto
constructthelexicographicallyfirst certificate).

Since #!�
�°nC( º ;©Ä g Ä =�Nì( � ;�Ä g Ä¸= o ¹ñã$;ö´ ÇÉ��= by (a) above, no stringof length bîã$;<´�Çß�	=
canbequeriedby q � or í º oninput g , andthusoracleextensionsatstagesb ´îÇ � cannot
affect thecomputationof q QBFÌ L è� ; g = or í QBFÌ L èº ; g = . Thiscompletestheproof.

Remark 3.4.7 Theargumentgiven in the above proof could almostseemto evenprove
that there existssomeoracle þ relativeto which Pü v9 NPü and NPü x ; EASYtt = ü , i.e.,
Pü v9 NPü and Pü 9 NPü , which is impossible. However, our argumentdoesnot work
for NP in placeof P, for thefollowing subtlereason.Whenwedefinethevulnerability of
requirementsof theform M�¼�N�PIQ with ¼øv9 P in termsof pairsof twonondeterministicoracle
machines q º and q � , and modifyour argumentappropriately, thenthe FPü function ¢ �
hasno wayof telling whetheror not the input g is acceptedby q üº (sincewehaveno Pü
algorithm as in the above proof) and therefore is in serioustroublewhenit is trying to
constructa valid certificateof q ü� ; g = .

Of course,theexistenceof relativizedworlds þ in which a statementØ ü fails should
not be viewed as evidencethat Ø fails in the unrelativized world. Rather, the exis-
tenceof suchrelativized worlds shouldbe viewed asevidencethat moststandardproof
techniqueslack the power to prove that Ø holds in the unrelativized world. See,e.g.,
[All90, For94,Har85] for discussionsof how to interpretrelativizedresults.Wesuggestas
anopenquestionthe issueof whetherevenstrongerimplicationsthanthoseof Figure3.2
canbeestablished.
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As afinal remark,ananonymousrefereeof thejournalpaper[HRW97a]mentionedthe
interestingopentopicof definitionsanalogoustoours,exceptwith thepath-findingoperator
beingprobabilistic(eithererror-boundedor error-unbounded),ratherthandeterministic.



Chapter 4

One-Way Permutations and Associative
One-Way Functions in Complexity
Theory

4.1 Intr oduction

It is well known that (many-to-one)one-way functionsexist if andonly if P v9 NP.
Thus,we cannothopefor anultimatesolutionto thequestionof whetheror not one-way

functionsexist unlesswe cansolve the famousP
?9 NP problem. All we canhopefor is

to characterizetheexistenceof certainspecialtypesof one-way functionsvia complexity-
theoreticstatementssuchasthecollapseor separationof complexity classes.

Many typesof one-way functionshave beenstudiedin the literature. Most notable
amongsuchresultsis GrollmannandSelman’s characterizationof the existenceof cer-
tain types of injective one-way functions by conditionssuch as P v9 UP w coUP or
P v9 UP [GS88],seealso[Ko85]. Allender[All86] extendedtheir resultsby proving that
poly-to-oneone-way functionsexist if andonly if P v9 FewP.1 Watanabe[Wat88] showed
thatconstant-to-oneone-way functionsexist if andonly if injectiveone-way functionsex-
ist. Watanabe[Wat92] alsoshowed that the existenceof randomized, injectiveone-way
functionsandtheexistenceof extensible, injectiveone-way functions,respectively, canbe

1UP andFewP arevery interestingcomplexity classeswhoseimportantapplicationsincludebut extend
beyond the study of one-way functions. They have beenthoroughlystudiedin a wide variety of topics,
includingthefollowing: therelativecomplexity of checkingandevaluating[Val76]; machinerepresentations,
completesets,the IsomorphismConjectureof BermanandHartmanis,andrelativizations[HH88a, HH91,
HH90, HR92]; Booleanhierarchyequivalences[HR97b, HR95]; circuit complexity [HR97b]; fault-tolerant
databaseaccess[CHV93]; upward separation[All91, RRW94]; andrelationsto countingclasses[CH90,
KSTT92, OH93, FFK94].

43
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characterizedby the separationsBPP v9 UPBPP and õ v9÷ö õ , where õ is the classof
polynomial-timesolvablepromiseproblems(in the senseof [EY80, ESY84,GS88])andö õ is the classof unambiguouspromiseproblems[CHV93, HR97b]. Finally, Fenneret
al. [FFNR96] provedtheexistenceof surjective, many-to-oneone-wayfunctionsequivalent
to P vx EASYtt , usingdifferentnomenclature.

In this chapter, we provide characterizationsof the existenceof associative one-way
functionsandof partialandtotalone-waypermutations.

Rabi andSherman[RS97, RS93] studyassociative one-way functions(AOWFs) and
show that AOWFs exist exactly if P v9 NP. They also presentthe notion of strong
AOWFs—AOWFsthatarehardto invertevenwhenoneof theirargumentsis given.They
give protocolsdueto RivestandShermanfor two-partysecret-key agreementanddueto
RabiandShermanfor digital signatures,thatdependon strong,total AOWFs. They also
outlinea protocolapproachfor multi-partysecret-key agreementthat dependson strong,
total,commutativeAOWFs.

Therearetwo key worriesregardingtheRabi-Shermanapproach.Thefirst is whether
their protocolsaresecureevenif strong,total, commutativeAOWFsexist. This worry has
two facets. The first facetis that, as they note, like Diffie-Hellman[DH76, DH79] the
protocol they describehasno currentproof of security(even if the existenceof strong,
total, commutative AOWFsis given),thoughRabiandShermangive intuitively attractive
argumentssuggestingtheplausibilityof security. In particular, they provethatcertaindirect
attacksagainsttheir protocolsareprecludedby thefact thattheprotocolsusestrong,total
AOWFsasbuilding blocks. The secondfacetof the first worry is that their definitionof
strong,total, commutative AOWFs is a worst-casedefinition,asopposedto the average-
casedefinitiononedesiresfor asatisfyinglystrongapproachto cryptography.

The secondworry is that Rabi and Shermanprovide no evidenceat all that strong,
total, commutative AOWFsexist, thoughthey do prove thatAOWFsexist if P v9 NP. In
Section4.2 we completelyremove that worry by proving that strong,total, commutative
AOWFsexist if P v9 NP.

In light of the above-mentionedfirst worry—and especiallyits secondfacet—we
note,asdid Rabi andSherman,that the studyof AOWFs shouldbe viewed asmoreof
complexity-theoreticinterestthanof appliedcryptographicinterest,thoughit is hopedthat
AOWFswill in thelongtermprove,probablyin average-caseversions,to beof substantial
appliedcryptographicvalue.

Phrasingour work in a slightly differentbut equivalentway, in Section4.2 we prove
thattheexistenceof AOWFs(or, indeed,theexistenceof anyone-wayfunction)impliesthe
existenceof strong,total, commutativeAOWFs. Furthermore,basedon Kleene’s [Kle52]
distinctionbetweenweakandcompleteequalityof partial functions,we give a definition
of associativity that, for partial functions,is a morenaturalanalogof the standardtotal-
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functiondefinitionthanthatof RabiandSherman,andwe show that their andour results
holdevenunderthismorenaturaldefinition.

In Section4.3, we turn to thequestionof whetheror not one-way permutationsexist.
First,letusbrieflydigressonthequestion:WhatmakesNP-completeproblemsintractable?
Onepossiblesourceof their potentialintractabilityis thefactthattherearemany possible
setsof solutions:Thesearchspaceis exponentialsothecardinalityof thesetof setsof so-
lutionsis double-exponentialin theinputsize.Anotherpossiblesourceof NP’scomplexity
is thatall solutions—evenif therearejust a few of them—mayberandomin thesenseof
Kolmogorov complexity andthushardto find. For bothreasonsonemaytry to “remove”
the difficulty from NP by consideringsubclassesof NP that, by definition, containonly
easysetswith respectto eithertypeof difficulty. NP’ssubclassesUPandFewP(definedin
Chapter2) both implicitly reducetherichnessof theclassof potentialsolutionsto ¤ ¬`ø Á ¶[Ã .
To singleout thoseNP setsthat, for all NP machinesacceptingthem,have Kolmogorov-
easysolutionsfor all instancesin theset,we definedtheclassEASYtt in Definition 3.2.1
on page20. Interestingly, boththeseconceptsof easyNP sets,UP andEASYtt , have their
own connectionto the invertibility of certaintypesof one-way functions,asstatedin the
secondparagraphof thissection.

In Section4.3, characterizationsof the existenceof varioustypesof one-way permu-
tationsaregiven in termsof complexity-theoreticconditions. In particular, we introduce
the UP analogEASYtt ; UP= of EASYtt , which combinesthe restrictionof unambiguous
computationwith the constraintrequiredby EASYtt . Thus,EASYtt ; UP= simultaneously
reducesthesolutionspaceof NP problemsto at mostonesolutionper input andrequires
that this onesolution,if it exists,canbe found in polynomialtime. We prove thatpartial
one-way permutationsexist if andonly if P v9 EASYtt ; UP= . We alsoestablisha condition
necessaryandsufficient for theexistenceof totalone-waypermutations.

In addition,varioustypesof poly-to-oneone-way functionsarecharacterizedin terms
of classseparationssuchasP v9 EASYtt ; FewP= , whereEASYtt ; FewP= is theFewPanalog
of EASYtt . Basedon anobservationby Selman([Sel95],seeClaim 3.3.4on page31),we
alsoshow that the existenceof one-way permutationsandof poly-to-oneone-way func-
tions, respectively, can be characterizedin termsof closureundercomplementationof
EASYtt ; UP= and EASYtt ; FewP= . Moreover, we discussour resultswith respectto the
UP analogof theBorodin-Demerstheorem([BD76], seeTheorem3.1.1on page19) and
with respectto statementsof theseeminglyunrelatedfield of (finite model)logic.

This chapteris organizedas follows. Section4.2 studiesassociative one-way func-
tions. Section4.3dealswith one-way permutations.Section4.4presentsconclusionsand
describessomeopenissues.
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4.2 Creating Strong, Total, Commutative, Associative
One-Way Functions fr om Any One-Way Function in
Complexity Theory

Section4.2is organizedasfollows. Section4.2.1providesdefinitionsandotherprelim-
inaries.Section4.2.2establishesourmainresult.Section4.2.3discussesanissuerelatedto
injectivity. Section4.2.4provesthatif UP v9 NP thena constructionof RabiandSherman
is invalid.

4.2.1 Preliminaries

ThroughoutSection4.2,whenweuse“binary function” wemean“two-argumentfunc-
tion.” Recallfrom Chapter2 thatunlessexplicitly statedasbeingtotal, all functionsmay
potentiallybepartial,2 i.e., “let ù beany binary function” doesnot imply that ù will nec-
essarilybe total. For any binary function ù , we will interchangeablyuseprefix andinfix
notation,i.e., ù�ú^ûUü¶ý�þ�ÿçû~ù1ý .

For concreteness,wenow explicitly definethenotionof one-way-nessfor binary func-
tions. Regardingpart3 of thefollowing definition,we mentionthatwe usetheterm“one-
way function” in the sameway Rabi and Sherman[RS97] do, i.e., in the complexity-
theoretic(thatis, worst-case)sense,andwithout requiringthat thefunctionnecessarilybe
injective.

Definition 4.2.1 Let ù�� ���������	� ���
beanybinary function.

1. We say ù is honestif and only if there existssomepolynomial 
 such that for ev-
ery �
� imageúnùUþ there existsa pair úÑûUü¶ý¸þ�� domainú^ùUþ such that û~ù1ý°ÿ�� and� û ����� ý ��� 
«ú � � � þ .3

2. We say ù is FP-invertible if andonly if there existsa total function ��� FPsuch that
for every ��� imageú^ùUþ , �]ú�� þ is someelementof ù�����ú�� þ£ÿ��ëúÑûUü¶ý¸þ � domainúnùUþ �û~ù1ý�ÿ!�#" .

3. We say ù is a one-way function if and only if ù is honest,polynomial-timecom-
putable, andnot FP-invertible.

2However, for rhetoricalreasons,wemaysometimesexplicitly mentionthata functionis partial.
3This definition of honestyfor binary functionsis that of Rabi andSherman[RS97], andis equivalent

to requiring $&%('#)+*-,.$0/21#3�$ 45$ 6 , sincethereexists somepolynomial 7 (that dependson the pairing function
chosen)suchthatfor every '#)+*�8:9<; , $&%('#)+*-,.$=/�7>3�$ '?$A@B$ *C$ 6 and $ '?$A@B$ *C$=/D7>3E$F%G'H)�*>,I$ 6 .
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RabiandSherman[RS97]definea notionof associativity for binary functionsasfol-
lows. Diskussion4.2.3below explainswhy we usetheterm“weakly associative” in Defi-
nition 4.2.2to describetheirnotion.

Definition 4.2.2 Let J!� � � �K� � � � �
be any binary function. We say J is weakly

associative if andonly if ûLJ»únýMJN� þ+ÿáúÑûLJHý�þ<J�� holdsfor all ûUü¶ý üO�P� ��� such that each
of ú^ûUü¶ý�þ , ú^ý�üQ� þ , úÑûUü¶ý:JR� þ , and úÑû Jðý üO� þ is anelementof domainúEJ þ .
Discussion4.2.3 Associativityexpressesequalitybetweentwofunctionseach of which can
be viewedas a 3-ary functionthat resultsfrom a givenbinary function. Definition 4.2.2
yieldsa notionof associativitythat is not natural for non-totalfunctions,sinceit doesnot
evaluateasbeingfalse“equations” such as“undefinedÿTS>U#S>U .” Thissituationcanoccur
in ûLJ£ú^ýVJW� þHÿ úÑûLJôý�þXJ�� in variousways,e.g., if ú^ûUü¶ý�þ , ú^ûLJMý�üO�=þ , and ú^ý�üO�=þ are in the
domainof J but ú^ûUü¶ýYJZ� þ is not. It wouldseemmorenatural for a definitionof associativity
for binary functionsto require that bothsidesof theaboveequationstandor fall together.
That is, for each triple of strings ûUü¶ý�üQ�[� ��� , either both sidesshouldbe definedand
equal,or each sideshouldbeundefined.

This observation is not new. Drawing on Kleene’s carefuldiscussionof how to de-
fine equalitybetweenpartial functions,our definition of associativity—given in Defini-
tion 4.2.4below—achievesthis naturalbehavior. Thedistinctionin thetwo definitionsof
associativity canbe saidto comefrom two distinct interpretationsof “equality” between
functions,known in recursive functiontheoryasweakequalityandcompleteequality, see
Kleene[Kle52]. Kleenesuggeststhe useof two differentequalitysymbols.We will use
“ ÿW\ ” and“ ÿ^] ,” andwe have modifiedthe following quotationto usethesealso. Kleene
writes[Kle52, pp.327–328]:

We now introduce“ _ ú^û � ü=`a`=`1üjû�b=þôÿ^]�c�úÑû � ü=`=`=`1üÛû�b þ ” to express,for particu-
lar û � üa`=`=`oüjû�b , thatif eitherof _ ú^û � ü=`=`=`oüjû�b=þ and c�ú^û � ü=`a`=`oüjû�b=þ is defined,so
is theotherandthevaluesarethesame(andhenceif eitherof _ úÑû � ü=`=`=`]üjû�b þ
and c�úÑû � ü=`=`=`oüÛû�b þ is undefined,so is theother). Thedifferencein themean-
ing of (i) “ _ ú^û � üa`=`=`1üjû�b=þÔÿW\dc�ú^û � üa`=`=`oüjû�b=þ ” and (ii) “ _ ú^û � üa`=`=`1üjû�b þÔÿ^]c�ú^û � üa`=`=`1üjû�b=þ ” comeswhenoneof _ ú^û � ü=`a`=`1üjû�b=þ and c�úÑû � ü=`=`=`1üÛû�b þ is un-
defined.Then(i) is undefined,while (ii) is trueor falseaccordingastheother
is or is not undefined.

Completeequalityis themorenaturalof thetwo notions,andDefinition 4.2.4yieldsa
notionof associativity for binaryfunctionsthatis basedoncompleteequality. Nonetheless,
we will show thatRabiandSherman’s results[RS97]andour resultshold evenunderthis
morerestrictive definition. In a similar vein, we alsodefinecommutativity for (partial)
binaryfunctions.
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Definition 4.2.4 Let ù2� ���Y�����	� ���
beanybinaryfunction.Definee�ÿ ���gf �ihj" and

defineanextensionk ù2�Ce � e � e of ù asfollows:k ù ú�l üOm�þ ÿ n ù ú�l üOm�þ if lpoÿqh and mjoÿrh and ú+l~üQm þ�� domainúnùUþh otherwise.
(4.2.1)

We say ù is associative if andonly if, for every ûUü¶ý üO��� ��� , úÑûgkùoý¸þskù0�JÿØûgkù úný�k ù0� þ . We sayù is commutative if andonly if, for every ûUü¶ý�� � � , û�k ù1ý�ÿOýCk ù û¤ú i.e., û~ù1ý�ÿ:]4ýëù�û�þ .
Every associative functionis weaklyassociative; theconverse,however, is not always

true,sotheseareindeeddifferentnotions.

Proposition4.2.5 Thefollowing threestatementsare true.

1. Everyassociativebinary functionis weaklyassociative.

2. Everytotal binary functionis associativeif andonly if it is weaklyassociative.

3. There existsa binary functionthat is weaklyassociative, but notassociative.

Proof. (1) and(2) areimmediatefrom thedefinitions.Regarding(3), notethatthefollow-
ing binaryfunction ù�� ���N�����	� ���

is weaklyassociativebut not associative:

ù ú+l~üQm þ ÿ tuwv S5S5S if l�ÿxS and mðÿxS5SU if l�ÿxS5SyS and mðÿ�S5S5S5S
undefined otherwise,

(4.2.2)

whereby “undefined”above we do not meansomenew token“undefined,” but ratherwe
simplymeanthatfor caseshandledby thatline of thedefinition ú�l üOm�þ:o� domainúnùoþ .
Definition 4.2.6 1. A binary function ùz� �����2����� ���

is an AOWF if andonly if ù
is bothassociativeanda one-wayfunction.

2. [RS97] A binary function ù�� ���������R� ���
is anAwOWF if andonly if ù is both

weaklyassociativeanda one-wayfunction.

Rabi and Sherman[RS97] also introducethe notion of strong one-way functions—
binary one-way functionsthat arehardto invert even if oneof their argumentsis given.
Strongnessimpliesone-way-ness.(We notethat“strongness”hereshouldnot beconfused
with the propertyof strong-FP-invertibility of functionsintroducedby Allender [All86,
All85].) To avoid any possibilityof ambiguitywehenceforward,whenusingequalitysigns
with partialfunctions,will make it explicit thatby equalitywemeanÿ^] .
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Definition 4.2.7 A binaryfunction ù is saidto bestrongif andonlyif ù is notFP-invertible
evenif oneof its argumentsis given.More formally, binary function ù is strongif andonly
if neither(a) nor (b) holds:

(a) There existsa total function � � � FP such that for every ��� imageúnùUþ and for eachûp� ��� , if ù ú^ûUüjý¸þ�ÿ^]�� for someýP� ��� , then ù ú^ûUüA� � úI{nûUüO�C|¶þÛþ�ÿ:]�� .
(b) There existsa total function �i}P� FPsuch that for every �2� imageúnùUþ and for eachý�� ��� , if ù ú^ûUü¶ý�þ�ÿ^]~� for someûp� ��� , then ù ú��i}�úA{ný�üO�y|¶þ�üjý¸þ}ÿ^]�� .
4.2.2 Strong,Total, Commutative,AssociativeOne-Way Functions

This sectionprovesthatP oÿ NP if andonly if strong,total, commutative,associative
one-way functionsexist.

RecallthatRabiandSherman[RS97] show thatAwOWFsexist if andonly if P oÿ NP.
However, they presentno evidencethatstrongAwOWFsexist, andthey establishno struc-
tural conditionssufficient to imply thatany exist. Solvingtheseopenquestions,we show
in Theorem4.2.8below that thereexist strong,total, commutativeAwOWFs(equivalently,
strong,total,commutativeAOWFs)if andonly if P oÿ NP.

Theorem 4.2.8 Thefollowingfivestatementsareequivalent.

1. P oÿ NP.

2. There existAwOWFs.

3. There existAOWFs.

4. There exist strong, total, commutativeAwOWFs.

5. There exist strong, total, commutativeAOWFs.

Proof. By part 2 of Proposition4.2.5,(4) and(5) areequivalent. By part 1 of Proposi-
tion 4.2.5,(3) implies (2). Rabi andSherman[RS97] have shown the equivalenceof (1)
and(2),by exploiting theassociativity of theclosestcommonancestorrelationfor configu-
rationsin thecomputationtreeof nondeterministicTuringmachines.(5) (and,equivalently,
(4)) implies(2) and(3). Soto establishthetheoremit sufficesto show that(1) implies(5).

We will soondefinea key function, ù . Weat thatpointdescribetheintuition behindit,
andwedescribethetwo-phasestrategy ourproofwill follow.

AssumeP oÿ NP,andlet � beasetin NP � P. Let � beanondeterministicpolynomial-
time Turing machineaccepting� . By a witnessfor “ ûr�r� ” we meana string ��� ���
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that encodessomeacceptingcomputationpathof � on input û . Recall from Chapter2
that for eachstring û , thesetof witnessesfor “ û���� ” (with respectto � ) is denotedby
ACC��ú^û�þ . Note that if û�o��� thenACC��úÑû�þhÿ�� . Assume,without lossof generality,
that for eachû���� , every witness��� ACC��ú^û�þ satisfies

� � � ÿ�
«ú � û � þ�� � û � for some
strictly increasingpolynomial
 dependingon � .

For any strings �UüQ�~üQ��� � � , �L���oú��UüQ�ëþ will denotethelexicographicallysmallerof �
and � , and �L���1ú+�UüQ�~üQ� þ will denotethelexicographicallysmallestof � , � , and � .

Definethebinaryfunction ù2� ���������	� ���
by

ù ú�l üOm�þ�ÿ t����u ����v
{nûUüQ�L���]ú+� � üA��}EþA| if úE�ëû�� ��� þoúE�?� � üQ��}N� ACC��úÑû�þjþ� l�ÿ�{nûUüA� � |���mðÿ�{^ûUüQ��}�|.�{nûUüjû | if úE�ëû�� ��� þoúE�?��� ACC��úÑû�þjþ � ú�l�ÿx{nûUüjû |¡�mðÿ�{nûUüQ�W|¶þ�¢ïú�l�ÿ�{^ûUüQ�^|V��mðÿ£{^ûUüjû¤|¶þs�
undefined otherwise.

(4.2.3)

Very informally put,theintuition behindù is thatit reducesthenumberof witnessesby
one,in aparticular, carefulway. “Case1” below describesthismorespecifically. Also very
informally put, the intuition behindwhy ù will prove to behardto invert is that inversion
requiresobtainingwitnessinformation.

Ourproof takesa two-stepapproach.In particular, onourway towardsaproof that(1)
implies(5), wewill first prove that:

Claim A Thefunction ù definedabove is a strong,commutativeAOWF.

Thenwewill:

TaskB Show how to extend ù to astrong,total,commutativeAOWF,

thusestablishing(5).
We starton our proof of Claim A. Notethat ù is honest.Also, ù�� FP. Thatis, given{El üOm¥| astheinput, it is easyto decidein polynomialtime whetherú+l üOm�þ�� domainúnùUþ , and

if so,whichof {nûUüjû | or {nûUüQ�W| for suitableû�� ��� and ��� ACC��ú^û�þ shouldbeoutputas
thevalueof ù ú+l üOm�þ . Here,weneedtheassumptionthatfor eachû���� , everywitness� for
“ ûp��� ” satisfies

� � � ÿ¦
«ú � û � þ	� � û � . Thisassumptionensuresthatthereis noambiguityin
determiningwhetherl and m areof theform {nûUüjû | or of theform {nûUü PotentialWitness| , and
checkingitemsof the form {^ûUü PotentialWitness| is easybecause§©¨¡ª~«H¬ ACC��ú^û�þ is a set
in P. That §©¨~ª¡«H¬ ACC��úÑû�þ is asetin P alsoensuresthatdomainúnùoþ is asetin P.

Now, weshow that ù cannotbeinvertedin polynomialtime,evenif oneof its arguments
is given. Assume,for instance,that thereexists a total function �i}D� FP suchthat given



4.2.2.Strong,Total,Commutative,AssociativeOne-WayFunctions 51

any � in the imageof ù andany secondargumentm for which thereis somel2� ��� withù ú+l~üQm þ»ÿ^]^� , it holdsthat ù ú­�y}`úA{Em`üO��|jþ�üOm�þ»ÿ:]W� . Then,contradictingour assumptionthat�®o� P, � couldbedecidedin polynomialtimeasfollows:

On input û , to decidewhetheror not û��¯� , compute �i}�úA{A{nûUüjû | ü-{^ûUüjû |Q|¶þ ,
interpretit asapair {�°~üQ±-| , andacceptif andonly if °£ÿyû and ±²� ACC��úÑû�þ .

An analogousproof worksfor thecaseof a fixedfirst argument.Thus,neither(a) nor (b)
of Definition4.2.7holds,so ù is a strongone-way function.

We now prove that ù is associative. Let k ù betheextensionof ù from Definition 4.2.4.
Fix any strings lJÿ³{El � üOl�}�| , mMÿ³{Em � üOmO}�| , and ´Mÿ³{E´ � üO´�}�| in

���
. Let µ equalhow many ofl�} , mO} , and ´�} arein ACC��ú+l � þ . For example,if l�}$ÿTm�} ÿx´�}²� ACC��ú�l � þ , then µ¤ÿT¶ .

To show that

ú+l�kù<m�þsk ù<´Hÿ!l5k ù ú+mOk ù<´ þ(4.2.4)

holds,wedistinguishthefollowing two cases.

Case1:
� l � ÿdm � ÿ�´ � � �·l�}büOmO}`üO´�}a"�¸¹�·l � " f ACC��ú+l � þs� . As mentionedabove, ù

(andthus k ù ) decreasesby onethe numberof witnesses.In particular, k ù preserves
the lexicographicminimum if both argumentscontainwitnessesfor “ l � ��� .” If
exactlyoneof its argumentscontainsawitnessfor “ l � ��� ,” then k ù outputs{�l � üOl � | .
If neitherof its argumentscontainsa witnessfor “ l � �p� ,” then ù is not definedand
thus k ù hasthevalue h . It follows that:º If µ����·U�ü=Sy" , then ú+l�kù<m�þsk ù<´Hÿqhéÿ[l�kù ú�mQk ùX´ þ .º If µJÿ ¤ , then ú�l5k ù<m�þskùX´ðÿ�{El � üOl � | ÿ!l5k ù ú+mOk ù0´ þ .º If µJÿ!¶ , then ú�l5k ù<m�þskùX´ðÿ�{El � üQ�L���1ú�l�}büOmO}`üO´�}EþI| ÿrl�k ù�ú�mOk ù<´ þ .
In eachof thesethreecasesEquation4.2.4is satisfied.

Case2: Not Case1. Then it holds that either
� l � oÿ»m � ¢ l � oÿ»´ � ¢ m � oÿ»´ � � , or� l � ÿ�m � ÿ�´ � �¼�·lC}`üQm�} üO´¥}�"�o¸³�·l � " f ACC��ú+l � þs� . In light of thedefinitionof ù ,

wehave in bothcasesthat ú+l�kùXm þskù<´Hÿ!héÿrl�k ù�ú�mOk ùX´ þ , andEquation4.2.4is satisfied.

Hence,ù is associative. Furthermore,it is easyto seefrom thedefinitionof ù that ù is
commutative. Thus, ù is a strong,commutativeAOWF, asclaimedearlier. SoClaim A is
established.



52 4. One-Way PermutationsandAssociativeOne-WayFunctionsin Complexity Theory

To completetheproof, we now show how to extend ù to a strong,total, commutative
AOWF.4 That is, we now turn to TaskB. Informally put, we will usean appropriately
chosenstring to plug the holes in ù . The fact that ù is an AOWF rather than merely
an AwOWF helpsus avoid the key problem—seeSection4.2.4—inRabi andSherman’s
extensionattempt.

Fix any string ûg½�o�¾� (onemustexist, since�¿o� P). Let l�½ bethepair {nûg½`ü=S ûg½�| . Note
that l�½ is neitherof theform {nûUüjû¤| for any ûÀ� ��� , nor of theform {nûUüQ�W| for any û�� ���
andany witness�¿� ACC��úÑû�þ (becauseûg½�o�¦� andthusdoesnot have any witnesses).
Notethat,by thedefinitionof ù , for eachý , ú�l�½`ü¶ý�þWo� domainúnùUþ and ú^ý�üQlC½Cþ^o� domainúnùoþ .
Definethe total function Á�� � � �z� � � � �

asfollows: Whenever ú+l~üQm þ©� domainúnùoþ ,
defineÁoú�l üOm�þ ÿyù ú+l~üQm þ ; otherwise,defineÁUú+l üOm�þ ÿrlC½ .

Thefunction Á is a strong,total, commutativeAOWF. In particular, Á is honest,since
for lC½ , which is theonly stringin theimageof Á that is not in theimageof ù , it holdsthatÁUú+l�½`üOl�½Eþ�ÿ�l�½ and

� l�½ �i�®� l�½ �Y� ¤ � l�½ � . Also, ÁÂ� FP, since ù�� FP anddomainúnùUþD�
P. That Á is strongfollows from the factsthat imageú^ùUþ�¸ imageú­Á~þ and ù is strong.
Finally, to seethat Á is associative, note that if l5k ù ú+mOk ùX´ þ�ÿ h then l5ÁUú�mQÁÃ´ þóÿ l�½ and
otherwisel5ÁUú+mQÁ�´ þ�ÿ!l5k ù ú+mOkù<´ þ . Similarly, if ú�l5k ù<m�þskù<´Hÿ!h then ú�l5Á�m�þÄÁ�´ôÿrl�½ andotherwiseú�l5ÁÃm þÄÁ�´Mÿ´ú+l�k ù0m þskù<´ . Theassociativity of Á now followseasily, giventhat ù is associative.

The commutativity of Á is immediatefrom the definitionof Á andthe commutativity
of ù . To seewhy thisholds,recallthatourdefinitionof commutativity is basedoncomplete
equality, andthus ú+l~üQm þ�� domainúnùoþ if andonly if ú+m`üOl'þÅ� domainú^ùUþ . Hence, Á is a
strong,total,commutativeAOWF.

Rabi and Shermanemphasizethe importanceof explicitly exhibiting strong, total
AwOWFs[RS97], sincethecryptographicprotocolsgivenin [RS97]rely ontheirexistence.
RabiandShermanalsoposeasanopenissuetheproblemof whetherastrong,totalAwOWF
canbeconstructedfrom any givenone-way function[RS93]. Theproof of Theorem4.2.8
solvesboththeseopenissues.Indeed,thefunction Á definedin theaboveproofshowshow
to constructastrong,total,commutativeAOWF (equivalently, astrong,total,commutative
AwOWF) basedonany clockedNPmachineacceptinga languagein NP � P. Similarly, the
proofof Theorem4.2.8showshow, given(asaprogram)any one-wayfunction,alongwith
its polynomialruntimeandhonestybounds,onecanobtaina clockedNP machineaccept-
ing a languagein NP � P. Thus,asthetitle of Section4.2claims,from any givenone-way
functiononecancreatea strong,total, commutative AOWF (equivalently, a strong,total,
commutativeAwOWF).

4RabiandSherman[RS97] give a constructionthat they claim lifts any AwOWF whosedomainis in P to
a totalAwOWF. However, it is far from clearthattheir constructionachievesthis claim. In fact,Section4.2.4
showsthatany proof thattheir constructionis valid would immediatelyprovethatUP Æ NP.
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The previous paragraphshouldnot be readassuggestingthat actually implementing
sucha transformation,for examplein thecomputerlanguageC, would bethework of just
a few minutes,or would resultin averyshort,simpleC program.

4.2.3 Injecti ve,AssociativeOne-Way Functions

We mentionbriefly theissueof injective (i.e.,one-to-one)AOWFsandAwOWFs. Rabi
andShermangive no evidencethat injective AwOWFsmight exist. In fact,they prove that
no total AwOWF canbe injective. Thus, in light of part 2 of Proposition4.2.5,no total
AOWF canbe injective. However, asTheorem4.2.9we show thatP oÿ UP if andonly if
injectiveAwOWFs(andindeedinjectiveAOWFs)exist.

The lack of injectivity for total, commutative AOWFs and AwOWFs comescloseto
following alreadyjust from commutativity. Considerany commutativefunction ù suchthat
thereexist elementsl and m with lÀoÿ£m and ú�l üOm�þ^� domainúnùoþ . Then ù ú�l üOm�þHÿ^]�ù ú+m`üOl'þ ,
andso ù is not injective. Now let usgeneralizethenotionof injectivity soasto keepthe
generalintuition of its behavior, yet soasto not to clashsostronglywith commutativity.
Given any binary function ù�� � � �
� � � � �

, we say ù is unordered-injectiveif and
only if for all l üOm`üO´�üO°r� ��� , if ú�l üOm�þ�ü`ú�´�üO°'þp� domainú^ùUþ and ù�ú�l üOm�þÙÿ:]Jù ú+´
üQ°ëþ , then�·l üOm=" ÿ»�·´�üO°Ã" . That is, eachelementû)ÿ^]�ù ú�l üOm�þ in the imageof ù hasat mostone
unorderedpair �·l üOm=" (possiblydegenerate,i.e., �·l üOlÃ"°ÿ �·lÃ" ) as its preimage. If ù is
commutative,thenbothorderingsof thisunorderedpair, ú+l üOm�þ and ú�m`üOl'þ , will mapto û ; if
not,onecannotknow (i.e., it is possiblethat ù ú+l üOm�þ ÿ^]Uû yet for somestring ý¾oÿyû it holds
that ù ú+m`üOl'þ ÿ^]4ý ).
Theorem 4.2.9 Thefollowingfivestatementsareequivalent.

1. P oÿ UP.

2. There exist injectiveAwOWFs.

3. There exist injectiveAOWFs.

4. There exist strong, commutative, unordered-injectiveAwOWFs.

5. There exist strong, commutative, unordered-injectiveAOWFs.

Proof. That(2) implies(1) follows immediatelyby standardtechniques(thoseof [GS88],
but for functionswith two arguments). By part 1 of Proposition4.2.5, (3) implies (2).
That (1), (4), and (5) are pairwiseequivalent follows as a corollary from the proof of
Theorem4.2.8;note,crucially, that if the definition of ù given in that proof is basedon
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someset �T� UP � P, then ù is unordered-injective,sinceno string û in � canhavemore
thanonewitness.Soit sufficesto prove that(1) implies(3).

Assuming��� UP � P, definethelanguage��Ç¸ÿ��CS û � û��p�²" . Notethat ��ÇÈ� UP � P.
Let � be someUP machineaccepting� Ç . Let the polynomial 
 and,for eachû , let the
witnesssetsACC��úÑû�þ be definedas in the proof of Theorem4.2.8 (note that, for eachû[�!� Ç , ACC��úÑû�þ now is a singleton). Without lossof generality, assumethat for eachûx�x� Ç , the uniquewitness � certifying that ûT�x� Ç startswith a 1 as its first bit, i.e.,����S ��� . Definethebinaryfunction ù�� ���N�¾����� ���

asfollows:

ù ú�l üOm�þ ÿ n U5l if lP��� Ç andACC��ú�l'þ ÿT�·m="
undefined otherwise.

(4.2.5)

Let k ù be the extensionof ù as in Definition 4.2.4. Note that for all l~üQm�üQ´�� ��� , it
holdsthat ú+l�kù<m�þsk ùX´ôÿThñÿ�l�k ù�ú�mOkùX´ þ by definitionof ù . Thus, ù is associativeaccordingto
Definition4.2.4.Also, notethat ù is injective,andthestandardproofapproach—see,e.g.,
theproofof Theorem4.2.8—showsthat ù is aone-way function.

4.2.4 On a Construction of Rabi and Sherman

As mentionedin footnote4, Rabi andSherman[RS97] give a constructionthat they
claimlifts any AwOWF whosedomainis in Pto atotalAwOWF. It is far from clearthattheir
constructionachievesthis claim. In fact, we show that any proof that their construction
is valid would immediatelyprove thatUP ÿ NP. In particular, we provide the following
counterexampleto RabiandSherman’s assertion.

Theorem 4.2.10 If UP oÿ NP, then there exists an AwOWF Éù , satisfying ú��<Él�þ � úIÉl~ü>ÉlëþKo�
domainú�ÉùUþs� and havingdomainin P, such that the constructionthat Rabi and Sherman
claimconvertsAwOWFs into total AwOWFs in fact fails on Éù .

Proof. The generalidea behindthis proof is that if UP oÿ NP then the Rabi-Sherman
constructiondoesnotalwayspreserveweakassociativity.

Fix a set � Ç � NP � UP andanNP machine� Ç accepting� Ç . Let thepolynomial 
 Ç
and,for eachû , let thewitnesssetsACC�WÊìú^û�þ bedefinedanalogouslyto thedefinitionsof
 andACC��ú^û�þ in theproofof Theorem4.2.8above.

Definethebinaryfunction Éù2� ���������	� ���
by

Éù ú+l~üQm þ ÿ t��u ��v
{nûUüQ�W| if úE�ëû¾� ��� þoúE�?��� ACC� Ê ú^û�þÛþ � l�ÿx{nûUüQ�^| ÿrmO�{nûUüjû | if úE�ëû¾� ��� þoúE�?��� ACC� Ê ú^û�þÛþ � ú+l�ÿ£{nûUüÛû0|��¿mðÿ£{nûUüA�:|¶þ¢°ú�l�ÿx{nûUüQ�W|B�¿mðÿ£{nûUüÛû0|jþs�
undefined otherwise.

(4.2.6)
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It is nothardto verify that Éù is anAwOWF.
Let Él be a fixed string suchthat úIÉl ü>Él'þzo� domainú�ÉùUþ . For the particularfunction Éù

definedabove,sucha string Él indeedexists(e.g.,let Él®ÿ®{^ûg½`ü=S ûg½�| for any particularfixedûg½Lo��� Ç ü seethediscussionof l�½ in theproof of Theorem4.2.8asto why this is right). In
contrast,the“ ´ ” of [RS97, p. 242,l. 10] maynot in generalexist.

Now, usingtheRabi-Shermantechnique,extend Éù to a total function, ÉÁ , thesameway
we obtainedthetotal extension“ Á ” of “ ù ” in theproof of Theorem4.2.8.Fix somestringÉû��À� Ç thathastwo distinctwitnesses� � and ��} in ACC� Ê ú�Éû�þ (such Éû , � � , and ��} exist,
as � Ç o� UP),andlet l�ÿ�{aÉûUüQ� � | , m$ÿ�{aÉûUüQ��}�| , and ´fÿ�{aÉûUü�Éû | . Then,we have ú+lXÉÁÃm�þ·ÉÁg´fÿÉl�oÿ {aÉûUü�Éû |�ÿ�l<ÉÁ«ú+mCÉÁ�´ þ . Thus ÉÁ is not associative (andthus,as it is total, is not weakly
associative).

Thereasonthat ú�l<ÉÁ�m�þ-ÉÁg´Hÿ£Él maynot beclearto thereader. To seewhy thisholds,one
mustlook at theRabi-Shermantechniqueof extending Éù to ÉÁ , which, very informally, is
to use Él asa dumpingground.We mentionthat, for essentiallythesamereason,Éù is not
associative (andthusis not anAOWF), since ú�l k Éù<m�þ k ÉùX´$ÿ£h�oÿ�{aÉûUü5Éû |Hÿxl k Éù ú+m k Éù0´ þ , where k Éù
is theextensionof Éù from Definition4.2.4.

Even if Rabi andSherman’s proof werevalid, their claim would not be particularly
usefulto them,astheAwOWFsthey construct[RS97, proofof Theorem5] donot in general
have domainsthatarein P. In contrast,thefunction ù of our proof of Theorem4.2.8does
have a domainthat is in P, andtheir method(correctedto remove the “ ´ ” problem)does
preserveassociativity (note:wedid notsayweakassociativity), andsoprovedusefulto us.

4.3 Characterizationsof theExistenceof Partial andTotal
One-Way Permutations

Section4.3 is organizedasfollows. Section4.3.1definestheclassesEASYËË ú UPþ and
EASYËË ú FewPþ , the UP andFewP analogsof EASYËË , andcharacterizesthe existenceof
partial one-way permutationsand of poly-to-oneone-way functionsin termsof separa-
tionsbetweenP andthosetwo classes.Section4.3.2providesa conditionnecessaryand
sufficient for theexistenceof totalone-waypermutations.

4.3.1 Partial One-Way Permutations and Poly-to-One One-Way
Functions

Recallfrom Definition3.2.1onpage20 thatEASYËË is theclassof all setsÌ for which
all NPTMsacceptingÌ always(i.e., on all inputs û
��Ì ) have easycertificates.We now
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definetheUP andFewP analogsof EASYËË . (Thoughit is clearthata moregeneraldefi-
nition of theform EASYËË ú­Í}ügÎ�þ for complexity classesÍ otherthanNP, UP, or FewP and
for functionclassesÎ otherthanFPcananalogouslybeobtained,we will only definethe
classesof interesthere.)

Definition 4.3.1 For ÍK�K� NPü UPü FewP" , defineEASYËË ú­ÍUþ to betheclassof all setsÌ
that eitherare finite, or that satisfy(a) Ì³�KÍ , and (b) for every Í machine Ï such thatÌMú�Ï þ ÿrÌ , thereexistsanFP function ¢iÐ such that, for all û��¾Ì , ¢iÐôú^û�þ�� ACCÐ úÑû�þ .

The inclusionssummarizedin Proposition4.3.2below follow immediatelyfrom the
definition. For instance,the first inclusion holds by the following arguments: (a) each
EASYËË set Ì is in P and thus in FewP, seeFigure 3.1 on page22; and (b) if every
NPTM acceptingÌ alwayshaseasycertificates,thensodoeseveryFewP machine.Hence
EASYËË ¸ EASYËË ú FewPþ . The inclusionEASYËË ú UPþ�¸ P holdsdueto EASYËË ú UPþ�¸
EASYÑË ú UPþ�ÿ EASYÑË ÿ P(seeTheorem3.2.4for thefinal equality),whereEASYÑË ú UPþ
denotestheUPanalogof EASYÑË .
Proposition4.3.2 EASYËË ¸ EASYËË ú FewPþ�¸ EASYËË ú UPþ�¸ P ¸ UP ¸ FewP ¸ NP.

Fenneret al. [FFNR96] have characterizedthe existenceof surjective, many-to-one
one-way functionsby theconditionP o¸ EASYËË . In this section,we give analogouschar-
acterizationsof theexistenceof surjective,one-to-oneone-way functions(i.e.,partialone-
way permutations)and surjective, poly-to-oneone-way functionsby separatingP from
EASYËË ú UPþ andEASYËË ú FewPþ , respectively.

Theorem 4.3.3 Thefollowingfour statementsareequivalent.

1. EASYËË ú UPþ^oÿ P.

2. There existsa partial one-waypermutation.

3.
��� o� EASYËË ú UPþ .

4. EASYËË ú UPþ is notclosedundercomplementation.

Proof. (3) implies(4), since
��� ÿq� asa finite setis in EASYËË ú UPþ . (4) immediatelyim-

plies(1). Toseethat(1) implies(3),assumethereisaset Ì�� Psuchthat Ìqo� EASYËË ú UPþ .
Let Ï be someUP machineacceptingÌ suchthatno FP functionexists that outputsthe
acceptingpathof ÏVúÑû�þ for all inputs ûÂ�[Ì . Let � besomeP machinethat acceptsÌ .
Considerthe following NPTM Ï Ç : On input û , Ï Ç guesseswhetherûK�[Ì or ûÂ� Ì . If
theguesswas“ û���Ì ,” Ï Ç simulatesÏVúÑû�þ ; otherwise,it simulates�´úÑû�þ . Then, Ï Ç is a
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UP machineaccepting
���

. Notethattheacceptingcomputationof Ï Ç ú^û�þ for inputs û¾�2Ì
containstheacceptingcomputationof Ï ú^û�þ . Since Ì cannotbeempty(in fact, Ì cannot
befinite, for otherwisewe would have had Ì!� EASYËË ú UPþ ), no FPfunctioncanoutput,
for all inputs ûp� ��� , theacceptingpathof Ï Ç ú^û�þ . Hence,

��� o� EASYËË ú UPþ .
(3) implies(2): Assume

��� o� EASYËË ú UPþ . Let � beaUPmachineaccepting
���

such
thatnoFPfunctioncanoutputtheacceptingpathof �´úný�þ for all ý�� ��� . For any input ý ,
let comp� úný�þ denotetheuniqueacceptingpath(encodedasa sequenceof configurations)
of �îúný�þ . As in [GS88], definethefunction ¢ to be

¢}úÑû�þ ÿ n ý if ûÙÿ comp� úný�þ
undefined otherwise.

Given û , it canbecheckedin polynomialtime whetherû encodesanacceptingpathof �
(by checkingwhetherit startswith theinitial configurationof � for someinputstring,all
transitionsfrom oneconfigurationto thenext arelegal,andthefinal configurationcontains
anacceptingfinal state),andif so,theinputstring ý of � caneasilybedetermined.Thus,
¢
� FP. Since � is a UP machine,¢ is injective. Thepolynomialboundingtherunning
time of � witnessesthehonestyof ¢ . Since Ìôú��Øþ ÿ ��� , ¢ is surjective. Finally, ¢X���©o�
FP, since ¢ ��� ú^ý¸þôÿáû is anacceptingcomputationof �´úný�þ for eachý , andso ¢ ��� � FP
contradictsourassumptionthat � only hashardcertificates.To summarize,¢ is aone-to-
oneone-way functionwith imageú?¢1þ�ÿ ��� .

(2) implies(3): Let ¢ bea one-to-oneone-way functionwith imageú?¢1þ�ÿ � � . We will
show that imageúj¢1þfÿ � � is not in EASYËË ú UPþ . Let 
 be thepolynomialthatwitnesses
thehonestyof ¢ . Considerthefollowing machine� . On input ý , � nondeterministically
guessesall stringsû of lengthatmost
«ú � ý � þ , computes¢}úÑû�þ for eachguessedû , andacceptsý if andonly if ¢}ú^û�þ ÿçý . � is aUPmachineaccepting

���
, since¢ is a 
 -honestbijection

(from somesubsetof
� �

onto
� �

) computablein polynomialtime. Since ¢ ��� o� FP and
theacceptingpathof �´úný�þ containsû�ÿñ¢X��� úný�þ , no FPfunctioncanoutput,for all ý , the
acceptingpathof � on input ý . Thus,

��� o� EASYËË ú UPþ .
By GrollmannandSelman’s [GS88]characterizationof theexistenceof (partial)one-

way permutations,we immediatelyhave Corollary 4.3.4, which was previously proven
directly by HartmanisandHemaspaandra(thenHemachandra)[HH88a], usingdifferent
notation.Corollary4.3.4saysthat theconverseof theUP analogof theBorodin-Demers
theoremholds,see[HH88a] for discussionof this point. Theoriginal (i.e.,NP) versionof
theBorodin-Demerstheorem[BD76] is herestatedasTheorem3.1.1on page19. More-
over, notethatCorollary4.3.4holdsin everyrelativizedworld. In contrast,for theconverse
of the original Borodin-Demerstheorem,thereis a relativizedcounterexample,seeNaor
andImpagliazzo[IN88, Proposition4.2] andalsothepapers[CS93,FR94, FFNR96].
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As a point of interest,we note that Corollary 4.3.4 proves that separatingP from a
certainclasscontainingP is equivalentto separatingP from a certainclasscontainedin P.

Corollary 4.3.4 [HH88a] P oÿ UP Ò coUP if andonly if EASYËË ú UPþ^oÿ P.

A seeminglyunrelatedconnectioncomesfrom finite modeltheory. Grädel[Grä94]has
shown thatP ÿ UP Ò coUP if andonly if the“weakdefinabilityprinciple” holdsfor every
first orderlogic Ó onfinite structuresthatcapturesP. Theweakdefinabilityprinciplesays:
Every totally definedquery(on the setof finite structuresof the relationsof a first order
logic Ó ) that is implicitly definablein Ó is alsoexplicitly definablein Ó ; see[Grä94] for
thosenotionsnotdefinedhere.

Corollary 4.3.5 EASYËË ú UPþÅoÿ P if andonly if the weakdefinabilityprinciple fails for
somefirstorder logic Ó onfinitestructuresthatcapturesP.

Now we characterizetheexistenceof surjective,poly-to-oneone-way functionsby the
separationP oÿ EASYËË ú FewPþ andotherconditions.

Theorem 4.3.6 Thefollowingsevenstatementsareequivalent.

1. There existsa surjective, poly-to-oneone-wayfunction.

2. There existsa total, surjective, poly-to-oneone-wayfunction.

3. There existsa total, poly-to-oneone-wayfunction ¢ with imageúj¢1þ	� P.

4. There existsa poly-to-oneone-wayfunction ¢ with imageú?¢1þ�� P.

5. EASYËË ú FewPþ^oÿ P.

6.
� � o� EASYËË ú FewPþ .

7. EASYËË ú FewPþ is notclosedundercomplementation.

Proof. (1) implies(3), asif ¢ is a functionsatisfying(1), then�]úÑû�þ ÿ n U�¢}ú^û�þ if ¢}ú^û�þ is definedS û if ¢}ú^û�þ is undefined

satisfies(3). Also, (3) trivially implies(4).
(4) implies (5): Let ¢ be a poly-to-oneone-way function with imageúj¢]þ in P. We

will show that imageú?¢1þ is not in EASYËË ú FewPþ . Let 
 be thepolynomialthatwitnesses
thehonestyof ¢ . Considerthefollowing machine� . On input ý , � nondeterministically
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guessesall stringsû of lengthatmost
«ú � ý � þ , computes¢}úÑû�þ for eachguessedû , andacceptsý if andonly if ¢}úÑû�þ�ÿOý . � is aFewP machineacceptingimageú?¢1þ , since ¢ is a 
 -honest
poly-to-onefunctioncomputablein polynomialtime. Since¢ is not FP-invertbleandeach
acceptingpathof �´ú^ý¸þ containssomevalueof ¢X����úný�þ , noFPfunctioncanoutput,for all ý ,
someacceptingpathof � on input ý . Thus,imageúj¢]þ^o� EASYËË ú FewPþ .

It is clearthat (2) implies (1). Suppose(1) holds,and ¢ is a function satisfying(1).
Then ¢ Ç is a functionsatisfying(2), where

¢ Ç úÑû�þ ÿ t��u ��v�Ô
if û�ÿ Ô¢}ú�� þ.U if û�ÿ!�5U and ¢�ú�� þ is defined�?S if û�ÿ!�5U and ¢�ú�� þ is undefined�?S if û�ÿ!�?S .

The proof that conditions(5), (6), and (7) of this theoremare pairwiseequivalent
goesthroughasin the proof of the correspondingclaim for EASYËË or EASYËË ú UPþ , see
Theorem4.3.3.

Finally, that(7) implies(1) canagainbeseenasin theproofof Theorem4.3.3,theonly
differencebeingthat � now is a FewP machineaccepting

���
andthe function ¢ is now

definedby ¢}úÑû�þ ÿOý if û is someacceptingpathof �´úný�þ , and ¢}úÑû�þ is undefinedotherwise.
Then, ¢ is a surjective poly-to-oneone-way function. This completesthe proof that all
statementsof thetheoremareequivalent.

Note that P oÿ FewP is implied by eachof the conditionsof Theorem4.3.6. Note
alsothat P oÿ FewP Ò coFewP implies eachof the conditionsof Theorem4.3.6,though
it is not known whetherthe converseholds. We conjecturethat it doesnot (equivalently,
we conjecturethat theconverseof theFewP analogof theBorodin-Demerstheoremdoes
not hold). Thus,theconditionsof Theorem4.3.6areintermediatebetweentheconditions
P oÿ FewP Ò coFewP andP oÿ FewP. Regardingthe conditionP oÿ FewP, we mention
thatAllender[All86] provedthisconditionequivalentto theexistenceof someveryspecial
typesof poly-to-oneone-way functions,andthe paper[RH96] providessomemoresuch
characterizations.5

5In particular, Allender[All86] callsa poly-to-onefunction Õ stronglyFP-invertibleif thereis a functionÖ 8 FP suchthat for each*�8 image3�Õ�6 , Ö 3(*-6 prints all elementsof Õ#×CØO3G*>6 , andhe provesassertionsof
the form: P Æ FewP if andonly if every total, honestFP function is stronglyFP-invertible. In [RH96],
a poly-to-onefunction Õ is calleda weakone-wayfunction if Õ�8 FP, Õ is honest,and Õ is not strongly
FP-invertible. (Note: sincethepurposeof requiringone-way functionsto behonestis to precludethecase
thattheFP-noninvertibility is trivial, it makessenseto requirea strongernotionof honestyhere—andthis is
thenotionof honestyadoptedin [All86, RH96]: Õ is honestif thereexistsapolynomial1 suchthatfor every*^8 image3ÙÕ�6 andfor every '�8 domain3ÙÕ�6 , if *NÆ�ÕÃ3('56 then $ 'Ã$·/ 1?3�$ *C$ 6 .) For notationalconvenience,in
Table4.2 below, we will saythata (poly-to-one)FP functionhasthe “Allenderproperty” if it satisfiesthis
strongerdefinitionof honestyandis notstronglyFP-invertible.
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Could it be thecasethat theconditionsof Theorem4.3.6in facteitherareequivalent
to P oÿ FewP Ò coFewP,or areequivalentto P oÿ FewP? Relativizedcounterexamplesare
known for eachof thesecases.In particular, thereis a relativized world, constructedby
Fortnow andRogers[FR94], in which theconditionsof Theorem4.3.6fail yet P oÿ FewP
holds.Also,LanceFortnow [For97a]hasinformedusthat,usingthetechniquesof Fortnow
andRogers[FR94], onecanbuild arelativizedworld in whichP ÿ FewP Ò coFewPyet the
conditionsof Theorem4.3.6hold.

4.3.2 Total One-Way Permutations

For many typesof one-way functions,the existencequestionhasbeencharacterized
in the literatureas equivalent to the separationof suitablecomplexity classes. Sucha
characterizationfor the existenceof total one-way permutations,however, is still miss-
ing. To date, the result closestto this goal is the above-mentionedcharacterizationof
the existenceof a partial, injective, andsurjective one-way function ¢ by the condition
P oÿ UP Ò coUP[GS88].Since ¢ is not total, ¢ is only a bijectionmappinga subsetof

���
onto

���
. Thus,P oÿ UP Ò coUPpotentiallyis astrictly weakerconditionthantheexistence

of atotalone-waypermutation.Of course,suchafunction ¢ canbemadetotal [GS88],but
only at thecostof lossof surjectivity (eventhoughsucha total one-way functioncreated
from ¢ still hasan imagein P). However, we will show below that the existenceof total
one-way permutationsis equivalentto the existenceof total, injective one-way functions
whoseimageis rankable(recallDefinition2.2.7onpage17).

Theorem 4.3.7 Total one-waypermutationsexist if andonly if thereexist total, one-to-one
one-wayfunctionswhoseimage is rankable.

Proof. The“only if ” directionis immediate,since
� �

is rankable.
For the converse,supposethereexists a total, one-to-oneone-way function ¢ whose

imageis rankable.We will definea total one-way permutationÚ . Intuitively, theideais to
fill in theholesin theimageof ¢ , usingits rankability. Let Ûyÿ imageú?¢1þ berankable.For
eachÜ , let holesú�Üoþôÿ ¤ b � ��� ÛWÝ b �Ù� ` Notethatsince Û is rankable,holesis in FP. Let us
introducesomeusefulnotation.For eachstring û , let µ]ú^û�þ bethelexicographicalposition
of û amongthe length

� û � strings;e.g., µ]ú�U5U5U=þ®ÿÞS and µ]ú.S5S5S`þ�ÿ�ß . For eachstring û
andeachà��Âá , let ûp��à denotethe string that in lexicographicalordercomesà places
beforeû . For eachset � andeachµ��2á , let �Vâ ãIä bethe µ th stringof � in lexicographical
order. Now definethefunction Ú byÚUú^û�þ ÿ å ¢}ú^ûD��æ£ç ¨ çè Ý ½ holesú+é9þÛþ if µ]ú^û�þ�� holesú � û � þê ÛzÒ � ç ¨ çìë â ã�í ¨¥î ä if µ]ú^û�þ � holesú � û � þ .
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Since Û is rankableand ¢�� FP, we have ÚÀ� FP. Clearly, Ú is honestandinjective, Ú is
total, andimageúEÚ~þðÿ ��� . If onecouldinvert Ú in polynomialtime, then ¢ would alsobe
FP-invertible,sincetherankabilityof Û allowsoneto find thestringin theimageof ¢ that
shouldbe invertedwith respectto Ú , andafter invertingwe shift the inversewith respect
to Ú , say � , by æ ç ï�çè Ý ½ holesú�é9þ positionsto obtainthetrueinversewith respectto ¢ . Hence,Ú is a totalone-waypermutation.

Remark 4.3.8 Notethat therankabilityof theimageof ¢ sufficesto giveusTheorem4.3.7,
andTheorem4.3.7is statedin this way. However, evenweaker notionswouldwork. With-
out going into precisedetails,we remarkthat onejust needsa functionthat, from some
easilyfoundandcountablesetof places,is anhonestaddressfunctionfor thecomplement
of theimageof ¢ , seethepaper[GHK92].

4.4 Conclusionsand OpenProblems

In Section4.2, we have shown thatP oÿ NP is a sufficient conditionfor strong,total,
commutativeAOWFs(equivalently, for strong,total,commutativeAwOWFs)to exist. Since
by standardtechniques(namely, the naturalbinary-function,injectivity-not-requiredana-
log of a resultof GrollmannandSelman[GS88,Sel92],seealso[Ko85]), P oÿ NPis alsoa
necessaryconditionfor theexistenceof suchfunctions,weobtainacompletecharacteriza-
tion. Thischaracterizationsolvestheconjectureof RabiandShermanthatstrongAwOWFs

exist [RS97], inasfar as one cansolve it without solving the P
?ÿ NP question. More-

over, our proofsshow how to constructa strong,total, commutative AOWF (equivalently,
a strong,total,commutativeAwOWF) from any givenone-way function,which resolvesan
openproblemof RabiandSherman[RS93].

Wementionthatmostcryptographicapplicationsareconcernedwith average-casecom-
plexity andrandomizedalgorithmsinsteadof worst-casecomplexity anddeterministical-
gorithms. However, asRabi andShermanstress,the intriguing conceptof (weakly) as-
sociative one-way functions,particularly when they are total and strongand ideally in
an average-caseversion,may be expectedto be useful in many cryptographicapplica-
tions (suchas in the key-agreementprotocolproposedby RivestandShermanin 1984,
see[RS97]), andmay eventuallyoffer elegantsolutionsto a variety of practicalcrypto-
graphicproblems.

We mentiontwo openissuesarisingfrom Section4.2. What formal claimscanone
prove regardingthesecurityof theprotocolsof Rabi,Rivest,andSherman?Also, in those
caseswhereinjectivity (i.e., one-to-one-ness)is known to be precluded,is poly-to-one-
ness—oreventwo-to-one-ness—alsoprecluded?
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Partial functions one-to-one poly-to-one

norestriction P ðñ UP[GS88] P ðñ FewP[RH96]
surjective P ðñ EASYËËHò UPó (Thm.4.3.3) P ðñ EASYËËHò FewPó (Thm.4.3.6)
imagein P P ðñ EASYËË ò UPó P ðñ EASYËË ò FewPó (Thm.4.3.6)

(Thm.4.3.3plus[GS88,Thm.8])

Table4.1: Characterizationsof the existenceof varioustypesof one-way functions: the
partial-functioncase

Total functions one-to-one poly-to-one

norestriction P ðñ UP[GS88] P ðñ FewP[All86]
surjective openquestion(but noteThm.4.3.7) P ðñ EASYËË ò FewPó (Thm.4.3.6)
imagein P P ðñ EASYËË ò UPó P ðñ EASYËË ò FewPó (Thm.4.3.6)

(Thm.4.3.3plus[GS88,Thm.8])
Allenderproperty P ðñ UP[GS88] P ðñ FewP[All86]
surjective & openquestion P ðñ FewP[RH96]
Allenderproperty (but noteThm.4.3.7)
imagein P& P ðñ EASYËË ò UPó P ðñ FewP[RH96]
Allenderproperty (Thm.4.3.3plus[GS88,Thm.8])

Table4.2: Characterizationsof the existenceof varioustypesof one-way functions: the
total-functioncase

In Section4.3, we provided a numberof resultsthat characterizedthe existenceof
partialandtotal one-way permutations.Tables4.1and4.2summarizethecharacterization
resultsthatareknown from theliteratureandfrom Section4.3.6 RegardingSection4.3,the
ultimategoalis to find acharacterizationof theexistenceof totalone-waypermutationsin
termsof aseparationof suitablecomplexity classes.

6SeeFootnote5 for theexplanationof what is meantby “Allenderproperty” in Table4.2. Note that for
one-to-onefunctions,FP-invertibility andstrongFP-invertibility (alsodefinedin Footnote5) are identical
notions,andsotheone-to-onecolumnof Table4.2is notaffectedby the“Allenderproperty”issue.



Chapter 5

Heuristics versusCompletenessfor
IndependentSetand Graph Coloring
Problems

5.1 Intr oduction

The ô�õ5ög÷aøHùCø¾ú=û?ü#ýiþÃýiû?ü#ýiûHÿ��Cý5ÿ problem( ô ú�� , for short)is theproblemof finding a
maximumindependentsetof a givengraph,i.e.,amaximumsubset� of verticessuchthat
notwo verticesin � areconnectedby anedge.Thedecisionversionof thisproblem,known
as ú=û#ü#ýiþ�ýiû#ü#ýiû#ÿ��Hýyÿ , is oneof thestandardNP-completeproblems,see[GJ79].Therefore,ô ú�� is consideredto beanintractableproblem,sincethereis noefficientalgorithmknown
to solveit. However, thereis asimpleandefficientalgorithm,theMinimumDegreeGreedy
Algorithm (MDG, for short), that in many casesprovides satisfactory solutionsof this
problem. Givenan input graph � , MDG choosessomevertex of minimumdegreein � ,
addsthisvertex to its outputset,deletesthisvertex andall its neighborsfrom � , andrepeats
thisprocedureuntil anemptygraphis left.

It is known that for a numberof certainwell-behaved graphclasses,MDG always
outputsamaximumindependentsetof theinputgraph.Thus,ô¤ú�� restrictedto thosegraph
classesis efficiently solvable. In particular, Bodlaenderet al. [BTY97] note that MDG
indeedoutputsa maximumindependentsetif the input graphis a tree,a split graph,the
complementof a µ -tree,or a completeµ -partitegraph,for any µ . In addition,Bodlaender
et al. mentionthatMDG alwaysoutputsa maximumindependentsetwhengivena “well-
covered”graph[BTY97].1

1A graphis saidto bewell-covered if all its maximalindependentsetsareof thesamesize,see[TT96].

63
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What if the input graphdoesnot have sucha simplestructure,andyet oneemploys
MDG to find an independentset?Of course,thealgorithm,just doing its job, is still fast
andwill quickly offer a solution.However, dependingon thestructureof theinput graph,
this solutionmight be far from optimal. How far? Is MDG at leastableto approximate
a maximumindependentsetof the givengraph,saywithin a constantfactor? Again, for
certaingraphclasses(e.g.,for graphsof boundeddegreeor of boundedaveragedegree),it
is known thatMDG hasagoodapproximationratio [HR94].

In light of this, a reasonableventureis seekingto determinewhetherMDG approx-
imatesa maximumindependentsetof the input graphwithin a constantfactorof � , for
fixed �	�xS . SinceMDG choosesin eachloop onevertex amongtheverticesof minimum
degree,it makessenseto look at theworst-caseandthebest-casebehavior of MDG.

Bodlaender, Thilikos,andYamazaki[BTY97] definefor any rational �
��S , theclasses�
�
and 
 � . �
�

is the classof graphsfor which MDG always(i.e., for any sequenceof
vertex choices)approximatesamaximumindependentsetwithin aconstantfactorof � , and
 � is the classof graphsfor which MDG can (i.e., for somesequenceof vertex choices)
approximateamaximumindependentsetwithin aconstantfactorof � .

Thequestioninvestigatedin [BTY97] is thefollowing: Whatis thecomputationalcom-
plexity of therecognitionproblems

�
�
and
 � ? Wenotein passingthatthereexist irrational

numbers� for which theproblems
 � and
�
�

areundecidable[BTY97], andthusit is rea-
sonableto considertheseproblemsonly for rationals� .

Bodlaenderet al. [BTY97] show that for eachfixed rational ��� S , �
�
is coNP-

completeand 
 � is coNP-hard. They also provide an upperboundfor 
 � by proving
that, for eachfixed rational ���ÞS , 
 � is in PNP, i.e., 
 � canbe solved by a determinis-
tic polynomial-timeTuring machinethat is givenaccessto anNP oracle.They explicitly
leave openthequestionof whethertherecognitionproblems
 � , for ���³S , canbeshown
to be hardfor complexity classesabove NP and,optimally, whethermatchingupperand
lowerboundsfor theseproblemscanbefound.For thespecialcaseof �hÿ£S , they slightly
improve their generalcoNP-hardnesslower boundby showing that 
 � is DP-hard,2 again
leaving openthequestionof whetherthis lowerboundcanbeimprovedsoasto matchthe
upperboundof 
 � .

In Section5.3,we completelysettleall thequestionsleft openin [BTY97]. Our main
result(Theorem5.3.4)pinpointsthe exactcomputationalcomplexity of 
 � : For each ra-
tional ���¹S , 
 � is PNPçìç -complete, wherePNPçìç denotesthe classof setssolvableby some
P machinethat, insteadof askingits oraclequeriessequentially, accessesits NP oraclein
parallel.

2DP [PY84] denotestheclassof setsthatcanbe representedasthedifferenceof two NP sets.Clearly,
NP � coNP � DP � PNP. Kadin [Kad88] hasshown thatthepolynomialhierarchycollapsesif NP Æ DPor
coNP Æ DPor evenif DPwereclosedundercomplementation.
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Basedonground-breakingwork by Wagner[Wag87],theclassPNPçìç hasrecentlyproven
to be very importantfor determiningthe complexity of someextremelynaturalandcen-
tral problems,see the survey [HHR97c]. Hemaspaandra,Hemaspaandra,and Rothe
[HHR97a,HHR97b]have shown that theproblemof determiningthewinner in Dodgson
elections[Dod76]—a voting schemeproposedin 1876by Lewis Carroll, thepennameof
CharlesL. Dodgson—iscompletefor PNPçìç . Thisresultsolvesanopenquestionof Bartholdi
et al. [BTT89b].3 Hemaspaandraand Wechsung[HW97] have shown that the problemô ÷=û¤÷aøHù�ø����5ù ÷��?õ���ýiûHÿ��Hö5þ��#ý����H÷��-û ( ô ��� , for short;see[GJ79]) is PNPçìç -hard,which con-
siderablyimproveson thepreviouslyknown coNP-hardnesslowerboundfor thisproblem.
It remainsopenwhetheror not ô � ��� PNPçìç , andthuswhetheror not ô ��� is PNPçìç -complete.
Thebestcurrentlyknown upperboundfor ô ��� is thetrivial one,NPNP. Variantsof the ô � �
problemoriginally motivatedintroducingthepolynomialhierarchy[MS72,Sto77],andde-
terminingits precisecomplexity, andthatof its variants,is a long-standing,importantopen
problem.

In Section5.4,we areconcernedwith graphcoloring. Takinga similar approachasin
Section5.3,we studythecomplexity of determiningwhere(i.e., for which inputs)heuris-
tics do well, for a numberof heuristicsdesignedfor graphcoloring. Graphcoloringprob-
lems are of great importancein both theory and applications. The famousFour Color
Conjecturewasformulatedin the last century, andit took generationsof mathematicians
to tacklethisconjecturehead-onuntil, in 1977,AppelandHaken[AH77a, AH77b] finally
wereableto prove it. Applicationsof constructinga graphcoloringwith asfew colorsas
possiblearise,for instance,in schedulingandpartitioningproblems,see[GJ79]. Unfortu-
nately, the(optimization)problemof findingthechromaticnumberof agivengraphis very
complex, andeventhe(decision)problemof determiningwhetheror not a givengraphis
3-colorable(i.e., the verticesof the graphcanbe coloredwith threecolorssuchthat no
two adjacentverticeshave the samecolor) is oneof the standardNP-completeproblems
([Kar72], seealso [Sto73, GJS76,GJ79]), thusbeingnot efficiently solvableby current
methods.However, dueto therebeinga greatdealof practicalinterestin finding efficient
solutions—orat leastgoodefficient approximatesolutions—fortheseproblems,it is not
surprisingthata largebodyof graphcoloringheuristicshavebeenproposedto date.

Suchheuristicalgorithmswereanalyzedin depthbothfrom apracticalandatheoretical
point of view; see,e.g.,the paper[MMI72] which comparescertainheuristicsby empir-
ical testson randomgraphs,andthework of Johnson[Joh74] which provesa numberof
prominentheuristicsto havequitepoorworst-casebehavior in termsof theirapproximation

3Bartholdiet al. [BTT89b] establishedanNP-hardnesslowerboundfor this problem,andaskedwhether
it canbe shown to be even NP-complete,i.e., whetherit canbe shown to be containedin NP. The PNP! ! -
completenessresult,however, impliesthat this problemcannotbeNP-completeunlessthepolynomialhier-
archycollapsesdown to NP " coNP.
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ratio for the chromaticnumber. In fact,FeigeandKilian [FK96] recentlyprovedthatno
deterministicpolynomial-timealgorithmcanapproximatethechromaticnumberwithin a
factorof #�ú+Ü �Ä� $ þ for any fixedconstantÔ ��U , unlessNP ÿ ZPP.4

Johnson’s results[Joh74] areto be takenasa warningthat the successor failureof a
specificgraphcoloringheuristicstronglydependson theform of thegiveninput graph.In
Section5.4,we studythecomplexity of theproblem ¶ - %��������?õ�& ÷'�#÷-ÿ ( whenrestrictedto
thoseinputgraphsfor whichagivenheuristicis ableto solve it.5

In orderto formally definetheproblemsweareinterestedin, fix any heuristicalgorithm)
for graphcoloring,anddefinethe following restrictionof ¶ - %���� ���#õ�& ÷��#÷>ÿ ( , which we

will denote
)
- ¶ - %*�������#õ�& ÷'�#÷>ÿ�( : Givenagraph� , can

)
oninput � findaproper3-coloring

of � ? (Again,theword“can” refersto thenondeterministicchoicesthealgorithmhas,and
spellsout: “doesthereexist somesequenceof choicessuchthat.”)

In particular, we investigatethe problem
)
- ¶ - %*�������#õ�& ÷'�#÷>ÿ�( for a numberof graph

coloringheuristics
)

all of which arebasedon thesequentialalgorithm(sometimescalled
“greedyalgorithm”) appliedto a certainvertex ordering,suchasthe orderby decreasing
degreeor the recursive smallest-lastorder of Matula et al. [MMI72]. Other heuristics,
for instanceWood’s algorithm[Woo69] which we alsoconsider, combinethe sequential
methodwith certainotherstrategies. We prove that the problem

)
- ¶ - %���� ���#õ�& ÷��#÷>ÿ ( re-

mainsNP-completefor eachheuristic
)

consideredin Section5.4.
This chapteris organizedasfollows. Section5.2 providessomebasicgraph-theoretic

concepts.Section5.3resolvesthequestionsraisedby Bodlaenderetal. [BTY97] regarding
independentsetproblemsandtheMDG heuristic.Section5.4dealswith graphcoloring.

5.2 SomeGraph-Theoretic Concepts

All graphsconsideredin this chapterareundirectedgraphswithout reflexive edges.
For any graph � , let + ú,�hþ denotethesetof verticesof � , andlet -�ú,�hþ denotethesetof
edgesof � . For any vertex �Å�.+ ú,�hþ , theneighborhoodof � (denotedÏ ú+�ëþ ) is thesetof
verticesin � thatareadjacentto � . For any vertex ���/+!ú,�hþ , thedegreeof � is definedto
be
��� ÏVú+�ëþ ��� . For any subset0 ¸1+�ú2�©þ , let � � 0!� denotethesubgraphof � inducedby 0 .
Giventwo disjointgraphs� and 3 , their union is definedto bethegraph 4Úÿ5� f 3

with vertex set + ú,4hþ�ÿ5+!ú2�©þ f + ú,3Ïþ andedgeset -!ú,4hþ�ÿ6-�ú2�©þ f -�ú,3�þ .
4ZPP[Gil77] denotestheclassof problemssolvablein zero-errorboundedprobabilisticpolynomialtime.
5Usually, NP-completegraphproblemsarerestrictedwith respectto certain“structural”graphproperties

suchasplanarity, boundedmaximumdegree,bipartiteness,etc. For instance,it is known that theproblem7
- 8�9;:<9>=@?BA'CB:DCFE;G is in Pwhenrestrictedtoperfectgraphs[GLS84], but remainsNP-completewhenrestricted

to planargraphs[Sto73]. In contrast,we restrict the problemwith respectto the usefulnessof a given
heuristic.
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For any graph � , a subset�¦¸H+!ú2�©þ is an independentsetof � if for all �~üQ���6� ,�-�~üQ�²"�o�I-!ú,�hþ . An independentsetis saidto bea maximumindependentsetof � if it is
of maximumsize.For any graph� , let misú,�hþ denotethesizeof amaximumindependent
set � of � . The ú>û#ü#ýiþÃýyû#ü#ýiûHÿ	�Cý5ÿ problem( ú�� , for short)is formally definedasfollows:ú��©ÿ��#{J�Jü�µÃ| � � is agraphand µ apositiveintegersuchthatmisú,�hþK�[µÈ"C`

Given a graph � , a coloring of � is a mappingfrom +!ú,�hþ to the positive integers,
which representthe colors. A coloring _ of � is calledproper if for any two verticesû
and ý in +�ú,�hþ , if �`ûUü¶ýg"B�L-�ú2�©þ then _ úÑû�þ�oÿ®_ úný�þ . Thechromaticnumberof graph �
(denotedc�ú2�©þ ) is the minimum numberof colorsneededto properlycolor � . Given a
fixedconstantµM�£S , graph � is saidto be µ -colorable if thereexistsa propercoloringof� usingnomorethan µ colors.TheproblemN - %��������?õ�& ÷'�#÷-ÿ ( is formally definedas:

N - %�� �����#õ�&¤÷'�#÷>ÿ (�ÿT�#{,�®ü�µ#| � � is agraphand µ apositive integersuchthat c�ú,�hþ � µÈ"C`
In Section 5.4, we will focus on the problem ¶ - %*�������#õ�& ÷'�#÷>ÿ�( (the special caseofN - %��������#õ�& ÷'�?÷>ÿ ( with µ®ÿr¶ ), which is alreadyNP-complete.

5.3 How Hard is it to Know When GreedCan Approxi-
mateMaximum IndependentSets?

Section5.3is organizedasfollows. Section5.3.1formally definestheproblemsweare
interestedin. Section5.3.2shows thattheproof of Bodlaenderet al. [BTY97] to establish
their upperboundof theseproblemsin factprovidesa betterupperbound. Section5.3.3
presentsthereductionusedto proveamatchinglowerbound.

5.3.1 Preliminaries

TheMinimumDegreeGreedyAlgorithmisdisplayedin Figure5.1.Letmdgú,�hþ denote
themaximumsizeof theoutputsetof MDG on input � , wherethemaximumis takenover
all thepossiblesequencesof choicesamongtheverticesof minimumdegree.

For any fixedrational �O�¯S , 
 � is theclassof graphsfor which MDG canoutputan
independentsetof sizeat least S@P�� timesthesizeof amaximumindependentset.Formally,


 � ÿT�D� � mdgú2�©þK� misú,�hþQP��C"C`
PNP is the classof problemsthat canbe solvedby someP machineaccessingan NP

oraclesequentially, whichmeansthatoraclequeriesmaydependonanswersto previously
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Algorithm MDG

Input A graph�
Output An independentset � of �

Set ���?ÿ[�
while +!ú,�hþ:oÿr� do

Choosea vertex ���R+!ú2�©þ of minimum
degree

Set �D�/ÿS� f �-�g"
Set �£�?ÿS� � +!ú2�©þ~�yúÄ�-�g" f Ï ú+�ëþjþÄ�

endwhile

Figure5.1: TheMinimum DegreeGreedyAlgorithm

asked queries.PNPçìç is the classof problemssolvableby someP machinethat, insteadof
askingits oraclequeriessequentially, accessesits NP oraclein parallel. Clearly, NP

f
coNP ¸ DP ¸ PNPçìç ¸ PNP andit is widely suspectedthatPNPçìç differsfrom PNP.

5.3.2 Impr oving the Upper Bound

Bodlaenderet al. have proven that for eachrational �T� S , 
 � is in PNP [BTY97,
Lemma6]. In this sectionwe observe that for eachrational �1� S , 
 � in fact is even
in PNPçìç . In fact, looking carefullyat theproof of [BTY97, Lemma6], it is easyto seethat
thisproofalreadyestablishesthePNPçìç upperbound.Bodlaenderetal.notethatfor any graph� with Ü vertices,� doesnot belongto 
 � if andonly if thereexistssomeµ , S � µ � Ü ,
suchthat

1. misú,�hþU�[µ , and

2. mdgú,�hþWVKµ*PD� , i.e.,nooutputof MDG on input � hassizeat least µ�P�� .
Given � and µ , (1) canbeansweredby the NP-completeset ú�� , andproperty(2) canbe
checkedusingtheNPset X � ÿT�#{J�Jü�µ?| � mdgú,�hþK�[µ*P��C"íü
since(2) holdsif andonly if {J�Jü�µ#|Vo� X �

.
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Informally, thePNPçìç algorithmworksasfollows. On input � (with Ü¤ÿ �Ù� + ú,�hþ ��� ), theP
basemachinequeries{J�Jü=S-| ü-{,�®ü ¤ | ü=`a`=`1ü-{J�JüQÜ0| in parallelto both ú�� and

X �
, andaccepts

if andonly if for someµ , {,�®ü�µ#|��zú�� and {,�®ü�µ#|Vo� X �
.

Of course,we have to ensurethat theP basemachinequeriesonly oneNP oracleset.
However, asNP is closedunderdisjointunion,wecantake thedisjointunionof ú�� and

X �
andmodify thequeriessothatthey addresstheappropriatepartof thedisjointunion.

SincePNPçìç is closedundercomplement,wehaveproventhefollowing proposition.

Proposition5.3.1 For each rational �
��S , 
 � � PNPçìç .

Lowering the known upperboundof 
 � waseasy. The hardpart will be raisingthe
known lowerboundof 
 � soasto matchtheaboveupperbound.

5.3.3 Impr oving the Lower Bound: The Reduction

As notedin the previous section,for eachrational �Y��S , 
 � � PNPçìç . Thus,to prove
our main resultthat for eachrational �Z�¯S , 
 � is PNPçìç -complete,it remainsto show PNPçìç -
hardnessof 
 � . To establishthis lower bound,we will reducetheproblemô ú���[]\]^`_ba to 
 � ,
whereô ú���[]\]^`_ba is definedto bethesetof all pairsof graphshaving maximumindependent
setsof thesamesize,i.e.,ô ú���[]\]^`_ba+ÿT�#{J�Jüc3¾| � � and 3 aregraphssuchthatmisú2�©þ ÿ misú,3�þ�"C`
As statedby Wagnerwithout proof, ô ú���[]\]^`_ba is PNPçìç -complete[Wag87].6 A full proof of
Wagner’s resultcanbefoundin [HR97a].

Our reductionis given in Theorem5.3.4below. We will first show that ô ú���[]\]^`_ba re-
strictedto graphsin 
 � is still PNPçìç -hard. This result,statedasLemma5.3.3below, is the
analogof Theorem4 from [BTY97], whichshows that ú�� restrictedto graphsin 
 � is still
NP-hard.We will needthefollowing propertyestablishedin theproofof this theorem.

Lemma 5.3.2([BTY97], proof of Theorem 4) Any givengraph � can in polynomial
timebetransformedinto a new graph � Ç such that

1. � Ç �M
 � , and

2. misú,�:Çdþ ÿ misú2�©þ ����� -�ú,�hþ �Ù� .
6In fact,Wagnerstatescompletenessfor PNP

bf , aclassthatwaslatershown to beequivalentto PNPded , seethe
discussionin [KSW87, Footnote1]. In addition,Wagnerprovidesin [Wag90] quitea numberof characteri-
zationsof PNPded , showing therobustnessof thisclass.
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Thefollowing lemmaestablishesthat ô ú���[]\]^`_ba restrictedto graphsin 
 � is PNPçìç -hard.

Lemma 5.3.3 Any two graphs � and 3 can in polynomialtimebe transformedinto two
new graphs�:Ç and 3�Ç such that

1. � Ç �M
 � and 3 Ç �M
 � , and

2. misú,� Ç þ ÿ misú23 Ç þ if andonly if misú,�hþ ÿ misú23Ïþ .
Proof. Wewill first transform� and 3 into two new graphs� Ç Ç and 3 Ç Ç in suchawaythat�:Ç Ç and 3�Ç Ç have thesamenumberof edges,andsuchthatmisú,�:Ç Çdþ ÿ misú23�Ç Çdþ if andonly
if misú2�©þ ÿ misú,3Ïþ . Theresultthenfollows from applyingLemma5.3.2on �MÇ Ç and 3�Ç Ç .

Assumethat
��� -�ú2�©þ ��� � ��� -!ú,3Ïþ ��� andlet µ�ÿ ��� -�ú,�hþ �Ù� � ��� -!ú,3Ïþ ��� . � Ç Ç is constructed

by adding µ isolatednew verticesto � , and 3 Ç Ç is constructedby adding µ isolatednew
edgesto 3 . Formally,

+!ú2� Ç Ç þ�ÿ +�ú,�hþ f �`û � üa`=`=`oüjûgã-"íü-�ú2� Ç Ç þ�ÿ -�ú2�©þEü+�ú23 Ç Ç þ�ÿ +�ú,3�þ f ��ý � ü=`=`=`1üjýyã
üO� � ü=`=`=`]üO�=ãi"íü and-�ú23 Ç Ç þ�ÿ -�ú23Ïþ f ����ý è üO� è " � S � é � µÈ"íü
wherethe û è ’s, ý è ’s,and � è ’s arenew vertices.Clearly,

�Ù� -!ú,� Ç Ç þ ��� ÿ �Ù� -!ú,3 Ç Ç þ �Ù� , misú2� Ç Ç þ�ÿ
misú2�©þ � µ , andmisú,3 Ç Ç þ ÿ misú,3Ïþ � µ . Now we applyLemma5.3.2on � Ç Ç and 3 Ç Ç to
obtaintwo new graphs�MÇ and 3�Ç satisfying:

1. � Ç and 3 Ç botharein 
 � ,
2. misú,� Ç þ ÿ misú2� Ç Ç þ ���Ù� -!ú,� Ç Ç þ ��� ÿ misú,�hþ � µ ���Ù� -�ú2� Ç Ç þ �Ù� , and

3. misú,3�Ç�þ ÿ misú,3BÇ Çdþ ����� -!ú,3�Ç Çdþ ��� ÿ misú,3Ïþ � µ ����� -�ú23�Ç Çrþ ��� .
It is immediatethatmisú,� Ç þMÿ misú,3 Ç þ if andonly if misú,�hþôÿ misú,3Ïþ . This proves

thelemma.

Now westateourmainresult.

Theorem 5.3.4 For each rational �f��S , 
 � is PNPçìç -complete.

Proof. Fix any rational �
��S . Suppose�»ÿ gh for integersi and j , wherei��kjl��S . We
will defineapolynomial-timecomputablefunction ¢ that,givenany pair {J�Jüc3p| of graphs,
outputsagraph k� suchthat {,�®üc3p|���ô ú���[]\]^`_ba if andonly if k����
 � . Thatis,
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misú2�©þ�ÿ misú,3Ïþ mon jÅ°5�]ú k�»þW� misú k�©þpP��mon iWq mdgú k�©þW�kjRq misú k�hþ¥`
Firstwe transform� and 3 accordingto Lemma5.3.3into two new graphs� Ç and 3 Ç

suchthat

1. � Ç and 3 Ç arebothin 
 � , and

2. misú,�:Çdþ ÿ misú23�Çdþ if andonly if misú,�hþ ÿ misú23Ïþ .
Thus,it sufficesto construct k� from � Ç and 3 Ç suchthat

misú,� Ç þ ÿ misú,3 Ç þrmsn iUq mdgú k�hþW�kjtq misú k�©þ�`

ºÅº�º ºq�q�q
ºBº q�q�q º

� �

i isolatedvertices

j isolatedvertices

copies copies
j ¤ i

...
...

...
...

cliqueof sizeuvuew ò x ó uvuzy�uvuew ò { ó uvu
�MÇ
� Ç
� Ç 3 Ç

3 Ç3�Ç �:Ç
� Ç
� Ç �

�� 3�Ç
3 Ç
3 Ç

subgraph� subgraph| subgraph}

�

~ ��������������������������������������

t������������������u ������������������v

Figure5.2: Reducingô¤ú���[]\]^`_ba to 
 � : Graph k� constructedfrom thegraphs�MÇ and 3�Ç
Look at Figure5.2 for the constructionof k� . k� consistsof ¤ j ��� i � ¶ pairwise

disjoint subgraphs:j � ¤ i copiesof � Ç , j � ¤ i copiesof 3 Ç , onegraphconsistingof i
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isolatedvertices,onegraphconsistingof j isolatedvertices,andonelargecliqueof size��� +!ú��$þ �Ù�­���Ù� +®ú,|�þ ��� , where� and | aresubgraphsof k� . All thesesubgraphsareconnected
asshown in Figure5.2,wherethesymbol“

�
” betweentwo subgraphsdenotestheunion

of the two subgraphs(madedisjoint by renamingwhennecessary)with additionaledges
connectingeachvertex of thefirst subgraphwith eachvertex of thesecondsubgraph.7

More formally, let � Ç � üc� Ç } ü=`=`=`]üc� Çh�� } g üF3 Ç� üc3 Ç} ü=`=`=`oüF3 Çh�� } g üF| g üF} h , and }�]2� èv�J�B� be¤ j �1� i � ¶ pairwisedisjoint graphssuchthat � Çè is a copy of � Ç , 3 Çè is a copy of 3 Ç ,| g consistsof i isolatedvertices,} h consistof j isolatedvertices,and }�]�� èv�J�B� is a clique
of size ú�j � ¤ ibþ ú ��� + ú,� Ç þ ���¥����� + ú,3 Ç þ �Ù� þ � i .

Definethreegraphs,� , | , and } , asfollows:

+�ú��$þòÿ h�è Ý � ú,+!ú,� Çè þ f + ú,3 Çè þjþ]ü
-�ú��$þòÿ h�è Ý � ú2-!ú,� Çè þ f -!ú,3 Çè þjþ]ü
+�ú2|�þòÿ +!ú2| g þ f h�� } g�è Ý h�� � úJ+!ú,� Çè þ f +!ú,3 Çè þjþ�ü
-�ú2|�þòÿ h�� } g�è Ý h�� � ú2-�ú2� Çè þ f -�ú23 Çè þ f ���`ûUü¶ýÈ" � ûp�r+�ú2� Çè þ and ýP�r+�ú,3 Çè þ�"�þ ü
+�ú,}hþòÿ +!ú2} h þ f +�ú,}�]�� èv�J�B� þ�ü and-�ú,}hþòÿ -�ú2}�]�� èv�,�>� þ f ���`ûUü¶ýÈ" � ûp�/+!ú2}�]2� èv�J�B� þ and ýD�r+�ú2} h þ�"C`

Then k� consistsof theCartesianproductof its subgraphs� , | , and } , i.e.,

+�ú k�©þòÿ + ú+�$þ f +!ú,|£þ f +�ú,}hþ�ü and-�ú k�©þòÿ -!ú+�$þ f -�ú2|�þ f -�ú2}©þf ���·l üOm=" � lD�r+�ú��$þ and mW�r+ ú,|�þO"f ���·m`üO´>" � mW�r+�ú2|�þ and ´��r+�ú,}hþ�"C`
Thiscompletestheconstructionanddefinesour reduction¢}úI{J�®üF3¾|¶þ}ÿ k� .

Clearly, ¢ is computablein polynomial time. It remainsto show that misú2� Ç þ·ÿ
misú23�Çdþ if andonly if i�q mdgú k�©þW�kj5q misú k�©þ . Wewill first determinemdgú k�hþ , themaxi-
mumsizeof anoutputsetof MDG runningoninput k� . Notethatwehavechosensubgraph

7Onemight be temptedto call this constructionthe “Cartesianproduct” of the two subgraphs(andthe
paper[HR98a] indeedusedthis term). However, theCartesianproductof two graphsis a standardtermin
graphtheoryandis usedto denoteadifferentnotion.



5.4.HeuristicsversusCompletenessfor GraphColoring 73

} in k� largeenoughto enforcethatMDG on input k� startschoosingverticesin subgraph� , sincethemaximumdegreeof all verticesin � is clearly lessthan
��� + ú+� þ ���=�£��� +!ú,|£þ ���

andthusis smallerthanthedegreeof any vertex in | or } . Moreover, since �:ÇX��
 � and3 Ç �.
 � , mdgú,� Ç þMÿ misú,� Ç þ andmdgú23 Ç þMÿ misú23 Ç þ . Thus,MDG on input k� picksin
eachcopy of � Ç (respectively, 3 Ç ) containedin subgraph� exactly misú,� Ç þ (respectively,
misú23 Ç þ ) vertices,deletingall the remainingverticesin � andalsocompletelydeleting
subgraph| . Finally, MDG choosesall verticesin } h anddeletestheclique }�]�� è��J�B� .8

Hence,

mdgú k�©þ ÿ�j´ú misú,� Ç þ � misú,3 Ç þ � S`þ `
Now wewill determinemisú k�hþ , thesizeof amaximumindependentsetof k� . Notethat

misú k�©þ ÿÂ�s�D�È� misú+�$þ � misú,}hþ�ü misú,|£þ�" . Also, it is easyto seethat

misú+�$þòÿ j¥ú misú,� Ç þ � misú23 Ç þÛþ�ü
misú,|�þòÿ i=ú ¤ q>�o�D�g� misú,� Ç þ�ü misú,3 Ç þ�" � S`þ�ü and

misú2}©þòÿ j¾`
Sincei��kj , wehave

misú k�©þ�ÿ misú,|�þ ÿLi ú ¤ q>�o�D�g� misú2� Ç þ�ü misú,3 Ç þ�" � S�þ¤`
It followsthatiWq mdgú k�hþU�kjRq misú k�©þmsn i�q;jîú misú2� Ç þ � misú,3 Ç þ � S�þK��j�q<i ú ¤ q>�o�D�È� misú2� Ç þ�ü misú,3 Ç þ�" � S�þmsn misú,� Ç þ � misú,3 Ç þ � S�� ¤ q>�o�D�g� misú2� Ç þEü misú23 Ç þ�" � Smsn misú,� Ç þ � misú,3 Ç þW� ¤ q>�s�@�g� misú,� Ç þEü misú23 Ç þO"msn misú,� Ç þ ÿ misú,3 Ç þ�ü

completingtheproof.

5.4 Heuristics versusCompletenessfor Graph Coloring

Section5.4 is organizedasfollows. Section5.4.1presentsthe reductionfrom ¶ - � )��
to ¶ - %�� �����#õ�&¤÷'�#÷>ÿ ( thatStockmeyer ([Sto73], seealso[GJS76])constructedto show that¶ - %*�������#õ�& ÷'�#÷>ÿ�( remainsNP-completewhenrestrictedto planargraphs.This reduction
will be useful in Section5.4.2,which presentsNP-completenessresultsfor a numberof
restrictionsof ¶ - %��������#õ�& ÷'�?÷>ÿ ( to graphsfor which certaingraphcoloring heuristicsdo
well.

8If ��Ær� , � is a clique,andMDG choosesany onevertex in � .
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5.4.1 The Stockmeyer Reduction fr om 3-Satisfiability to 3-
Colorability

���
�

�
�

� �

���
�� 

��¡
��¢

Figure5.3: Graph£ of theStockmeyer reduction

Stockmeyer ([Sto73], seealso[GJS76])gave the following ¤¦¥§ -reductionfrom ¨ - ©'ª�«
to ¨ - ¬�­�®�­�¯�°�±³²'®�²@´ µ . We recall the Stockmeyer reductionin the presentsection,sinceit
will becrucialto anotherreductionto bepresentedin Section5.4.2.

Let ¶ beany giveninstanceof ¨ - ©'ª�« , i.e., ¶ is abooleanformulain conjunctivenormal
form with exactly threeliteralsperclause.Assume¶ has · variables,̧ �B¹ ¸ ��¹;º;º<º»¹ ¸½¼ , and¾ clauses,¿ �z¹ ¿ �<¹;º;º;º»¹ ¿KÀ . Thereductionmaps¶ to thegraph Á constructedasfollows.
Thevertex setof Á is definedto be

ÂoÃ Á�Ä Å Æ@Ç �z¹ Ç �;¹ Ç  ;ÈKÉ Æ�¸½Ê ¹'Ë¸½ÊÍÌ Î�¤kÏÐ¤�· ÈWÉ Æ �;Ñ`Ò Ì Î�¤�Ós¤ ¾ Ô ÎÕ¤SÖ×¤�Ø È�¹
wherethe ¸½Ê and Ë¸½Ê areverticesrepresentingthe literals ¸½Ê and Ë¸½Ê . The edgesetof Á is
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definedto be Ù Ã Á�Ä Å Æ�Æ@Ç �B¹ Ç �<È�¹ Æ@Ç �;¹ Ç  <È�¹ Æ@Ç �z¹ Ç  <È�ÈÉ Æ�Æ�¸½Ê ¹'Ë¸½Ê È Ì�Î�¤kÏÐ¤k· ÈÉ Æ�Æ@Ç  ;¹ ¸½Ê È�¹ Æ@Ç  <¹'Ë¸½Ê È Ì�Î�¤kÏÐ¤k· ÈÉ Æ�Æ �@Ñ�¹F�;Ñc�FÈ�¹ Æ � Ñ�¹F�<Ñp�<È�¹ Æ �`Ñ;¹F�<Ñp >È Ì�Î�¤�Óo¤ ¾ZÈÉ Æ�Æ@Ç �;¹F�<Ñp¢>È�¹ Æ@Ç  ;¹Q�;Ñp¢BÈ Ì�Î�¤�Ós¤ ¾ZÈÉ Æ�Æ �<Ñz�c¹Q�;Ñp�BÈ�¹ Æ �;Ñc�c¹F�<Ñ`�>È�¹ Æ �;Ñ`�>¹F�<Ñ`�>È Ì�ÎÕ¤�Óo¤ ¾ZÈÉ Æ�Æ �<Ñp <¹Q�;Ñp¡BÈ�¹ Æ �;Ñ` <¹F�<Ñp¢BÈ�¹ Æ �;Ñ`¡>¹F�<Ñp¢BÈ Ì�ÎÕ¤�Óo¤ ¾ZÈÉ Æ�Æ �<Ñ`�;¹Q�;Ñp¡BÈ Ì Î�¤�Ós¤ ¾ZÈ�¹
where �@Ñ�¹ � ÑD¹c�`Ñ×ÚSÛ �ÝÜ Ê Ü ¼ Æ�¸½Ê ¹'Ë¸½Ê È areverticesrepresentingthe literals occuringin clause¿ Ñ Å Ã �@ÑßÞ � Ñ³Þ��pÑ Ä . Thegraph£ shown in Figure5.3is thekey constructin this reduction,
whichuses¾ disjointcopiesof £ (with correspondingsubscripts),onefor eachclause¿ Ñ
of ¶ . Crucially, the correctnessof the reduction(i.e., ¶ is satisfiableif andonly if Á is
3-colorable)followsfrom thefollowing propertiesof graph£ :

Any coloringof thevertices� , � , and � thatassignscolor 1 to oneof � , � ,
and � canbeextendedto aproper3-coloringof £ thatassignscolor1 to ��¢ .(5.4.1)

If à is a proper3-coloring of £ with à Ã � ÄrÅ à Ã � ÄrÅ à Ã � ÄrÅ Ï , thenà Ã ��¢ ÄÐÅ1Ï .(5.4.2)

5.4.2 The Complexity of Graph Coloring When Heuristics Do Well

Numerousheuristicsfor graphcoloringproblemshave beenproposed.Typically, such
a heuristicconsistsof two parts:In thefirst part,a suitableorderingof theverticesof the
graphis fixed;in thesecondpart,theactualcoloringalgorithmis appliedto theverticesin
thefixedorderto color thegraph.A verybasiccoloringprocedureis theso-calledsequen-
tial algorithm (sometimescalledgreedyalgorithm), which proceedsasfollows. Assume
the verticesof the grapharegiven in the order Ç �z¹ Ç ��¹;º;º;º»¹ ÇD¼ . Assigncolor 1 to Ç � . For
eachof the remainingverticesÇDÊ in order, assignto Ç@Ê the minimumcolor available,i.e.,
the smallestcolor that, so far, hasnot beenassignedto any vertex adjacentto ÇDÊ . The
sequentialalgorithmwill bedenotedby ©�á�â .

Thoughthe local action of the sequentialalgorithm appearsto be quite reasonable,
globally it mayfail miserably, dependingon thevertex orderingchosen.Johnson[Joh74]
hasexhibiteda sequenceÁ  ;¹;º<º;º»¹ ÁãÀ ¹<º;º;º of graphssuchthateachÁãÀ is 2-colorable,the
sizeof ÁãÀ is linear in ¾ , andyet the numberof colorsusedby the sequentialalgorithm
on input ÁãÀ is at least¾ for some(unfortunate)vertex ordering.Thus,for someordering,
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thesequentialalgorithmachievestheworstapproximationratio (of thechromaticnumber)
possible.Johnson[Joh74] provedsimilar resultsfor anumberof prominentgraphcoloring
heuristicsmostof whichapplythesequentialcoloringalgorithmto variousvertex orderings
thatareobtainedby seeminglyreasonableprocedures.

Onesuchorder-finding procedureis to ordertheverticesby decreasingdegree. How-
ever, this is a ratherstaticapproach,sincetheplaceof any vertex in this orderingis inde-
pendentof previouslyorderedvertices.A moreflexible wayof obtainingavertex ordering
is therecursivesmallest-lastorderingproposedby Matulaet al. [MMI72], which dynami-
cally proceedsasfollows. GivenagraphÁ with · vertices,chooseany vertex of minimum
degreeto bethelastvertex, ÇD¼ . For ÏÐä5Î , let Ç@Ê ¹;º;º<ºå¹ ÇD¼ bethoseverticesthathavealready
beenordered. Chooseany vertex of minimum degreein the subgraphof Á inducedbyÂ×Ã ÁæÄ�ç�Æ@ÇDÊ ¹;º;º;º»¹ ÇD¼ È to bethenext vertex, ÇDÊéè � , andproceedinductively backwardsuntil
all verticesareordered.Notethat,in bothorderings,therearenondeterministicchoicesto
bemadewhenever therearemoreverticesthanoneof minimumdegreeatany pointof the
procedure.

Wewrite ê�ê to denote(theobviousnondeterministicprocedureto obtain)any ordering
by decreasingdegree,andwe write ©'ë to denote(the above nondeterministicprocedure
to obtain) any smallest-lastordering. Combiningthe orderingand coloring algorithms
to one algorithm, ª , will then specify the meta-problemª - ¨ - ¬�­�® ­�¯�°�±³²�®�²�´ µ definedin
the introduction. For instance,combiningthe smallest-lastorderingwith the sequential
algorithm,gives:

DecisionProblem: ©'ë - ©�á*â - ¨ - ¬�­�® ­�¯�°�±³²�®�²�´ µ
Instance: A graphÁ .
Question: Doesthereexist a sequenceof nondeterministicchoices(between
verticesof minimumdegree)in thesmallest-lastorderingof

ÂoÃ Á�Ä suchthatthe
sequentialalgorithmtraversing

ÂoÃ Á�Ä in thatorderproperly3-colorsgraphÁ ?

First we show that the ¨ - ¬�­�®�­�¯�°�±³²'®�²�´ µ problem,restrictedto thoseinput graphson
which thesequentialalgorithmappliedto someê ê vertex orderingwill find a solution,is
noeasierto solve thanthegeneralproblem.9

Proposition5.4.1 ê�ê - ©�á�â - ¨ - ¬�­�®�­�¯�°�±³²'®�²@´ µ is NP-complete.

Proof. To reduce ¨ - ¬�­ ®�­�¯�°�±ì²'®�²�´ µ to its restriction ê�ê - ©�á�â - ¨ - ¬�­�®�­�¯�°�±³²'®�²@´ µ , fix any
graphÁ andavertex of largestdegree,say í , in Á . W.l.o.g.,assumedeg

Ã íãÄKîïÎ . For each
vertex Ç Ú Â×Ã Á�ÄÍç1Æ@í È , adddeg

Ã íðÄÍç deg
Ã Ç�Ä new verticeş½ñzò �>¹ ¸½ñcò ��¹;º<º;º»¹ ¸½ñcò deg óõô½ö è deg ó ñ ö

9Proposition5.4.1clearlyholdsfor themoregeneralproblem÷ - ø�ù;ú<ù>û@üBý'þBúDþFÿ�� with ����� aswell; we
focuson � - ø�ù;ú<ù>û@üBý'þBúDþFÿ�� for simplicity.
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to Á , andconnectÇ with eacḩ½ñzò Ê by anedge.Call theresultinggraph Á�� . Then,all ver-
ticesin Á	� thatarealsoverticesof Á havethesamedegree,deg

Ã íãÄ , in Á�� . All new vertices¸½ñcò Ê in Á � have degree1. AssumingÁ Ú ¨ - ¬�­ ®�­�¯�°�±ì²'®�²�´ µ , fix someproper3-coloring, à ,
of Á anddefinethethreecolor classes

Â ÊåÅ Æ@Ç Ú ÂoÃ Á�Ä Ìzà Ã Ç�ÄÍÅ5Ï È , for Ï Ú Æ�Î ¹ ¤ ¹ ¨ È , that
correspondto à . Let

Â � Å ÂoÃ Á�� ÄWç ÂsÃ ÁæÄ be the new verticesof Á�� . Sinceall vertices
in

Â �	É Â ��É Â   have the samedegreein Á�� andsinceall verticesin
Â � have degree1,Â×Ã Á	�vÄ canbe ê�ê -orderedsuchthat the verticesof

Â Ê comebeforethoseof
Â Ñ wheneverÏ�
LÓ . This propertyensuresthat thesequentialalgorithm,appliedto theverticesof Á�� in

this order, properly3-colors Á�� . Conversely, if Á is not 3-colorablethen,by construction,Á � is not3-colorable.Hence,Á �
�Ú ê�ê - ©�á�â - ¨ - ¬�­�®�­�¯�°�±³²'®�²�´ µ .

The constructiongiven in the proof of Proposition5.4.1fails for the smallest-lastor-
dering,sincethenew verticeş½ñcò Ê , whichareaddedin orderto suitablyincreasethedegree
of any givenvertex Ç relative to otherverticesin Á�� , themselveshaveonly degree1. Thus,
they will in generaloccurafter Ç in any smallest-lastorderingand,assoonas they are©'ë -ordered,will bedeletedfrom thegraphandno longerincreasethedegreeof Ç relative
to otherverticesstill to beordered.

��� ò ¡ ��� ò � ��� ò � ��� ò ¢

�

��� ò � ��� ò  

Figure5.4: Graph� � ò � for Lemma5.4.2
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Thekey constructto avoid this difficulty is givenin Lemma5.4.2andis illustratedfor
a specialcaseby graph� � ò � shown in Figure5.4. Considerany graph

Ù
� andsupposethat

some©'ë orderingof
ÂoÃ Ù � Ä is currentlybeingcomputed,

Ù
is thesubgraphof

Ù � induced
by the verticesstill to beordered,andthat two vertices� ¹ Ç Ú ÂsÃ Ù Ä have a degreein

Ù
suchthat,say, � wouldberankedabove Ç in any ©'ë ordering.Thepurposeof Lemma5.4.2
is to show how to flip � and Ç in the ©'ë ordering,assumingthatthestructureof

Ù
� requires

suchaflip for thesequentialalgorithmto find aproper3-coloringof

Ù
� (if oneexists).

Lemma 5.4.2 Let

Ù
beanygivengraph. Let � ¹ Ç Ú Â×Ã Ù Ä beverticessuch that deg

Ã Ç�Ä¦ä
deg

Ã � ÄKä�� in

Ù
, andlet �ðÅ deg

Ã Ç�Ä . Thereexistsagraph � � ò � with
ÂsÃ Ù Ä�� Â×Ã � � ò �`Ä ÅTÆ �åÈ

andsuch that

(i) deg
Ã � ÄKä deg

Ã Ç�Ä in

Ù É � � ò � ,
(ii)

ÂsÃ � � ò �`Ä É Æ@Ç È canbe ©'ë -orderedsuch that each elementof
Â×Ã � � ò �`Ä�çkÆ � È is ranked

above Ç andbelow � , and

(iii) algorithm ©'á�â appliedto this orderproperly3-colors � � ò � , regardlessof which colorÏ Ú Æ�Î ¹ ¤ ¹ ¨ È it startswith to color � .

Proof. Definegraph� � ò � by thevertex setÂsÃ � � ò �pÄ Å�Æ � ÈKÉ Æ ��� ò Ê�Ì@ÎÕ¤kÏÐ¤ ¤ Ã ��çLÎ@Ä È
andtheedgesetÙ Ã � � ò �`ÄÍÅïÆ�Æ � ¹ ��� ò Ê È Ì�Î�¤1Ï ¤ ¤ Ã ��çkÎ�Ä ÈWÉ Æ�Æ ��� ò Ê ¹ ��� ò Ñ;È ÌFÏ �� Ó���� � ¤ È�º

Notethat thedegreeof � (relative to Ç ) hasincreasedin

Ù É � � ò � by ¤ Ã �ðç6Î@Ä . Since
deg

Ã Ç�ÄãÅ!��ä Î , this provesProperty(i). Property(ii) follows from Property(i) andthe
fact that for each

��� ò Ê in � � ò � , deg
Ã ��� ò Ê Ä	Å"� in

Ù É � � ò � : the vertex set
ÂoÃ � � ò �pÄ É Æ@Ç È

canbe ©'ë -orderedas ��¹ ��� ò �F¹ ��� ò �>¹;º;º;ºì¹ ��� ò � ó �bè � ö ¹ Ç in

Ù É � � ò � . In particular, thesequential
algorithmtraversing

ÂsÃ � � ò �pÄ in thisorderwill properly3-color � � ò � , nomatterwhichcolor
it startswith to color � . If color Ï Ú Æ�Î ¹ ¤ ¹ ¨ È is assignedto � , thencolor Î$# Ã Ï%�&�'�	¨�Ä will
beassignedto all vertices

��� ò Ñ with odd Ó , andcolor ¤ # Ã Ï(��� � ¨�Ä will beassignedto all
vertices

��� ò Ñ with even Ó . ThisestablishesProperty(iii) andprovesthelemma.

Theorem 5.4.3 ©'ë - ©�á�â - ¨ - ¬�­�®�­�¯�°�±³²'®�²@´ µ is NP-complete.

Proof. Insteadof directly reducing ¨ - ¬�­�®�­�¯�°�±³²'®�²@´ µ to ©'ë - ©�á�â - ¨ - ¬�­�®�­�¯�°�±³²'®�²@´ µ as
in Proposition5.4.1, it is useful to baseour reductionon one “generic” instanceof



5.4.2.TheComplexity of GraphColoringWhenHeuristicsDo Well 79

¨ - ¬*­�®�­�¯�°�±³²'®�²�´�µ , namely on the graph Á constructedby Stockmeyer ([Sto73], see
also[GJS76])to reducë - ©'ª�« to ¨ - ¬*­�®�­�¯�°�±³²'®�²�´�µ . Simplifying the technicalproof de-
tails, thisapproachwill providea reductionfrom ¨ - ©'ª�« to ©'ë - ©�á�â - ¨ - ¬�­�®�­�¯�°�±³²'®�²�´ µ .

TheStockmeyerreduction,call it ) , waspresentedin Section5.4.1above. Let ¶ beany
giveninstanceof ¨ - ©'ª�« with · variablesand ¾ clauses,andlet Á Å*) Ã ¶ìÄ betheresulting
graph.WetransformÁ into anew graph+ suchthat + Ú ©'ë - ©�á*â - ¨ - ¬�­�® ­�¯�°�±³²�®�²�´ µ if and
only if Á Ú ¨ - ¬�­�®�­�¯�°�±³²'®�²@´ µ (if andonly if ¶ Ú ¨ - ©'ª�« ). RecallthatÂoÃ Á�ÄÍÅïÆ@Ç �c¹ Ç ��¹ Ç  <ÈWÉ Æ�¸½Ê ¹'Ë¸½Ê½Ì@Î�¤kÏÍ¤k· È�É Æ �;ÑpÒ Ì@Î�¤ Ó	¤ ¾ Ô Î�¤1Ö�¤�Ø È�º

For eachvertex �MÚ ÂoÃ Á�Ä çrÆ �;Ñ`¢ ÌFÎ�¤�Ós¤ ¾ZÈ , wedefineagraph� � ò � associatedwith� asin Lemma5.4.2,for somesuitable� . Lemma5.4.2merelyexplainsonelocal partof
theoverall construction;globally, thesizeof graph � � ò � mayaffect thesizeof someother
graph � �-, ò � , . The respective valuesof � for the variousgraphs� � ò � arechosenso asto
“guide” the ©'ë algorithmsothatanorderingcanbeobtainedfor which the ©�á*â algorithm
will properly3-color + , assuming+ is 3-colorable.

Thevertex setof graph+ is givenbyÂsÃ +æÄ Å Â×Ã �
ñ/.Ýò �2�10 Ä É ÂoÃ �
ñ32pò ¢]� Ä É ÂsÃ �
ñ14Qò �2�10 ÄÉ 5�ÝÜ Ê Ü ¼ ÂsÃ �7698 ò  Ý� Ä É 5�ÝÜ Ê Ü ¼ ÂsÃ �;:698 ò  Ý� Ä
É 5�ÝÜ�ÑzÜ À ÂoÃ �=<?> . ò �2¢ Ä É 5�ÝÜ�ÑzÜ À ÂsÃ �=<?> 2 ò �2¢ Ä É 5�ÝÜ�ÑzÜ À ÂsÃ �=<?>A@pò 0 Ä
É 5�ÝÜ�ÑzÜ À ÂoÃ �=<?> 4 ò � Ä É 5�ÝÜ�ÑzÜ À ÂsÃ �=<?>CB`ò � Ä É Æ �;Ñ`¢ Ì@ÎÕ¤�Óo¤ ¾ZÈ�º

Notethat
ÂoÃ Á�ÄED Â×Ã +�Ä . Theedgesetof graph+ is givenbyÙ Ã +æÄ Å

Ù Ã Á�Ä É
Ù Ã �fñ . ò �2�10 Ä É

Ù Ã �
ñ 2 ò ¢]� Ä É
Ù Ã �
ñ 4 ò �2�10 ÄÉ 5�ÝÜ Ê Ü ¼

Ù Ã �7698 ò  Ý� Ä É 5�ÝÜ Ê Ü ¼
Ù Ã �;:698 ò  Ý� Ä

É 5�ÝÜ�ÑzÜ À
Ù Ã �=<?> . ò �2¢ Ä É 5�ÝÜ�ÑzÜ À

Ù Ã �=<?> 2 ò �2¢ Ä É 5�ÝÜ�ÑzÜ À
Ù Ã �=<?>?@Qò 0 Ä

É 5�ÝÜ�ÑzÜ À
Ù Ã �=<?> 4 ò � Ä É 5�ÝÜ�ÑzÜ À

Ù Ã �=<?>ABpò � Ä º
Thisconstructionyieldsonly alinearblow-upin thesizeof graph+ (relativeto thesize

of Á ), andthereductionis polynomial-timecomputable.
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We now arguethat the constructionis correct. Suppose¶ is satisfiable(and thus Á
is 3-colorable).Fix somesatisfyingassignmentFG Å Ã G��B¹�G��<¹;º;º;º»¹HG ¼'Ä , where G Ê Å Î if
variablȩ½Ê is setto trueunderthis assignment,and G Ê�ÅI� otherwise.For any literal J , letFG Ã J;Ä denotethevalueassignedto J by FG , i.e., FG Ã J;ÄðÅ G Ê if J Å ¸½Ê , and FG Ã J;ÄðÅ Îðç G Ê ifJ Å Ë¸½Ê .

By constructionandby Properties(i) and(ii) of Lemma5.4.2,thevertex setof + can
be ©'ë -orderedaccordingto Conditions(a) to (d) below. For convenience,we write F� � ò � to
denotethevertex setof graph� � ò � givenin theorder � ¹ ��� ò �c¹ ��� ò �>¹;º;º;º»¹ � � ò � ó �bè � ö .
(a)

ÂsÃ +æÄ is orderedin threeblocks:Thefirst blockcontainstheverticesÂoÃ �
ñ . ò �2�10 Ä É ÂoÃ �
ñ 2 ò ¢]� Ä É Â×Ã �
ñ 4 ò �2�10 Ä
in theorderspecifiedby (b); thesecondblockcontainsthevertices5�ÝÜ Ê Ü ¼ ÃJÂ×Ã �7698 ò  Ý� Ä É ÂsÃ �;:698 ò  Ý� ÄpÄ
in theorderspecifiedby (c); andthe third block containsall theremainingvertices
of + in theorderspecifiedby (d).

(b) Thefirst block is orderedas F�
ñ14Qò �2�10�¹ F�
ñ/.]ò �2�10�¹ F�fñ12`ò ¢]� .
(c) For each Ï , Î ¤ Ï ¤ · , the vertex set

ÂsÃ �=698 ò  Ý� Ä É ÂsÃ �;:698 ò  Ý� Ä canbe ©'ë -orderedasF�=698 ò  Ý�;¹ F�;:698 ò  Ý� if G ÊìÅ�Î , andcanbe ©�ë -orderedas F�;:698 ò  Ý�;¹ F�=698 ò  Ý� if G ÊìÅK� .
(d) For eachÓ , Î�¤ Ó.¤ ¾ , let ¿ Ñ Å Ã �@ÑWÞ � ÑUÞ��`Ñ Ä be the Ó th clauseof ¶ , with literals�@Ñ@¹ � Ñ@¹F�pÑ ÚOÛ �ÝÜ Ê Ü ¼ Æ�¸½Ê ¹'Ë¸½Ê È . Let FG Ã ¿ Ñ Ä beashorthandfor

Ã FG Ã �@Ñ Ä ¹ FG Ã � Ñ Ä ¹ FG Ã �pÑ ÄQÄ . Note
thatsince FG satisfies¶ , FG Ã ¿ Ñ Ä �Å Ã � ¹ � ¹ ��Ä for eachÓ . Recallthattheliteralsin ¿ Ñ are
identifiedwith thecorrespondingverticesof Á . For eachÓ , thevertex setassociated
with ¿ Ñ , L Ñ Å ÂoÃ �=<?> . ò �2¢ Ä É Â×Ã �=<?> 2 ò �2¢ Ä É Â×Ã �=<?> 4 ò � Ä É Â×Ã �=<?>?@Qò 0 Ä É ÂoÃ �=<?>CBpò � Ä É Æ �;Ñ`¢>È ,
canbe ©'ë -orderedasfollows:

(d1) If FG Ã ¿ Ñ Ä Ú Æ Ã Î ¹ Î ¹ Î@Ä ¹ Ã Î ¹ Î ¹ ��Ä ¹ Ã � ¹ Î ¹ Î@Ä ¹ Ã � ¹ Î ¹ �'Ä È , then L Ñ is orderedas F�7<?> . ò �2¢ ,F�=<?> 2 ò �2¢ , F�=<?>A@Qò 0 , F�=<?> 4 ò � , F�7<?>ABpò � , �;Ñ`¢ .
(d2) If FG Ã ¿ Ñ Ä Ú Æ Ã Î ¹ � ¹ Î@Ä ¹ Ã Î ¹ � ¹ ��Ä È , then L Ñ is orderedas F�=<?> 2 ò �2¢ , F�=<?> . ò �2¢ , F�7<?>?@Qò 0 ,F�=<?> 4 ò � , F�=<?>CBpò � , �<Ñp¢ .
(d3) If FG Ã ¿ Ñ Ä Ú Æ Ã � ¹ � ¹ Î@Ä È , then L Ñ is orderedas F�=<?> . ò �2¢ , F�=<?> 2 ò �2¢ , F�=<?>A@Qò 0 , F�7<?>ABpò � ,F�=<?> 4 ò � , �;Ñ`¢ .
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The relative orderbetweenverticesnot specifiedby Conditions(a) through(d) is ir-
relevant for the argumentand may be fixed arbitrarily (consistentwith the rules of the©'ë -ordering). The following propertyis similar to Property(5.4.1) in Section5.4.1and,
besides,is suitablytailoredto thespecificsof the ©�á*â algorithm:

For fixed Ó , Îs¤ïÓ/¤ ¾ , let thevertex set L Ñ associatedwith clause¿ Ñ be
orderedasin (d) above. Assumethat the verticesrepresentingthe literals
of ¿ Ñ arecoloredsuchthat only colors2 and3 areassignedandcolor 2
is assignedto at leastoneof thesethreevertices.Then,the ©'á�â algorithm
properly3-colorsthesubgraphof + inducedby L Ñ suchthatcolor 2 is as-
signedto �;Ñ`¢ .

(5.4.3)

This propertystraightforwardly follows from Property(iii) of Lemma5.4.2andthevertex
orderof L Ñ givenin (d).

Whenappliedto any vertex orderingof + satisfyingConditions(a) through(d), the©�á�â algorithmproperly3-colors+ . In particular, it computesacoloring, à , of + suchthatà Ã Ç   Ä Å Î , à Ã Ç � ÄKÅ ¤ , à Ã Ç � ÄKÅ5¨ , à Ã ¸½Ê2ÄÍÅ ¤ and à Ã Ë¸½Ê�Ä Å�¨ if G Ê Å Î , and à Ã ¸½Ê�Ä Å5¨ andà Ã Ë¸½Ê2Ä¦Å ¤ if G ÊÐÅM� , for eachÏ with Îs¤TÏ ¤ · . Since FG is a satisfyingassignmentof ¶ ,
coloring à assignscolor 2 to at leastone(vertex representinga) literal of ¿ Ñ , for eachÓ ,Î ¤ïÓ�¤ ¾ . By Property(5.4.3),for eachÓ , à is a proper3-coloringof thesubgraphof+ inducedby L Ñ andsatisfiesà Ã �;Ñ`¢ ÄÐÅ ¤ . Property(iii) of Lemma5.4.2impliesthat à (as
specifiedsofar)canbeextendedto aproper3-coloringof + .

Conversely, suppose¶ is notsatisfiable(andthus Á is not3-colorable).By construction
of + andby Property(5.4.2) in Section5.4.1, this suppositionimplies that + is not 3-
colorable.Thus, + �Ú ©'ë - ©�á�â - ¨ - ¬�­�®�­�¯�°�±³²'®�²�´ µ .

BothMatulaetal. [MMI72] andJohnson[Joh74] haveproposedgeneralizationsof the
sequentialalgorithmwhichallow theoccasionalinterchangeof two colors(in thecoloring
beingcomputed)subjectto certainsetsof conditions.Johnson’s algorithm,heredenoted©�á�âONQP�« � , is somewhatmoregeneralthantheoneof Matulaet al., denoted©�á*âRNQP�« � , since
thesetof conditionsunderwhichaninterchangeis allowedin ©'á�âRNQP�« � is slightly morere-
strictivethanthesetof conditionsrequiredin ©'á�âRNQP�« � for aninterchangeto beperformed.
Both sequential-with-interchangealgorithmsmay becombinedwith any vertex ordering;
we focuson the ê�ê and ©�ë orderings.Matulaet al. [MMI72] providedempiricalevidence
thatthe ©'ë - ©�á�âRNSP�« � algorithmrequiressignificantlyfewercolorsthanvariousotherheuris-
tic algorithmsonrandomgraphs.

The problems ê�ê - ©�á*âRNQP�« Ê - ¨ - ¬*­�®�­�¯�°�±³²'®�²�´�µ and ©'ë - ©�á*âRNQP�« Ê - ¨ - ¬�­ ®�­�¯�°�±ì²'®�²�´ µ , forÏ Ú Æ�Î ¹ ¤ È , eacharein NP. It shouldbenotedthat thenondeterminismherenot only un-
derliestheorder-finding procedure,wheremorethanonevertex of minimumdegreemay
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exist, but alsooccursin the coloring algorithm,wheremorethanonebichromaticinter-
changemaybepossible.Sincethe ©�á�âRNSP�« Ê algorithmsincludethesequentialalgorithmas
a specialcase(in which no interchangeis performed),we immediatelyhave thefollowing
corollariesfrom respectively Proposition5.4.1andTheorem5.4.3.

Corollary 5.4.4 Both ê�ê - ©�á�âONQP�« � - ¨ - ¬*­�®�­�¯�°�±³²'®�²�´�µ and ê ê - ©�á�âRNQP�« � - ¨ - ¬�­�® ­�¯�°�±³²�®�²�´ µ
areNP-complete.

Corollary 5.4.5 Both ©'ë - ©�á�âONQP�« � - ¨ - ¬*­�®�­�¯�°�±³²'®�²�´�µ and ©�ë - ©�á�âRNQP�« � - ¨ - ¬�­�® ­�¯�°�±³²�®�²�´ µ
areNP-complete.

Thelastheuristicconsideredin this sectionis thealgorithmof Wood[Woo69] which,
givenaninputgraphÁ with · vertices,proceedsin two stagesasfollows. In thefirst stage,
all · Ã ·.çTÎ@Ä/T ¤ pairsof distinct verticesareorderedby decreasingsimilarity, wherethe
similarity of two distinctverticeş and � is definedto be

sim
Ã ¸ ¹F� Ä Å U � if Æ�¸ ¹F�ßÈæÚ Ù Ã Á�ÄÌ Ì V Ã ¸³Ä%��V Ã � Ä�Ì Ì otherwise.

Given this order, Á will be partially coloredin the first stageby executingthe following
stepsfor eachpair Æ�¸ ¹F�ßÈ in turn. In whatfollows,let � beavariablewhosevaluegivesthe
numberof colorsusedsofar.

(1) If sim
Ã ¸ ¹Q� Ä�ÅK� thenhalt.

(2) If both ¸ and � arecolored,thengo to next pair.

(3) If onevertex, say̧ , is colored,andtheotherone,� , is uncolored,thendothefollowing:

(3a) If deg
Ã � ÄW
 � , thengo to next pair;

(3b) if somevertex adjacentto � hasthesamecoloras ¸ , thengo to next pair;

(3c) otherwise,assignto � thecolorassignedto ¸ .

(4) If both ¸ and � areuncolored,thendo thefollowing:

(4a) If bothdeg
Ã ¸³ÄE
 � anddeg

Ã � ÄX
 � , thengo to next pair;

(4b) otherwise,assignto both ¸ and � theminimumcoloravailable(i.e.,thesmallest
color ÓoîïÎ suchthatneitheŗ nor � is adjacentto avertex coloredÓ ).
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After the first stage,theremay remainsomeuncoloredvertices. If so, the coloringof Á
will becompletedin thesecondstageusingthe ê�ê - ©'á�â algorithm.Wood’s algorithmwill
be denotedby YOZ[Z�ê . Note that both stagesof Wood’s algorithmcontainsomeamount
of nondeterminism:In thefirst stage,we maychoosebetweendifferentvertex pairsof the
samesimilarity (whentherearemorethanone);in thesecondstage,wemaychooseamong
severalverticesof minimumdegree.

Theorem 5.4.6 YRZ[Z�ê - ¨ - ¬�­�®�­�¯�°�±³²'®�²�´ µ is NP-complete.

Proof. The proof is similar to the proof of Proposition5.4.1, the differencebeing that
now we have to equalizethe similarity betweenpairs of verticesinsteadof the degree
of vertices. Let Á be any given graph. We transform Á into a new graph £ such
that Á is 3-colorableif and only if £ can be 3-coloredby Wood’s algorithm. Let�\�¦Å ��]S^ßÆ sim

Ã ¸ ¹F� Ä Ì�¸ ¹Q�6Ú Â×Ã Á�Ä with ¸ �Å �ßÈ be the maximumsimilarity of all ver-
tex pairsin Á , andlet �ðÅ_��]S^ ÆD¨ ¹ �\� È .

Thevertex setof £ is givenbyÂ×Ã £ZÄ Å Â×Ã Á�Ä É Æ@Ç � ÌzÇ Ú Â×Ã Á�Ä ÈKÉ Æ�¸½ñcò Ê½ÌzÇ Ú ÂsÃ Á�Ä Ô ÎÕ¤kÏÐ¤`� È�¹
wherethe ÌéÌ ÂoÃ Á�Ä@Ì Ì verticesÇ � andthe ��ÌéÌ Â	Ã Á�Ä@Ì Ì verticeş½ñzò Ê arenew. Theedgesetof £ is
givenby Ù Ã £OÄ Å

Ù Ã ÁæÄ É Æ�Æ@Ç ¹ ¸½ñzò Ê È ÌFÇ Ú Â×Ã ÁæÄ Ô Î�¤kÏÐ¤`� ÈÉ Æ�Æ�¸½ñcò Ê ¹ Ç � È ÌcÇ Ú ÂsÃ Á�Ä Ô Î�¤kÏÐ¤`� È�º
This reductionis polynomial-timecomputable,sincethesimilarity of all vertex pairsin Á
(andhence� ) canbecomputedin time polynomialin thesizeof (theencodingof) Á . By
construction,sim

Ã Ç ¹ Ç���ÄÐÅ*� for all verticesÇ Ú Â×Ã ÁæÄ , andthesimilarity of all othervertex
pairsof £ is at most � . Thus,all vertex pairsof the form Æ@Ç ¹ Ç�� È , for Ç Ú ÂsÃ Á�Ä , canbe
rankedaboveall othervertex pairsof £ in thefirst stageof Wood’salgorithm.SupposeÁ
is 3-colorable.Let à beany fixedproper3-coloringof Á , anddefinethethreecolorclassesÂ Ê Å Æ@Ç Ú ÂoÃ Á�Ä Ìzà Ã Ç�Ä Å5Ï È , for Ï Ú Æ�Î ¹ ¤ ¹ ¨ È , thatcorrespondto à . Let Ç �z¹ Ç �;¹;º;º<ºå¹ ÇD¼ be
anorderingof

ÂsÃ ÁæÄ suchthatall verticesfrom
Â � comefirst, followedby all verticesfromÂ � , which in turn arefollowedby all verticesfrom

Â   . ConsiderthecorrespondingorderÆ@Ç �z¹ Ç��� È�¹ Æ@Ç �<¹ Ç��� È�¹;º;º;º»¹ Æ@ÇD¼ ¹ Ç��¼ È of thefirst · vertex pairsof £ . Sincedeg
Ã Ç�ÄãîI�	î�¨ for

all Ç Ú ÂsÃ ÁæÄ andsincedeg
Ã Ç[�vÄWÅI�fî6¨ for thecorrespondingverticesÇ�� , line (4b) of the

first stageof Wood’salgorithmwill beexecuted· timesandwill assigncolor à Ã Ç�Ä in Á to
both Ç and Ç � in £ . Theonly verticesof £ asyet uncoloredarethoseof theform ¸½ñcò Ê . It
is thennot hardto seethat à canbeextendedby Wood’s algorithmto a proper3-coloring
of £ .
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Conversely, if Á is not 3-colorable,then £ is not 3-colorable,andconsequently£ �ÚYRZ[Z'ê - ¨ - ¬�­�® ­�¯�°�±³²�®�²�´ µ .

Finally, we mentionsomeobviousopenquestions.What is thecomplexity of the re-
latedproblemof recognizingthosegraphsonwhichafixedheuristiccanfind thechromatic
numberof thegraph(not just decidewhethera Ã Á�Ä�¤5Ö aswith b - ¬*­�®�­�¯�°�±³²'®�²�´�µ )? What
abouttherecognitionproblemfor approximatinga Ã Á�Ä within afixedfactor )
îïÎ ( ) ratio-
nal)of optimal?Section5.3did successfullyresolve thesequestionsfor the N�ced'fhgRfhced'fhc ´©[f�´ problemw.r.t. thegreedyheuristicMDG, seeTheorem5.3.4in Section5.3. However,
lowerboundsfor graphcoloringproblemsin generaltendto beharderto achievethanthose
for independentsetproblems.(But notethatPNPiji alsois anupperboundfor thesechromatic
numberproblems—justlikePNPiji is anupperboundfor theproblemsk%l .) Theresultsof the
presentsectionmaybeseenasafirst steptowardsresolvingthemoredemandingquestions
raisedabove. In fact,theconstructiongivenin theproofof Theorem5.3.4is cruciallybased
on theNP-completenessresultof Bodlaenderet al. [BTY97, proof of Theorem4] (stated
hereasLemma5.3.2):Therestrictionof Nmc'd'fhgRfnc'd'fhc ´Õ©[f'´ tographsin k � isNP-complete.



Chapter 6

A SecondStepTowards
Complexity-Theoretic Analogsof Rice’s
Theorem

6.1 Intr oduction

The mother of complexity theory is recursive function theory. One of the most
beautiful and importantresultsof recursive function theory is Rice’s Theorem. Rice’s
Theorem([Ric53, Ric56], see[BS97]) statesthat every nontrivial languagepropertyof
therecursively enumerablesetsis eitherRE-hardor coRE-hard—andthusis certainlyun-
decidable,acorollarythatitself is oftenreferredto asRice’s Theorem.

Theorem 6.1.1(Rice’s Theorem,Version I) Let o bea nonemptypropersubsetof the
classof recursivelyenumerable sets. Theneither the halting problemor its complement
many-onereducesto theproblem:Givena Turing machine p , is q Ã p5Ä Ú o ?

Corollary 6.1.2(Rice’s Theorem,Version II) Let o be a nonemptyproper subsetof
theclassof recursivelyenumerablesets.Thenthefollowingproblemis undecidable:Given
a Turing machine p , is q Ã p5Ä Ú o ?

Rice’s Theoremconveys quite a bit of informationaboutthe natureof programsand
their semantics.Programsare completelynontransparent.One can (in general)decide
nothing—emptiness,nonemptiness,infiniteness,etc.—aboutthe languagesof given pro-
gramsotherthanthetrivial factthateachacceptssomelanguageandthatlanguageis a re-
cursively enumerablelanguage.1 Recently, Kari [Kar94] hasproven,for cellularautomata,

1OnemuststressthatRice’sTheoremrefersto thelanguagesacceptedby theprograms(Turingmachines)
ratherthanto machine-basedactionsof the programs(Turing machines)—suchaswhetherthey run for at

85
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ananalogof Rice’sTheorem:All nontrivial propertiesof limit setsof cellularautomataare
undecidable.

A bold andexciting paperof BorchertandStephan[BS97] proposesandinitiatesthe
searchfor complexity-theoretic analogsof Rice’s Theorem. Borchertand Stephannote
that Rice’s Theoremdealswith propertiesof programs,andthey suggestasa promising
complexity-theoreticanalogpropertiesof Booleancircuits. In particular, they focuson
countingpropertiesof circuits,andthey pointout thattheparallelis acloseone.Programs
areconcreteobjectsthatcorrespondin a many-to-oneway with thesemanticobjects,lan-
guages.Circuits(encodedinto rEs ) areconcreteobjectsthatcorrespondin a many-to-one
waywith thesemanticobjects,Booleanfunctions.

Recallthatfor any arity · circuit ¿ , t Ã ¿æÄ denotesunderhow many of the u ¼ possible
inputpatterns¿ evaluatesto 1.

Definition 6.1.3 1. [BS97] Each vIDxw is a countingpropertyof circuits. If v �ÅKy ,
wesayit is a nonemptyproperty, andif v �ÅKw , wesayit is a properproperty.

2. [BS97] Let v be a countingpropertyof circuits. Thecountingproblemfor v ,¬�­Qz[c�´ ²�c'{ Ã vãÄ , is thesetof all circuits ¿ such that t Ã ¿æÄ Ú v .

3. (followingusageof [BS97]) Let v beacountingpropertyandlet | beacomplexity
class. By convention,we say that countingproperty v is | -hard if the counting
problemfor v , ¬�­Qz c ´ ²�c'{ Ã vðÄ , is | - ¤ ¥} -hard. (Notein particular that by this wedo
not mean |~D P� —weare speakingjust of thecomplexity of v ’s countingproblem.
Notealsothat thisconventionis valid onlywithin thischapter.)

For succinctnessandnaturalness,andasit introducesno ambiguityhere,throughout
this chapterwe use“counting” to refer to what BorchertandStephanoriginally referred
to as “absolutecounting.” For completeness,we mentionthat their sets ¬�­Sz[c ´ ²�ce{ Ã vðÄ
arenot entirely new: For each v , ¬�­Qz[c�´ ²�c'{ Ã vãÄ is easilyseen(in light of the fact that
circuits canbe parsimoniouslysimulatedby Turing machines,which themselves,asper

leastsevenstepson input1776(which is decidable)or whetherfor someinput they donothalt (which is not
decidable,but Rice’s Theoremdoesnot speakdirectly to this issue,thatis, Rice’s Theoremdoesnotaddress
thecomputabilityof theset �H��� thereis someinput ' onwhich ���G'n� doesnothalt� ).

We mentionin passingarelatedresearchline about“independenceresultsin computerscience.” Thatline
startedwith work of HartmanisandHopcroft [HH76] basedon the nontransparency of machines,andhas
now reachedthepointwhereit hasbeenshown,by Regan,thatfor eachfixedrecursivelyaxiomatizableproof
systemthereis a languagewith certainpropertiesthatthesystemcannotprove,no matterhow thelanguage
is representedin thesystem(say, by a Turing machineacceptingit). For instance,for eachfixedrecursively
axiomatizableproof systemthereis a low-complexity languagethat is infinite, but for no Turing machine
acceptingthe languagecan the proof systemprove that that Turing machineacceptsan infinite language.
See[Reg96, Reg88] andthereferencestherein.
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the referencescited in the proof of Theorem6.3.1, can be parsimoniouslytransformed
into Booleanformulas)to be many-oneequivalent to the set, known in the literatureas
SAT � or v -SAT, Æh�oÌ the numberof satisfyingassignmentsto Booleanformula � is an
integercontainedin thesetv È [GW87,CGH� 89]. Thus,¬*­Qz[c ´ ²mc'{ Ã vãÄ inheritsthevarious
propertiesthattheearlierpaperson SAT � establishedfor SAT � , suchascompletenessfor
certaincountingclasses.We will at timesdraw on thisearlierwork to gaininsightinto the
propertiesof ¬�­Sz[c ´ ²�ce{ Ã vðÄ .

Theresultsof BorchertandStephanthat led to theresearchreportedon in thepresent
chapterarethe following. Note thatTheorem6.1.4is a partialanalogof Theorem6.1.1,2

andCorollary6.1.5is apartialanalogof Corollary6.1.2.

Theorem 6.1.4 ([BS97], seealsothecommentsat thestartof theproofof Theorem6.3.1)
Let v bea nonemptypropersubsetof w . Thenoneof the following threeclassesis ¤ ¥§ -
reducibleto ¬�­Qz c ´ ²�c'{ Ã vðÄ : NP, coNP, or UP � coUP.

Corollary 6.1.5 ([BS97], seealsothecommentsat thestartof theproofof Theorem6.3.1)
Everynonemptypropercountingpropertyof circuitsis UP-hard.

BorchertandStephan’s paperprovesa numberof other results—regardingan artifi-
cial existentiallyquantifiedcircuit typeyieldingNP-hardness,definitionsandresultsabout
countingpropertiesover rationalnumbersandover � , andso on—andwe highly com-
mendtheir paperto the reader. They alsogive a very interestingmotivation. They show
that,in light of thework of ValiantandVazirani[VV86], any nontrivial countingproperty
of circuits is hard for eitherNP or coNP, with respectto randomizedreductions. Their
paperandthepresentchapterof this thesisseekto find to whatextentor in whatform this
behavior carriesover to deterministicreductions.

The presentchaptermakes the following contributions. First, we extend the above-
statedresultsof Borchertand Stephan,Theorem6.1.4 and Corollary 6.1.5. Regarding
the latter, from the samehypothesisas their Corollary 6.1.5we derive a strongerlower
bound—UP� ó � ö -hardness.That is, we raisetheir lower boundfrom unambiguousnonde-
terminismto low-ambiguitynondeterminism.Second,we show that our improved lower
boundcannotbefurtherstrengthenedto SPP-hardnessunlessanunlikely complexity class
containment—SPPD PNP—occurs.Third, wenonethelessunderaverynaturalhypothesis
raisethelowerboundon thehardnessof countingpropertiesto SPP-hardness.Thenatural

2Passingonacommentfrom ananonymousrefereeof thejournalpaper[HR], wementionthatthereader
may want to alsocomparethe UP � coUPoccurrencein BorchertandStephan[BS97] with the so-called
Rice-ShapiroTheorem,see,e.g.,[Rog67, Reg96]. Wementionthatin makingsuchacomparisononeshould
keepin mind that the Rice-ShapiroTheoremdealswith showing non-membership in RE andcoRE,rather
thanwith showing many-onehardnessfor thoseclasses.
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hypothesisstrengthensthe conditionon the countingpropertyto requirenot merely that
it is nonemptyandproper, but also that it is infinite andcoinfinite in a way that canbe
certifiedby polynomial-timemachines.

6.2 Preliminaries

TheclassesUP andFewP limit theambiguityof solutionsthatany instanceof anNP
problempotentiallymayhave.Therearevariousotherimportantambiguity-limitedclasses,
andwewill now definethem,in auniformwayvia countingfunctions.To do this,wewill
takethestandard“ t ” operator—seeDefinition2.2.2onpage15—andwill makeit flexible
enoughto describea variety of typesof countingfunctionsthat are well-motivatedby
existing languageclasses.In particular, we will adda generalrestrictionon themaximum
valueit can take on. For the specificcaseof a polynomial restrictionsuchan operator,t������ , wasalreadyintroducedby HemaspaandraandVollmer [HV95], seebelow.

Definition 6.2.1 For each function ����w�� w andeach languageclass | , definet��W�\| to
betheclassof functions���erEsE� w for which thereexist a set q Ú | anda polynomial �
such that for each ¸ Ú rEs ,

� Ã ¸³ÄK¤�� Ã Ì ¸ Ì Ä and ÌéÌ Æ � Ì�Ì � ÌDÅ*� Ã Ì ¸ Ì Ä and �2¸ ¹F�'�WÚ q È Ì Ì�Å�� Ã ¸³Ä º
Note that for the very specialcaseof |6Å P, which is the caseof importancein the

presentchapter, thisdefinitionsimplyyieldsclassesthatspeakaboutthenumberof accept-
ing pathsof Turingmachinesthatobey someconstraintontheirnumberof acceptingpaths.
In particular, thefollowing clearlyholdsfor each� :

t��X� P Å�Æh��� rEsX� w�Ì ÃC  NPTM VZÄ Ã¢¡ ¸ Ú rEszÄ%£¤� Ã ¸³ÄW¤¥� Ã Ì ¸ Ì Ä3¦ and acc§ Ã ¸³ÄÐÅ*� Ã ¸³Ä È�º
In usingDefinition 6.2.1,in thecaseof a constantfunction � Ã ·åÄ � Ö for someÖ Ú w

astheambiguity-limitingbound,we will make useof thecommon“ ¨ notation”andwritet=©c¼hª Ò (andwill not usethesimpler, thoughslightly informal,notation“ t Ò ”).3

Wewill now definesomeversionsof the t�� operatorthatfocusoncollectionsof bounds
of interestto us.

Definition 6.2.2 For each languageclass | , definethefollowingtwoclassesof functions.

3Thereasonwestickto thisperhapsabit cumbersome,yetformallycorrect,notationis toavoid notational
confusion:In upcomingChapter8, wewill provideValiant’s [Val79b] definitionof the“tally” versionof « P
which hedenotedby « P¬ , andwe will alsointroducethecorrespondingoperatorwhich we will denote,in
respectof thetraditionalterminology, by « ¬ .
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1. t�­¯®1°H±³²$�-|OÅ�Æh��� rEsW� w/Ì ÃA  Ö Ú wKÄ%£¤� Ú t=©z¼Sª Ò �´|%¦ È .
2. [HV95] t��µ���;�´|ZÅTÆh��� r s � w�Ì ÃC  polynomial �@Ä%£¤� Ú t7�¶�\|·¦ È .
As mentionedabove,theclassesUP andFewP canbewritten in this terminologyas:

UP Å ÆSq/Ì ÃA  � Ú t=©z¼Sª � � PÄ Ã¸¡ ¸ Ú rEszÄ%£ ¸ Ú qº¹¼» � Ã ¸³ÄWäx�h¦ È , and

FewP Å ÆSq/Ì ÃA  � Ú t������;� PÄ Ã¸¡ ¸ Ú rEszÄ%£ ¸ Ú qº¹�» � Ã ¸³ÄUä¥�h¦ È
Now, wedefineanumberof relatedambiguity-limitedclassesthatarewell known from

theliterature.

Definition 6.2.3 1. ([Bei89], seealso[Wat88]) For each Ö Ú wLçLÆS� È , define

UPÜ Ò Å�ÆSq/Ì ÃA  � Ú t=©c¼hª Ò � PÄ Ã¸¡ ¸ Ú rEszÄ%£ ¸ Ú qº¹¼» � Ã ¸³ÄWäx�h¦ È�º
2. ([HZ93], seealso[Bei89]) UP� ó � ö Å Û Ò´½½� UPÜ Ò .

(Equivalently, UP� ó � ö ÅTÆSq/Ì ÃA  � Ú t�­¯®1°H±¾²(� PÄ Ã¢¡ ¸ Ú rEszÄ%£e¸ Ú q¿¹¼» � Ã ¸³ÄKäx�h¦ È�º )
3. [CH90] Few Å PóÁÀÃÂjÄÆÅeÇ Pö¯È ��É .
4. Const Å PóÁÀËÊ¾Ì�ÍÏÎ�ÐCÇ Pö�È � ó � ö É .4
It is well known thatUP Å UPÜ½� D UPÜ � DÑ�m�m�RD UP� ó � ö D FewP D Few D SPP(the

final containmentis dueto Köbleret al. [KSTT92], seealso[FFK94] for a moregeneral
result),andclearlyUP� ó � ö D Const D Few. Regardingrelationshipswith thepolynomial
hierarchy, P D UP D FewP D NP, and Few D PFewP (so Few D PNP). It is widely
suspectedthatSPP �D PH,thoughthis is anopenresearchquestion.

Intuitively, UPcapturesthenotionof unambiguousnondeterminism,FewPallowspoly-
nomially ambiguousnondeterminismand,most relevant for the purposesof the present
chapter, UP� ó � ö allowsconstant-ambiguitynondeterminism.Watanabe[Wat88] hasshown
thatP Å UPif andonly if P Å UP� ó � ö .
6.3 The Complexity of Counting Propertiesof Cir cuits

Now weturn to theissueof improving theknown lowerboundsfor countingproperties
of circuits. Corollary 6.3.2 below raisesthe UP lower boundof Borchertand Stephan
(Corollary6.1.5)to a UP� ó � ö lower bound. This is obtainedvia the evenstrongerbound
providedby Theorem6.3.1,which itself extendsTheorem6.1.4.

4As we will notein theproof of Theorem6.3.1,PÒÁÓRÔÁÕ¸Ö¯×µØ¯Ù PÚ¢Û Ü Ò ¬ ÚÁÝ'Þ PÒ�ÓRÔÁÕ¢Ö¯×µØ¯Ù PÚ�Û ¬ Ý . Thus,thedefinitionof
Constis moreanalogousto thedefinitionof Few thanonemight realizeat first glance.
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Theorem 6.3.1 Let v bea nonemptypropersubsetof w . Thenoneof thefollowing three
classesis ¤ ¥§ -reducibleto ¬�­Qz[c�´ ²�c'{ Ã vãÄ : NP, coNP, or Const.

Corollary 6.3.2 Everynonemptypropercountingpropertyof circuits is UP� ó � ö -hard (in-
deed,is evenUP� ó � ö - ¤ ¥ � - ²³² -hard5).

Ourproofappliesaconstant-settingtechniquethatCaiandHemaspaandra[CH90] used
to prove thatFewP D�ß P, andthatKöbleret al. [KSTT92] extendedto show thatFew D
SPP. Borchert,Hemaspaandra,andRothe[BHR99] have usedthe methodto study the
complexity of equivalenceproblemsfor OBDDs (orderedbinary decisiondiagrams)and
otherstructures.

Proof of Theorem 6.3.1. Let v beanonemptypropersubsetof w . Thepaperof Borchert
and Stephan[BS97] (seeTheorem6.1.4 above) and—usingdifferent nomenclature—
earlierpapers[GW87, CGH� 89] have shown that (a) if v is finite and nonempty, then¬�­Qz c ´ ²�c'{ Ã vðÄ is ¤ ¥§ -hardfor coNP, and(b) if v is cofiniteanda propersubsetof w , then¬�­Qz c ´ ²�c'{ Ã vðÄ is ¤ ¥§ -hardfor NP.

We will now show that if v is infinite andcoinfinite, then ¬�­Qz[c ´³²�c'{ Ã vãÄ is ¤ ¥§ -hard
for Const.Actually, it is not hardto seethatPóÁÀËÊ¾Ì�ÍÏÎ�ÐCÇ Pö�È � ó � ö É Å PóÁÀËÊ³Ì�ÍCÎ�ÐCÇ Pö¯È ��É , andsowe need
deal just with PóÁÀ Ê¾Ì�ÍÏÎ�Ð Ç Pö�È ��É . This is a propertythat seemsto be deeplydependenton the
“const”-ness.For example,it is notknown whetherPÀ PÈ ��É Å PÀ PÈ �CÉ , andindeedit is known
that if this seeminglyunlikely equalityholdsthentwo complexity classesassociatedwith
self-specifyingmachinesareequal[HHW97].

The reasonthe equalityPóàÀ Ê³Ì�ÍÏÎµÐ Ç Pö¯È � ó � ö É Å PóàÀ Ê³Ì�ÍÏÎµÐ Ç Pö¯È ��É holds is the following. Since
eachof theconstantnumberof questions,say Ç , hasatmostaconstantnumberof possible
answers,say í , onecanby brute force accepteachPóÁÀËáeÇ Pö¯È ñ É languagevia DPTMs that
make at most � Å ôeâÏã . è �ô è � queriesin a truth-tablefashionto a function—infact,thesame
function—from t ô � P. Note that � also is a constant.Cai andHemaspaandra[CH90]
(seealso[PZ83]) useda clever encodingto show that bounded-truth-tableaccessto anyt Pfunctioncanbereplacedby onequeryto a t P function.Thesameencodingargument
shows that these� truth-tablequeriesto the t ô � P functioncanbereplacedby onequery
to a t ôRä è � � P function. Again, í � ç5Î is a constant.HenceConst Å PóÁÀËÊ¾Ì�ÍÏÎ�ÐCÇ Pö�È � ó � ö É Å
PóÁÀËÊ³Ì�ÍCÎ�ÐCÇ Pö¯È ��É .

Let å beanarbitrarysetin PóàÀËÊ¾Ì�ÍÏÎ�ÐAÇ Pö�È ��É , andlet å Ú PóÁÀËÊ¾Ì�ÍÏÎ�ÐCÇ Pö�È ��É bewitnessedby some
DPTM p thatmakesatmostonequery(andwithout lossof generalityweassumethaton
eachinput ¸ it in factmakesexactlyonequery)to somefunction æ Ú t=­¯®1°H±¾²$� P. Let V;� be
someNPTM andlet Ö besomeconstantsuchthatfor eachstring ç Ú rEs , V;� Ã ç�Ä hasexactlyæ Ã ç�Ä acceptingpathsand æ Ã ç�Äð¤TÖ . Sucha machineexistsby theequalitymentionedjust

5Where è%é ¬ - êÆê asis standarddenotespolynomial-time1-truth-tablereductions[LLS75].



6.3.TheComplexity of CountingPropertiesof Circuits 91

afterDefinition 6.2.1. For eachinput ¸ to p , let ë-6 bethesinglequeryto æ in therun ofp Ã ¸³Ä .
Wewill call anonnegativeinteger J suchthat J Ú v and Jì#/Î �Ú v aboundaryevent(ofv ), andwewill in suchcasescall J
# Î aboundaryshadow, cf. thepapers[Gol89, GJY87,

GHJY91]. Since v is infinite and coinfinite, note that it hasinfinitely many boundary
events.We now definea function � Ú t P suchthatÃ¢¡ ¸ Ú rEszÄ\£¤pKí Ã ¸³Ä accepts ¹¼» � Ã ¸³Ä Ú vî¦ º(6.3.1)

Wewill dosoby mappinģ for which p í Ã ¸³Ä acceptsto boundaryevents,andby mapping¸ for which p í Ã ¸³Ä rejectsto boundaryshadows. To define� , we now describeanNPTMV thatwitnesses� Ú t P.
On input ¸ , V first computestheoraclequery ë´6 of p Ã ¸³Ä . Then V Ã ¸³Ä choosesÖ�#6Î

constants�-ï<¹c���c¹;º;º;ºå¹c�zÒ asfollows.p ©9ðHª Ñ Ã ¸³Ä Ú ÆS� ¹ Î È denotestheresultof thecomputationof p Ã ¸³Ä assumingtheanswer
of theoraclewas æ Ã ë´6DÄ Å Ó , whereourconventionis that p ©9ðHª Ñ Ã ¸³ÄÍÅK� standsfor “reject”
and p ©9ðHª Ñ Ã ¸³ÄWÅ Î standsfor “accept.” Let ��ï betheleastboundaryeventof v (recall that
boundaryeventsarenonnegativeintegers,andthusit doesmakesenseto speakof theleast
boundaryevent). Initially, choose

�-ï ÅñU ��ï if p ©9ðHª ï Ã ¸³ÄÐÅ Î��ï #�Î if p ©9ðHª ï Ã ¸³ÄÐÅ�� .
Successively, for Ï Å Î ¹;º<º;º»¹ Ö , do thefollowing:ò Let �-ï<¹;º;º;ºå¹c� Ê è � be the constantsthat have alreadybeenchosen.For each Ï Ú w ,ó Êï3ô ÅTÎ asis standard.Let

� Ê»Å ó Êï3ô �9ï # ó Ê�Cô ��� # ó Ê�3ô �z� #��m�m�m# ó ÊÊéè �Aô � Ê è � .ò Let � Ê betheleastboundaryeventof v suchthat
� Ê�¤ � Ê .ò Settheconstant

� Ê»Å U � Êßç � Ê if p ©9ðHª Ê Ã ¸³ÄÐÅTÎ� Ê'#�Î¦ç � Ê if p ©9ðHª Ê Ã ¸³ÄÐÅK� .
After having chosentheseconstants,6 V Ã ¸³Ä guessesan integer Ó Ú ÆS� ¹ Î ¹;º º ºé¹ Ö È , and

immediatelysplitsinto �9ï acceptingpathsif theguesswas Ó Å�� . For eachÓ×äx� guessed,

6Notethatas õ-ö1÷ ¬ is alsoa constantwecouldalternatively simply build into themachineø a tablethat,
for eachof the õ ö1÷ ¬ behavior patterns� canhave on an input (in termsof whetherit acceptsor rejects
for eachgivenpossibleanswerfrom theoracle),stateswhatconstantsù1ú¥)üûýûüûC)Aù ö to use.Theprocedurejust
givenwouldbeusedto decidethevaluesof this table,whichwould thenbehardwiredinto ø .
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V Ã ¸³Ä nondeterministicallyguesseseachÓ -tupleof distinctpathsof Vþ� Ã ë´6@Ä . On eachsuch
path of V Ã ¸³Ä , wherethe Ó -tuple

Ã G��z¹�G ��¹;º;º<º»¹�G Ñ Ä of pathsof Vþ� Ã ë´6DÄ hasbeenguessed,V Ã ¸³Ä splits into exactly �`Ñ acceptingpathsif eachG À , Î�¤ ¾ ¤TÓ , is anacceptingpath
of Vþ� Ã ë´6@Ä . If, however, for some Î ¤ ¾ ¤�Ó , G À is a rejectingpathof V;� Ã ë-6DÄ , then V Ã ¸³Ä
simply rejects(alongthecurrentpath).Thiscompletesthedescriptionof V .

Recallthat æ Ã ë´6DÄ Ú ÆS� ¹ Î ¹<º;º;ºì¹ Ö È is thetrueanswerof theoracle.Then,by theabove
construction,thenumberof acceptingpathsof V Ã ¸³Ä is

� Ã ¸³ÄÐÅ �9ï # ÿ æ Ã ë´6DÄÎ
� ��� #!ÿ æ Ã ë-6�Äu � �z� #`�m�m�Q#!ÿ æ Ã ë-6�Äæ Ã ë-6DÄ�çkÎ

� � í ó����cö è � # ÿ æ Ã ë´6DÄæ Ã ë´6DÄ � � í ó����cö º
However, � í ó����Qö hasbeenchosensuchthat � Ã ¸³ÄðÅ � í ó����cö # � í ó����cö Å � í ó����cö Ú v if p í Ã ¸³Ä
accepts,and � Ã ¸³ÄoÅ � í ó����cö # � í ó����cö Å � í ó����Qö # Î �Ú v if p í Ã ¸³Ä rejects. Sinceeach � Ê ,�r¤�Ï�¤RÖ , is a boundaryeventandeach� ÊÃ#�Î , �r¤�ÏÕ¤RÖ , is a boundaryshadow, this
completesourproofof Equation6.3.1.

By thewell-known observation(mentionedby Garey andJohnson[GJ79, p. 169], see
alsotheprimarysources[Sim75, Val79b]) thatthemany-onereductionsof theCook-Karp-
Levin Theorem canbe alteredso asto be “parsimonious,” thereis a ¤ ¥§ -reductionthat
on input ¸ ( V is not an input to this ¤ ¥§ -reduction,but ratheris hardwiredinto the re-
duction)outputsa Booleanformula ¶ì6 Ã � �z¹<ºéº ºé¹Q� ¼�Ä , where · is polynomialin Ì ¸ Ì , suchthat
thenumberof satisfyingassignmentsof ¶O6 Ã � �z¹;º<º;ºå¹F� ¼�Ä equals� Ã ¸³Ä . Let ¿	� � Ã � �c¹;º;º;ºå¹F� ¼�Ä
denote(the representationof) a circuit for that formula. Thereis a DPTM implementing
this formula-to-circuittransformation.Our reductionfrom å to ¬�­Qz[c�´ ²�c'{ Ã vãÄ is defined
by � Ã ¸³Ä�Å ¿	� � Ã � �c¹;º;º;ºå¹F� ¼�Ä . Clearly, � is polynomial-timecomputable,which together
with Equation6.3.1implies åk¤ ¥§	¬*­Qz[c ´ ²mc'{ Ã vãÄ via � .

Corollary 6.3.2 raisedthe lower boundof Corollary 6.1.5 from UP to UP� ó � ö . It is
naturalto wonderwhetherthelowerboundcanberaisedto SPP.This is especiallytruein
light of thefactthatBorchertandStephanobtainedSPP-hardnessresultsfor theirnotionsof
“countingproblemsover � ” and“countingproblemsovertherationals”;theirUP-hardness
resultfor standardcountingproblems(i.e.,over w ) is theshortleg of theirpaper. However,
we notethatextendingthehardnesslowerboundto SPPunderthesamehypothesisseems
unlikely. Let BH denotethe Booleanhierarchy[CGH� 88]. It is well-known that NP D
BH D PNP D PH.

Proposition6.3.3 If vÑD�w is finiteor cofinite, then ¬�­Qz c ´ ²�c'{ Ã vðÄ Ú BH.

This resultneedsno proof,asit follows easilyfrom Lemma3.1andTheorem3.1.1(a)
of [CGH� 89] (thoseresultsexcludethecase� Ú v but their proofsclearlyapplyalsoto
thatcase)or from [GW87,Theorem15], in light of therelationshipbetween¬�­Sz[c ´ ²�ce{ Ã vðÄ
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and SAT � mentionedearlier in the presentchapter. Similarly, from earlier work one
can concludethat, thoughfor all finite and cofinite v it holds that ¬�­Qz[c�´ ²�c'{ Ã vãÄ is in
the Booleanhierarchy, theseproblemsarenot goodcandidatesfor completesetsfor that
hierarchy’s higher levels—oreven its secondlevel. In particular, from the approachof
the theoremandproof of [CGH� 89, Theorem3.1.2] (seealso [GW87, Theorem15]) it
is not too hardto seethat

ÃA  åfÄ%£ Ã¸¡ finite vãÄ%£ ¬�­Sz[c ´ ²�ce{ Ã vðÄ is not ¤ ¥ ò 
§ -hardfor NP
 ¦ ÔÃ¢¡
cofinite vãÄ%£ ¬*­Qz[c ´ ²mc'{ Ã vãÄ is not ¤ ¥ ò 
§ -hardfor coNP
 ¦³¦ .
In light of thefact thatSPP-hardnessmeansSPP-¤ ¥} -hardness,theboundof Proposi-

tion 6.3.3yieldsthefollowing result(onecanequallywell statethestrongerclaim thatno
finite or cofinitecountingpropertyof circuitsis SPP- ¤¦¥§ -hardunlessSPP D BH).

Corollary 6.3.4 No finite or cofinite counting property of circuits is SPP-hard unless
SPP D PNP.

Thoughwe do not in this thesisdiscussmodelsof relativizedcircuits andrelativized
formulasto allow this work to relativize cleanly(andwe do not view this asan important
issue),wementionin passingthatthereis a relativizationin whichSPPis notcontainedin
PNP (indeed,relative to whichSPPstrictly containsthepolynomialhierarchy)[For97b].

Corollary 6.3.4makesit clearthat if we seekto prove the SPP-hardnessof counting
properties,we mustfocusonly on countingpropertiesthataresimultaneouslyinfinite and
coinfinite. Eventhis doesnot seemsufficient. Theproblemis that thereareinfinite, coin-
finite setshaving “gaps” so hugeasto make the setshave seeminglyno interestinguse-
fulnessatmany lengths(consider, e.g.,theset Æ@Ï»Ì ÃC  Ó Ä%£ Ï Å�ª���
ef'¯��ß°hc[c���z c��@´ ²'­Sc Ã Ó ¹ Ó Ä3¦ È ).
Of course,in a recursion-theoreticcontext this would beno problem,asa Turingmachine
in the recursion-theoreticworld is free from time constraintsandcansimply run until it
findsthedesiredstructure(which we will seeis a boundaryevent). However, in theworld
of complexity theorywe operatewithin (polynomial)time constraints.Thus,we consider
it naturalto adda hypothesis,in our searchfor anSPP-hardnessresult,requiringthat in-
finitenessandcoinfinitenessof a countingpropertybeconstructiblein a polynomial-time
manner.

Recallthata setof nonnegative integersis infinite exactly if it hasno largestelement.
We will saythata setis P-constructiblyinfinite if thereis a polynomial-timefunctionthat
yieldselementsof thesetat leastaslongaseachgiveninput.

Definition 6.3.5 1. Let åºD`r s . Wesaythat å is P-constructiblyinfinite ifÃA  � Ú FPÄ Ã¸¡ ¸ Ú r s Ä%£¤� Ã ¸³Ä Ú å Ô Ì � Ã ¸³Ä@Ì�î Ì ¸ Ì ¦ º
2. RecallfromChapter2 thestandard bijectionbetweenr s and w . If v DIw , wesay

that v is P-constructiblyinfinite if v , viewedasa subsetof rEs via this bijection, is
P-constructiblyinfiniteaccording to Part 1 of thisdefinition.
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3. If v D`rEs and v (or v Dxw and wIç�v ) areP-constructiblyinfinite, wewill saythatv is P-constructiblybi-infinite.

Notethatsomelanguagesthatareinfinite (respectively, bi-infinite) arenot P-construc-
tibly infinite (respectively, bi-infinite), e.g.,languageswith hugegapsbetweensuccessive
elements.

BorchertandStephan[BS97] alsostudy“counting problemsover the rationals,” and
in this studythey usea root-finding-searchapproachto establishinglower bounds.In the
following proof,weapplythis typeof approach(by whichwemeanthesuccessiveinterval
contractionof thesameflavor usedwhentrying to capturetheroot of a functionon £ �½¹ � ¦
whenoneknowsinitially that,say, � Ã � ÄKäx� and � Ã � ÄE
¥� ) to countingproblems(over w ).
In particular, we usetheP-constructiblybi-infinite hypothesisto “trap” a boundaryevent
of v .

Theorem 6.3.6 EveryP-constructiblybi-infinitecountingpropertyof circuitsis SPP-hard.

Proof. Let vIDxw beany P-constructiblybi-infinitecountingpropertyof circuits.Let q be
any setin SPP.Sinceq Ú SPP, therearefunctions� Ú t Pand � Ú FPsuchthat,for each¸ Ú rEs : Ã ¸ Ú q ¹¼» � Ã ¸³ÄÍÅKu i � ó 6 ö i #�Î�Ä Ô Ã ¸ �Ú q ¹�» � Ã ¸³Ä Å*u i � ó 6 ö i Ä . Let æ and æ beFP
functionscertifying that v and v areP-constructiblyinfinite, in theexactsenseof Part 2
of Definition 6.3.5. We will describea DPTM V that ¤ ¥} -reducesq to ¬�­Sz[c ´ ²�ce{ Ã vðÄ .
For clarity, let �í henceforthdenotethenaturalnumberthatin theabovebijectionbetweenw and r s correspondsto the string í . For convenience,we will sometimesview v asa
subsetof w andsometimesasa subsetof r s (andin thelattercasewe implicitly meanthe
transformationof v to stringsundertheabove-mentionedbijection).

Since clearly vI¤ ¥§ ¬�­Sz[c ´ ²�ce{ Ã vðÄ ,7 we for conveniencewill sometimesinformally
speakas if the set v (viewed via the bijection asa subsetof r s ) is an oracleof the re-
duction.Formally, whenwe do so,this shouldbeviewedasa shorthandfor thecomplete¤ ¥} -reductionthat consistsof the ¤ ¥} -reductionbetweenq and v followed by the ¤ ¥§ -
reductionbetweenv and ¬�­Qz c ´ ²�c'{ Ã vðÄ .

We now describethemachineV . On input ¸ , Ì ¸ Ì Å�· , V proceedsin threesteps.(As
ashorthand,wewill consideŗ fixedandwill write V ratherthan V Counting ó � ö Ã ¸³Ä .)

(1) V runs æ and æ on suitableinputsto find certainsufficiently large stringsin v
and v . In particular, let æ Ã � i � ó 6 ö i � � ÄÍÅ � . Sowe have � �Ú v and Ì � Ì�î Ì � Ã ¸³Ä@Ì´#�Î , andthus

7Either onecanencodea string � (correspondingto the number�� in binary) directly into a circuit ���
suchthat «î�����h� Þ �� (which is easyto do), or onecannotethe following indirect transformation:Let ø��
bean NPTM thaton input � producesexactly �� acceptingpaths.Using a parsimoniousCook-Karp-Levin
reduction(asdescribedearlier),weeasilyobtaina family of circuits ������n� �! #"%$ suchthat,for each�'& " $ ,«î�(�� � � Þ �� .
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�� î�u i � ó 6 ö i � � çkÎæîKu i � ó 6 ö i . Recallthat Ì ¸ Ì'Å6· . Sinceboth æ and � arein FP, thereexistsa
polynomial ) suchthat Ì � Ìß¤*) Ã ·åÄ , andthuscertainly �� 
Iu,+ ó ¼ ö � � . Solet æ Ã �,+ ó ¼ ö � � Ä�Å�ç ,
which implies ç Ú v and Ì ç³Ì�î-) Ã ·»Ä #Ku . Thus, �ç�î¿u + ó ¼ ö � � ç5Î�ä u + ó ¼ ö � � ä.�� . Sinceæ Ú FP, thereclearlyexistsapolynomialë suchthat � ç&
¥u �pó ¼ ö . To summarize,V hasfound
in timepolynomialin Ì ¸ Ì two strings� �Ú v and ç Ú v suchthat u i � ó 6 ö i ¤*�� 
/� ç&
xu �pó ¼ ö .

(2) V performsa searchon the interval £0��ß¹ �ç ¦�D_w to find some ��TÚ w that is a
boundaryeventof v . Thatis, �� will satisfy:(a) �� ¤*�� ¤1�ç , (b) � � �Ú v , and(c) �� #SÎ Ú v .
Since � ç;
�u �pó ¼ ö , thesearchwill terminatein time polynomialin Ì ¸ Ì . For completenesswe
mentionthe very standardalgorithmto searchto find a boundaryevent of v (recall the
commentaboveregardingaccessto v beingin effectavailableto thealgorithm):

Input �� and � ç satisfying�� 
/� ç , �� �Ú v , and � ç Ú v .
Output � � , aboundaryeventof v satisfying�� ¤2�� ¤*� ç .
� � � Å3�� ;

while �çoä/�� #1Î do

� � � Å5476� � 6 ð�98 ; if � � �Ú v then �� � Å/� � else � ç&� Å:� �
endwhile

(3) Now considerthe t P function ; Ã � ¾O¹ ¸ � ÄÍÅ ¾ #�� Ã ¸³Ä andtheunderlyingNPTM
Ù

witnessingthat ; Ú t P. Let
�=<

betheparsimoniousCook-Karp-Levin reductionthaton
eachinput � ¾O¹ ¸ � outputsacircuit (representation)>¿@? ÀÐò 6(A suchthat t Ã >¿@? ÀÐò 6(AJÄÐÅ1; Ã � ¾O¹ ¸ � Ä .
Recallthat V hasalreadycomputed�� (which itself dependson ¸ andtheoracle). V , using�=<

to build its query, now queriesits oracle, ¬�­Qz[c�´ ²�c'{ Ã vãÄ , asto whether >¿ ? 6� è �CB DFE �HG B ò 6IA Ú¬�­Qz c ´ ²�c'{ Ã vðÄ , and V acceptsits input ¸ if andonly if theansweris “yes.” Thiscompletes
thedescriptionof V .

As arguedabove, V runsin polynomialtime. We have to show that it correctly ¤ ¥} -
reducesq to ¬�­Qz[c ´³²�c'{ Ã vãÄ . Assumȩ �Ú q . Then � Ã ¸³Ä Å*u i � ó 6 ö i , andthus

; Ã ���� ç u i � ó 6 ö i ¹ ¸ � Ä ÅJ�� �Ú v º
This impliesthat theanswerto thequery“ >¿ ? 6� è �CB DHE �HG B ò 6IA Ú ¬�­Qz[c ´³²�c'{ Ã vãÄ ?” is “no,” andsoV rejectş . Analogously, if ¸ Ú q , then � Ã ¸³Ä Å*u i � ó 6 ö i #�Î , andthus

; Ã ���� ç~u i � ó 6 ö i ¹ ¸ � ÄÍÅ1�� #�Î Ú v ¹
andso V acceptş .

Finally, thoughwe have stressedways in which hypothesesthat we feel arenatural
yield hardnessresults,we mentionthat for a largevarietyof complexity classes(amongst
them SPP, BPP, PP, and FewP) one can statesomewhat artificial hypothesesfor v that
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ensurethat ¬�­Sz[c ´ ²�ce{ Ã vðÄ is many-onehardfor thegivenclass.For example,if v is any
setsuchthateither Æ@Ï»Ì<Ï is a boundaryeventof v È is P-constructiblyinfinite or Æ@Ï»Ì<Ï is a
boundaryeventof v È is P-constructiblyinfinite, then ¬*­Qz[c ´ ²mc'{ Ã vãÄ is SPP- ¤�¥§ -hard.



Chapter 7

Immunity and Simplicity for Exact
Counting and Other Counting Classes

7.1 Intr oduction

A fundamentaltaskin complexity theoryis to prove separationsor collapsesof com-
plexity classes.Unfortunately, resultsof this kind fall shortfor themostimportantclasses
betweenpolynomialtime andpolynomialspace.In anattemptto find thereasonsfor this
frustratingfailureover many years,andto gainmoreinsight into why thesequestionsare
beyondcurrenttechniques,researchershavestudiedtheproblemof separatingcomplexity
classesin relativizedsettings.Baker, Gill, andSolovay, in their seminalpaper[BGS75],
gave for examplerelativizationsv and å suchthatP� �Å NP� andP
 Å NP
 , settingthe
stagefor ahostof subsequentrelativizationresults.

Separationsarealsoevaluatedwith regardto their quality. A simpleseparation such
asP� �Å NP� merelyclaimstheexistenceof a set K in NP� that is not recognizedby any
P� machine.Thiscanbeaccomplishedby asimplediagonalizationensuringthateveryP�
machinefails to recognizeK by justonestring,which is put into thesymmetricdifference
of K andthemachine’s language.It maywell bethecase,however, thatsomeP� machine
nonethelessacceptsan infinite subsetof K , thus“approximatingfrom the inside” the set
witnessingtheseparation.Thus,onemightarguethatthedifferencebetweenP� andNP� ,
aswitnessedby K , isnegligible. In contrast,astrongseparationof P� andNP� iswitnessed
by a P� -immunesetin NP� . Recallfrom Definition 2.2.5on page16 that,for any class|
of sets,asetis | -immuneif it is aninfinite sethaving no infinite subsetin | .

A relativization in which NP andP arestronglyseparatedwasfirst givenby Bennett
andGill [BG81]. In fact,they proveastrongerresult.Technicallyspeaking,they show that
relative to a randomoracle L , NPM containsa PM bi-immunesetwith probability1. This

97
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was recentlystrengthenedby HemaspaandraandZimand[HZ96] to the strongestresult
possible:Relative to a randomoracle L , NPM containsa PM balancedimmunesetwith
probability1. Seethesereferencesfor thenotionsnot definedhere.

Many moreimmunity resultsareknown—see,e.g.,the papers[HM83, SB84, Bal85,
BR88, TvEB89, BJY90, Ko90, Lis, Bru92, EHTY92, BCS92]. Most importantfor this
chapterarethe resultsand(circuit-based)techniquesof Ko [Ko90] andBruschi[Bru92].
In particular, bothpapersprovide relativizationsin which thelevelsof thepolynomialhi-
erarchy(PH)separatewith immunity, Bruschi’s resultsbeingsomewhatstrongerandmore
refined,asthey refernot only to the r , but alsoto the N levelsof PH. Also, bothauthors
independentlyobtainthe resultthat thereexistsa PH-immunesetin PSPACE, relative to
anoracle. SinceKo’s proof is only briefly sketched,Bruschiincludesa detailedproof of
this result.Thisproof,however, is flawed.1

UsingKo’sapproach,it is not difficult to givea valid andcompleteproof of this result
(andindeedthe presentchapterprovidessucha full proof—noteCorollary 7.3.6). How-
ever, the purposeof this chaptergoesbeyond that: We studyseparationswith immunity
for countingclassesinsidePSPACE with respectto thepolynomialhierarchyandamong
eachother. Countingclassesthat have proven particularlyinterestingandpowerful with
regardto thepolynomialhierarchyarePP, CÅ P,and ß P. CÅ Pis sometimescalledthe“exact
countingclass.” NotethatthePSPACE� setthatis shown by Ko [Ko90] (cf. [Bru92]) to be
PH� -immunein factis containedin ß P� . Ko’s technique[Ko90] is centralto all resultsof
thepresentchapter.

TherelationshipbetweenthesecountingclassesandPH still is a majoropenproblem
in complexity theory, althoughsurprisingadvanceshave beenmadeshowing thehardness
of counting. In particular, Toda[Tod91b] andTodaandOgihara[TO92] have shown that
eachclass | chosenamongPP, CÅ P, and ß P is hard for the polynomialhierarchy(and,
in fact, is hard for | PH) with respectto polynomial-timebounded-errorrandomreduc-
tions. Toda[Tod91b] showed that PP is hard for PH even with respectto deterministic
polynomial-timeTuring reductions.However, it is widely suspectedthat PH is not con-

1In particular, looking into theproof of [Bru92, Thm.8.3], theexistenceof thedesiredoracleextension,O
, in Case(e) of theconstructionis not guaranteedby thecircuit lower boundused.In Case(e) of StageP ,O
is requiredto haveanoddnumberof length Q �RP³� stringssuchthatall circuitsassociatedwith a list of still

unsatisfiedrequirementsrejecttheir inputssimultaneously—aninput correspondsto the
O

chosen;soonceO
is fixed,every circuit hasthesameinput, SUT=�WV#X ÒZY Ú �\[][F[�SUT��_^CX Ò`Y Ú � . Theusedcircuit lower boundfor the

parity functionmerelyensuresthat for eachcircuit � on that list, � computesparity correctlyfor at most
20%of the“odd” inputsof length Q �RP³� . Thus,theextension

O
mustbechosenaccordingto theremaining

80% of suchinputsto make that circuit reject. However, if therearesufficiently many circuits on the list
whosecorrectinput regionshappento cover all “odd” inputsof length Q'�WP¸� (for instance,whenthereare
5 circuits eachbeingcorrecton a different20% of suchinputs),thenthereis no room left to choosea setO5a �CV-)F^-�CX ÒZY Ú of oddcardinalitythatmakesall circuitsrejectsimultaneously.
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tainedin, anddoesnot contain,any of thesecountingclasses.Thereareoraclesknown
relative to which eachsuchcontainmentfails, andsimilarly thereareoraclesrelative to
which eachpossiblecontainmentfor any pair of thesecountingclassesfails (except the
known containmentCÅ P D PP [Sim75, Wag86], which holds relative to every oracle),
see[BGS75, Tor88, Tor91, Bei91,Gre91,Bei94].

Regarding relativized strong separations,however, the only resultsknown are the
above-mentionedresult that for some v , ß P� contains a PH� -immune set [Ko90]
(cf. [Bru92]), and that for some å , NP
 (and thus PH
 and PP
 ) hasa ß P
 -immune
set[BCS92]. In this chapter, we strengthento relativizedstrongseparationsall theother
simpleseparationsthatarepossibleamongpairsof classeschosenfrom Æ PH¹ PP¹ ß P¹ CÅ PÈ .
JustasBalcázarandRusso[Bal85,BR88] exhaustively settled(in suitablerelativizations)
all possibleimmunity and simplicity questionsamongthe probabilisticclassesBPP, R,
ZPP, andPPandamongtheseclassesandP andNP, wedosofor thecountingclassesCÅ P,
PP, and ß P amongeachotherandwith respectto thepolynomialhierarchy.

Ko’sproofof theresultthat ß P� containsaPH� -immunesetexploits thecircuit lower
boundsfor theparity functionprovidedby Yao[Yao85]andHastad[Has89].Noticing that
Hastad[Has89]provedanequallystronglowerboundfor themajority function,onecould
aswell show thatPP� containsaPH� -immunesetfor someoraclev . Weproveastronger
result: By deriving from Razborov’s [Raz87]circuit lower boundfor the majority func-
tion a sufficiently stronglower boundfor theBooleanfunctionthatcorrespondsto “exact
counting,” we constructanoraclerelative to which evenin CÅ P (which is containedin PP)
thereexists a set that is immuneeven to the classBPPb P (which containsPH by Toda’s
result [Tod91b]). This implies a numberof new immunity results,including relativizedß P-immunityandPH-immunityof CÅ P.

Conversely, we show that, in some relativized world, NP (and thus PH and PP)
containsa CÅ P-immuneset, which strengthensTorán’s simple separationof NP and
CÅ P [Tor88, Tor91]. As a corollary of this result,we obtainthat, in the samerelativiza-
tion, CÅ P hasa simpleset,i.e.,a coinfiniteCÅ P setwhosecomplementis CÅ P-immune.Just
like immunity, the notionof simplicity originatesfrom recursive function theoryandhas
laterprovedusefulalsoin complexity theory. Theexistenceof asimplesetin aclass| pro-
videsstrongevidencethat | separatesfrom thecorrespondingclassc\�h| . Ourresultthat,for
someoracle å , CÅ P



hasa simplesetextendsBalcázar’s resultthat,for somev , NP� has

a simpleset[Bal85]. We alsostrengthento a strongseparationGreen’s simpleseparation
that, relative to someoracle, ß P �D PPPH [Gre91]. Similarly, the relativizedsimplesepa-
rationof thelevelsof thePPPH hierarchy[BU] alsocanbeturnedinto a strongseparation.
As a specialcase,this includestheexistenceof a PP-immunesetin PNP (andthusin PH)
relative to someoracle,which improvesuponasimpleseparationof Beigel[Bei94].

This chapteris organizedasfollows. Section7.2 recallsa usefulcharacterizationof
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thepolynomialhierarchyandprovidessomebasicfactsanddefinitionsfrom circuit theory,
seealsoSection2.3. Section7.3 presentsour main result anda numberof relatedim-
munity results.Section7.4 establishesthe remainingimmunity resultsneededto provide
strongrelativizedseparationsof any pair of classeschosenamongPH, PP, ß P, andCÅ P.
Section7.5presentssomeopenquestions.

7.2 Preliminaries

As mentionedin Chapter2, it is well-known thatthelevelsof thepolynomialhierarchy
canbecharacterizedvia alternatingpolynomiallyboundedexistentialanduniversalquan-
tifiers appliedto someP predicate,andthis characterizationholdsin thepresenceof any
givenoracle.Werecalltherelativizedversionof thischaracterizationasthefollowing fact
to motivatetheupcomingDefinition7.3.4.

Fact 7.2.1 [MS72, Sto77, Wra77] Let v beanyoracleset. For each ÖYî � , a set q is
in r + ò �Ò if andonly if there existsa polynomial) anda predicated computablein P� such
that for all strings ¸ ,¸ Ú q ¹¼» Ã

Q� í � Ä Ã Q� í � Ä �m�m� Ã QÒ í Ò Ä%£ed Ã ¸ ¹ í �z¹ í �>¹;º;º;ºå¹ í Ò ÄÐÅTÎ´¦ ¹
where the í Ñ rangeover thelength) Ã Ì ¸ ÌeÄ strings,andfor each Ï , Î�¤1ÏÍ¤5Ö , QÊ Å  

if Ï is
odd,andQÊ Å ¡

if Ï is even.

Someof themostimportantBooleanfunctionsaretheparity functionandthemajority
function.Let usdefinethosefunctionsthatwill beconsideredin thiswork:ò PAR ¼ Ã ¸³ÄÍÅ�Î if andonly if thenumberof bitsof ¸ thatare1 is odd.ò MAJ¼ Ã ¸³ÄÐÅTÎ if andonly if at least f ¼ ��g bitsof ¸ are1.ò EQU

Ò¼ Ã ¸³ÄÐÅTÎ if andonly if exactly Ö bitsof ¸ are1, where�	¤1Ö×¤�· .ò EQU h7ikj �¼ Ã ¸³ÄÍÅ�Î if andonly if exactly f ¼ ��g bitsof ¸ are1.

Unlessstatedotherwise,throughoutthis chapterwe will consideronly constantdepth,
unboundedfanincircuitswith AND, OR, andPARITY gates.Since Æ AND ¹ OR¹ PARITY È
(and indeed, Æ AND ¹ PARITY È ) forms a completebasis,we do not neednegationgates.
Note that switchingfrom onecompletebasisto anotherincreasesthe sizeof a circuit at
mostby aconstant.

Sinceadjacentlevelsof gatesof thesametype canbecollapsedto onelevel of gates
of this type, we view a circuit to consistof alternatinglevels of respectively AND, OR,
andPARITY gates,wherethesequenceof theseoperationsis arbitrary—thedepthof the
circuit thusalsomeasuresthenumberof alternations.



7.3.ImmunityandSimplicity Resultsfor ExactCounting 101

7.3 Immunity and Simplicity Resultsfor Exact Counting

In thissection,weprove themainresultof thischapter:

Theorem 7.3.1 Thereexistssomeoracle v such thatCÅ P� containsa BPPb Pl -immuneset.

Beforeturningto theactualproof, sometechnicaldetailsneedbediscussed.First,we
needasufficientlystronglowerboundonthesizeof the“exactcounting”function,EQU h7ikj �¼ ,
when computedby circuits as describedin the previous section. Razborov proved the
following exponentiallowerboundon thesizeof themajority functionwhencomputedby
suchcircuits;seeSmolensky [Smo87]for ageneralizationof thisresultandasimplification
of its proof.

Theorem 7.3.2 [Raz87] For every Ö , anydepth Ö circuit with AND, OR, andPARITY
gatesthatcomputesMAJ¼ hassizeat least unm ó ¼ .Ro E 2qp ã 2 G ö .

Using this lower boundfor majority, we could (by essentiallythe sameproof asthat
of Theorem7.3.1)directly establishBPPb Pl -immunity of PP� . However, to obtain the
strongerresultof Theorem7.3.1,we now derive from theabove lowerboundfor majority
a slightly weaker lower boundfor the EQU h7ikj �¼ function, still beingsufficiently strongto
establishTheorem7.3.1.

Lemma 7.3.3 For every Ö , there existsa constantG�Ò äK� andan · ÒæÚ w such that for all·Lî · Ò , everydepth Ö circuit with AND, OR, andPARITY gatesthat computesEQU h7ikj �¼
hassizeat least · è � �Sunr p ¼ .Ro E 2qp ã @ G .
Proof. Fix a sufficiently large · . Clearly, the majority function can be expressedas
MAJ¼ Ã ¸³Ä�Å s ¼Êutwv�x 2(y EQU

Ê¼ Ã ¸³Ä . Eachfunction EQU
Ê¼ , �T¤ Ï/¤ · , is a subfunctionof

EQU h7ikj �� ¼ , sincefor eacḩ Ú ÆS� ¹ Î È ¼ , EQU
Ê¼ Ã ¸³Ä Å EQU hCikj �� ¼ Ã ¸ � Ê Î ¼Dè�Ê Ä . Thus,thecircuit com-

plexity of EQU
Ê¼ is at mostthatof EQU h7ikj �� ¼ for eachÏ . Now let sizeÒ Ã EQU h7ikj �¼ Ä denotethe

sizeof asmallestdepthÖ circuitwith AND, OR,andPARITY gatesthatcomputesEQU h7ikj �¼ .
By theaboveobservation,wecanrealizeMAJ v�x 2(y with lessthan ·&� sizeÒ Ã EQU h7ikj �¼ Ä gatesin
depthÖ	#SÎ . Hence,by Theorem7.3.2,

sizeÒ Ã EQU h7ikj �¼ ÄUîk· è � � sizeÒ � � Ã MAJ v�x 2(y ÄÐÅ1· è � �Su r p ¼ .Ro E 2qp ã @ G
for somesuitableconstantG Ò äx� thatdependson Ö .

For technicalreasons,sincewe want to apply the above circuit lower boundto ob-
tain relativized BPPb P-immunity, we will now give an equivalentdefinition of the class
BPPb P in termsof a hierarchydenotedPHb . As explainedlater, PHb will only serve asa



102 7. ImmunityandSimplicity for ExactCountingandOtherCountingClasses

tool in theupcomingproof of Theorem7.3.1. PHb generalizesthepolynomialhierarchy
by allowing—in additionto existentialanduniversalquantifiers—theparity quantifier z ,
where

Ã z íðÄ means“for anoddnumberof stringsí .”

Definition 7.3.4 Let v beanyoracleset.

1. For each Ö/î � , a set q is in PHb ò �Ò if andonly if there existsa polynomial) anda
predicated computablein P� such that for all strings ¸ ,

¸ Ú q ¹�» Ã
Q � í � Ä Ã Q� í � Ä �m�m� Ã QÒ í Ò Ä%£{d Ã ¸ ¹ í �c¹ í �;¹<º;º;ºå¹ í Ò Ä Å Î\¦ ¹

where the í Ñ range over the length ) Ã Ì ¸ Ì Ä stringsandthequantifiers QÑ are chosen
from Æ   ¹ ¡ ¹ z È .

2. DefinePHb ò � Å Û Ê ½ ï PHb ò �Ê .

3. Wewrite PHbÒ for PHb ò |Ò andPHb for PHb ò | .
We stressthat PHb is not a new complexity classor hierarchy, since it is just an-

othernamefor the classBPPb P, ascanbe proven by an easyinductionfrom the results
of Toda [Tod91b] andReganandRoyer [RR95] that } PBPP~ P

, NPBPP~ P
, andcoNPBPP~ P

eacharecontainedin BPP� P.2 Rather, thepurposeof PH� is merelyto simplify theproof
of Theorem7.3.1.In particular, whenusingPH� in placeof BPP� P, wedonothaveto deal
with thepromisenatureof BPPand,moreimportantly, wecanstraightforwardlytransform
circuit lower boundsfor constantdepthcircuitsover thebasis � AND � OR� PARITY � into
computationsof PH�� oracleTuringmachines.

Furst,Saxe,andSipser[FSS84] discoveredtheconnectionbetweencomputationsof or-
acleTuringmachinesandcircuitsthatallowsoneto transformlowerboundson thecircuit
complexity of Booleanfunctionssuchas parity into separationsof relativized PSPACE
from therelativizedpolynomialhierarchy. (We adopttheconventionthat for relativizing
PSPACE, thespaceboundof theoraclemachinebealsoa boundon thelengthof queries
it may ask, for without that convention the problemof separatingPSPACE� from PH�
becomestrivial, see[FSS84].) Sufficiently strong(i.e.,exponential)lowerboundsfor par-
ity were thenprovided by Yao [Yao85] andHastad[Has89], andwereusedto separate
PSPACE� from PH� . They alsoproved lower boundsfor variationsof the Sipserfunc-
tions[Sip83a]to separateall levelsof PH� from eachother, seealso[Ko89].

2In particular, dueto theseresults,PH� in fact consistsof only four levels not known to be the same:
PH���� P, PH� � � NP � coNP ��� P)F�]�F� , andPH���� PH� � BPP� P. Notealsothat in [Tod91b], Toda
preferredtheoperator-basednotation,which dueto theclosureof � PunderTuring reductionsis equivalent,
i.e., �����C� P � BPP� P.
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A technicalprerequisitefor this transformationto work is that thecomputationof any�w��� �� machinecanbesimulatedby a
�w�!� ��u��� machinethathasthepropertythatonall compu-

tationpathsatmostonequeryis askedandthisqueryis askedat theendof thepath,seethe
paper[FSS84, Cor. 2.2]. An oraclemachinehaving thispropertyis saidto beweak. Simi-
larly, thecomputationof any PH� � �� machinecanbesimulatedby a weakPH� � ��u��� machine.
The computationof a weakoraclemachine� � on someinput � canthenbe associated
with a circuit whosegatescorrespondto thenodesof thecomputationtreeof � ��� ��� , and
whoseinputsarethevalues  � ��¡ � for all strings¡£¢ �	¤ thatcanbequeriedby � �¥� ��� . This
correspondencecanstraightforwardly beextendedto the caseof weakPH� � � oraclema-
chinesandis formally statedin Proposition7.3.5below. Theproof of Proposition7.3.5is
standard—see,e.g.,[FSS84, Lemma2.3] and[Ko89, Lemma2.1] for analogousresults—
andthusomitted.Let ¦¨§ª© �_« �­¬]� denotethecollectionof all depth«U®/¯ circuitswith AND,
OR,andPARITY gates,bottomfaninatmost ¬ , andfaninatmost °n± atall remaininglevels.

Proposition7.3.5 Let ² be any oracle and let � be any weakPH� � �� oracle machine
running in time ³ for somepolynomial³ . Then,for each � ¢ � ¤

of length ´ , there exists
a circuit µ·¶ � ¸ in ¦¹§º© �_« �»³ � ´%�]� whoseinputsare thevaluesof   � ��¡ � for all strings ¡£¢ �	¤
with ¼ ¡ ¼¾½.³ � ´%� such that µ·¶ � ¸ outputs1 if and only if � � accepts� . In particular, it
follows from the boundeddepthand fanin of the circuits in ¦¨§ª© ��« �»³ � ´%�­� that the sizeof
circuit µ·¶ � ¸ is boundedby °�¿�À·Á`Â!Ã for somepolynomialÄ!¶ dependingon � .

Now wearereadyto proveourmainresult.

Proof of Theorem 7.3.1. For any set Å , let

ÆªÇ'È �nÉ\Ê9¼(ËÍÌ ¯ andthenumberof length Ë stringsin Å equals° ÊªÎ � �ÐÏ
Clearly, for eachÅ ,

ÆªÇ
is in C

È
P
Ç
.

We will constructtheset ² suchthat
Æ � ¢ C

È
P� is PH� � � -immune,i.e.,

Æ � is infinite
andno infinite subsetof

Æ � is containedin PH� � � . SinceBPP� P È PH� holdstruein the
presenceof any fixedoracle,thiswill provethetheorem.Also, sinceeveryPH� � �� machine
canbetransformedinto a weakPH� � �� ��� machine,it sufficesto ensurein theconstructionof² that

(a)
Æ � is infinite, and

(b) for eachweakPH� � � oraclemachine� for which
Æ � � � � is aninfinite subsetof

Æ � ,
it holdsthat � � doesnot recognize

Æ � .

Fix an enumeration� ÁRÑ Ã� �I� ÁWÑ ÃÒ �#Ï�Ï�Ï of all weak PH� � ÁRÑ Ã oraclemachines;we assume
themachinesto beclockedsothat for each« , theruntimeof machine� ÁRÑ Ã� is boundedby
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³ � � ´%� È ´ � ®Ó« for inputsof length ´ . In particular, if « ÈÕÔ»Ö �Ø×ÐÙ , the « th machine� ÁWÑ Ã� in this
enumerationis the × th weakPH� � ÁRÑ Ã� oraclemachine,� ÁWÑ ÃÚ � � Û­Ü , in theunderlyingenumeration

of weakPH� � ÁWÑ Ã� oraclemachines.SatisfyingProperty(b) abovethenmeansto satisfyin the
constructionthefollowing requirementÝ � for each« Ì ¯ for which � �� acceptsaninfinite
subsetof

Æ � :

Ý �ßÞ Æ � � �� �%à Æ �âáÈ3ã Ï
WesaythatRequirementÝ � is satisfiedif, atsomepoint in theconstructionof ² ,

Æ � � �� ��àÆ �âáÈJã
canbeenforced.

As a technicaldetail that is oftenusedin immunity constructions,we requireour enu-
merationof machinesto satisfythatfor infinitely many indices« it holdsthat �*ä� accepts
theemptysetfor everyoracleå , whichcanbeassumedwithout lossof generality. Wewill
needthispropertyin orderto establish(a).

Now we give theconstructionof ² , whichproceedsin stages.In Stage« , themember-
ship in ² of all stringsup to length ¬ � will bedecided,andthepreviousinitial segmentof
theoracleis extendedto ² � . Stringsof length ½æ¬ � thatarenot explicitly addedto ² � are
never addedto theoracle.We define ² to be ç �Rè�é ² � . Initially, ² é is setto theemptyset
and ¬ é È É . Also, throughouttheconstruction,wekeepalist ê of unsatisfiedrequirements.
Stage«ªë É is asfollows.

Stageì . Add « to ê . Considerall machines� ÁWÑ Ãíkî �#Ï�Ï�Ïï�I� ÁRÑ Ãí�ð correspondingto indices ñ(ò
that at this point are in ê . Let ó Èõô÷önø � Ö ò�¼nñ,ò È Ô»Ö ò��k×#òIÙ and ¯ ½úùû½Íüý� be
the maximumlevel of the PH� � ÁRÑ Ã hierarchyto which thesemachinesbelong(not
taking into accountthe collapseof PH� È

BPP� P mentionedin Footnote2). Letþ ÿ � Ò ë É be the constantand ´ ÿ � Ò ¢ �
be the numberthat exist for depth ó ® °

circuitsaccordingto Lemma7.3.3. ChooseË È Ë � ë ô÷önø �!¬ � Î � �������¥´ ÿ � Ò � to be
thesmallestintegersuchthat

þßÿ � Ò	� °�Ê 
 Á Ò ÿ ��� Ã ë Ë ® «�®

�
ò�� � Ä í�� � Ë �(�

wherethe polynomials Ä í � È Ä!¶	� � correspondto the machineswith indicesin ê
accordingto Proposition7.3.5.

Distinguishtwo cases.

Case1: Thereexistsan ù , ¯ ½3ù£½3ü , andanextension��� � Ê of ² � Î � suchthatÉ Ê á¢ Æ�� andyet � ����� î�� �í�� acceptsÉ Ê . Let  ù bethesmallestsuchù . Cancelñ�!ò
from ê , set ² � to ² � Î �#" � , andset ¬ � to ³ � � Ë � . NotethatRequirementÝ í%$� has
beensatisfiedat thisstage.
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Case2: For all ù , ¯ ½.ù�½ ü , andfor all extensions�&� � Ê of ² � Î � , É Ê á¢ Æ��
impliesthat � �'�(� î)� �í�� rejectsÉ Ê . In thiscase,norequirementcanbesatisfiedat
thisstage.However, to achieveProperty(a),wewill force É Ê into

Æ � . Choose
someextension  �*� � Ê of ² � Î � suchthat (i) thenumberof length Ë strings

in  � equals° Ê¥Î � , and(ii) for eachù , ¯ ½ ù9½ ü , � �'�(� î�� !�í�� rejects É Ê . We
will arguelater (in Claim 1 below) thatsuchanextension  � exists. Set ² � to² � Î �+"  � andset ¬ � to ³ � � Ë � .

End of Stageì .
Notethatby thedefinitionof ¬ � andby ourchoiceof Ë � , theoracleextensionin Stage«

doesnot injure thecomputationsconsideredin earlierstages.Thus,

�-,�« Ì ¯ � .eÉ\Ê � ¢ Æ �'�0/21 É\Ê � ¢ Æ �43 , and(7.3.1)

�-,�« �k× Ì ¯ � .Z� ���Û acceptsÉ Ê � /21 � �Û acceptsÉ Ê � 3 .(7.3.2)

Thecorrectnessof theconstructionwill now follow from thefollowing claims.

Claim 1. For each« Ì ¯ , thereexistsanoracleextension  � satisfying(i) and(ii) in Case2
of Stage« .
Proof of Claim 1. ConsiderStage« . For eachù ¢ � ¯ �#Ï�Ï�Ïï�Cüý� , let µ ¶ � � � é�5 bethecircuit
that, accordingto Proposition7.3.5,correspondsto the computationof � í�� runningon
input É Ê . Fix all inputsto thesecircuitsexceptthoseof length Ë consistentlywith ² � Î � .
That is, for eachù ¢ � ¯ ��Ï�Ï#Ïï�Cüý� , substitutein µ ¶ � � � é 5 the value   ����� î ��¡ � for all inputs
correspondingto strings ¡ with ¼ ¡ ¼¾½5¬ � Î � , andsubstitutethe value0 for all inputscor-
respondingto strings ¡ with ¬ � Î �76 ¼ ¡ ¼ ½ ¬ � and ¼ ¡ ¼ áÈ Ë . Call the resultingcircuits8µ íØî � é 5 ��Ï�Ï#Ïï� 8µ í ð � é 5 . By Proposition7.3.5,for eachù , 8µ í�� � é 5 is in ¦¹§ª© � ó��»³ í�� � Ë �­� , its ° Ê
inputscorrespondto thelength Ë strings,andfor each�9� � Ê , it holdsthat8µ í�� � é�5 on input   � � É Ê � �:�:�   � �H¯ Ê � outputs1 /21 � ����� î;� �í�� acceptsÉ Ê .(7.3.3)

Createanew circuit µ Ò 5 È OR

ò�� � 8µ ¶�� � � é 5 whose° Ê inputscorrespondto thelength Ë

stringsandwhoseoutputgateis anORgateoverthesubcircuits
8µ í î � é 5 ��Ï�Ï�Ï%� 8µ í�ð � é 5 . Thus,µ Ò 5 is adepth ó ® ° circuit with AND, OR,and } gateswhosesizeis boundedby

¯¾®

�
ò�� � ° ¿ � � Á Ê Ã ½1° �u�=< ð��> î ¿ � � Á Ê Ã

(notethat ü ½ « ). By ourchoiceof Ë , wehave ° Ê ë ´ ÿ � Ò and

° �u�=< ð��> î ¿ � � Á Ê Ã 6 °ÐÎ�Ê � °@?BA)CED Á Ò 5 Ã îGF)H DIA)CBJ�K Ï
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Thus,by Lemma7.3.3,circuit µ Ò 5 cannotcomputethe functionEQU LNM)O PÒ 5 correctlyfor all
inputs. Sinceby the conditionstatedin Case2 andby Equivalence(7.3.3)above, µ Ò 5
behavescorrectlyfor all inputscorrespondingto any set � of length Ë stringswith É Ê á¢Æ��

, it followsthat µ Ò 5 mustbeincorrectonaninputcorrespondingto someset  � of lengthË stringswith É Ê ¢ Æ !� , i.e., µ Ò 5 on input   !� � É Ê � �:�:�   !� �F¯ Ê � outputs0. Since µ Ò 5 is
theORof its subcircuits,eachsubcircuitoutputs0 onthis input. Thus,Equivalence(7.3.3)

impliesthatfor eachù , ¯ ½2ù'½2ü , � �'�(� î�� !�í � rejectsÉ Ê . Q ORM)SUT �
Claim 2.

Æ � is aninfinite set.

Proof of Claim 2. Recallour assumptionthat the index setof the emptyset is infinite.
Sinceno requirementÝ � for which « is an index of the emptyset can ever be satisfied
and since,by construction,somerequirementis satisfiedwhenever Case1 occurs,this
assumptionimpliesthatCase2 musthappeninfinitely often.By construction,somestring
is forcedinto

Æ � whenever Case2 occurs.Hence,
Æ � is an infinite set. This provesthe

claimandestablishesProperty(a). Q ORM)SUT Ò
Claim 3. For every « Ì ¯ , � �� doesnotacceptaninfinite subsetof

Æ � .

Proof of Claim 3. For each « , RequirementÝ � either is satisfiedat somestageof the
construction,or is never satisfied. If Ý � is satisfiedat Stage× , thenCase1 happensin
Stage× , andso É ÊWV ¢ Æ � � � V� �nà Æ � V . By Equivalences(7.3.1)and(7.3.2),É ÊWV ¢ Æ � � �� � àÆ � , so

Æ � � �� � á� Æ � . Now supposethatRequirementÝ � is neversatisfied.We will argue
that

Æ � � �� � à Æ � thenis a finite set.By construction,sincewe addedto ² only stringsof
lengthsË Û , where× Ì ¯ and Ë Û is theintegerchosenin Stage× , Æ � containsonly strings
of the form É ÊWV for some× Ì ¯ . Note that « is addedto ê in Stage« andwill staythere
forever. For each× Ì « , if É ÊXV ¢ Æ � (andthus É ÊWV ¢ Æ � V by (7.3.1)),thenCase2 must

have occurredin Stage× . Consequently, � � V� (andthus � �� by (7.3.2)) rejects É ÊXV for
every ×÷Ì « . It followsthatfor each« , Æ � � �� �¨à Æ � hasatmost «�Y9¯ elements,proving the
claim. Q ORM)SUT[Z

Hence,
Æ � is aBPP� P\ -immunesetin C

È
P� .

In particular, Theorem7.3.1immediatelygivesthefollowing corollary. All strongsep-
arationsin Corollary7.3.6arenew, exceptthePH� -immunity of PSPACE� (andof PPP\ ,
since ��,^] �+.Z} P_`� PPPa 3 ), which is alsostated(or is implicit) in [Ko90, Bru92], andex-
cepttheBPPb -immunityof PPb (andits superclasses)provenin [BR88]. Wealsomention
thatBovetetal. [BCS92] notedthatPPc stronglyseparatesfrom

�w�!� cÒ for someoracled .

Corollary 7.3.6 Let ¦ � beanyclasschosenamongC
È
P, PP, PC� P, PPP, andPSPACE, and

let ¦ Ò beanyclasschosenamongBPP� P, BPP, PH, and } P. There existssomeoracle ²
such that ¦ �� containsa ¦ �Ò -immuneset.
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Whatabouttheconversedirection?DoesBPP� P, or evensomesmallerclass,contain
a C
È
P-immune,or evena PP-immune,setrelative to someoracle?NotethatTorán[Tor88,

Tor91]providedasimpleseparationof thiskind: Thereexistsanoracle² suchthatNP� á�
C
È
P� ; see[Bei91] for a simplificationof the proof of Torán’s result. We strengthenthis

resultby showing thattheseparationis witnessedby aC
È
P_ -immunesetin NP_ for another

oracleset ] . Indeed,the only propertyof C
È
P neededto obtaina relativized separation

from NPwith immunity is thatC
È
Pis closedunderfinite unions,3 andthisclosureproperty

relativizes.

Lemma 7.3.7 For every oracle ² , C
È
P� is closedunderfinite unions. That is, given a

finitecollection Ë � �CË Ò ��Ï�Ï#Ïï�7Ë ÿ of NPOTMs,thereexistsanNPOTM Ë such that for each
input � , Ë � accepts� (in thesenseof C

È
P) if andonly if for some× , Ë �Û accepts� (in the

senseof C
È
P), i.e., for each � ¢ �	¤ ,
accÊ \ � ��� È rejÊ \ � ��� /e1 ��f × Þ ¯ ½â× ½1ó¨�+. accÊ \V � ��� È rejÊ \V � ��� 3 Ï

Theorem 7.3.8 There existssomeoracle ] such thatNP_ containsa C
È
P_ -immuneset.

Proof. Thewitnesssetherewill be
Æ _ , wherefor any set Å ,ÆªÇ'È �nÉ Â ¼I´�Ì ¯ andthereexistsastringof length ´ in Å �

is a setin NP
Ç
. Fix anenumerationË ÁRÑ Ã� �7Ë ÁRÑ ÃÒ ��Ï�Ï�Ï of all NPOTMs, againhaving theprop-

erty that for infinitely many indicesthe machinewith that index acceptsthe empty set
regardlessof theoracle.(Throughoutthis proof, “acceptance”means“C

È
P acceptance”as

in Lemma7.3.7.) As in the proof of Theorem7.3.1,we try to satisfyfor each« Ì ¯ for
which Ë _� acceptsaninfinite subsetof

Æ _ , therequirement

Ý �ßÞ Æ � Ë _� �%à Æ _ áÈJã Ï
Again,thestage-wiseconstructionof ] È ç ��è�é ] � is initializedby setting] é to theempty
setandtherestraintfunction ¬ é to 0, andwe keepa list ê of currentlyunsatisfiedrequire-
ments.Stage«ªë É is asfollows.

Stageì . Add « to ê . Considerall machinesË ÁWÑ ÃíØî ��Ï#Ï�Ïï�7Ë ÁRÑ Ãí�ð correspondingto indices ñ(ò
thatat this point arein ê . Let Ë ÁWÑ Ãg bethemachinethatexists for Ë ÁRÑ ÃíØî ��Ï�Ï�Ïï�CË ÁWÑ Ãí ð by
Lemma7.3.7,i.e., for everyoracleh andfor eachinput � ,

Ëjig accepts� /e1 ��f ù Þ ¯ ½2ù�½2ü �+.ZËkií�� accepts� 3 Ï(7.3.4)

3It is known thatC� Pis closedevenunderpolynomial-time“positive” Turingreductions,see[LLS75] for
thedefinition. Theproof of this closurepropertyof C� P is implicit in themethodsof [GNW90], ashasbeen
notedin [Rot93] for thepositive truth-tablecase;thesameresultwasnotedindependentlyin [BCO93]. We
referto thosesourcesfor a proofof Lemma7.3.7.
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Let ³ g bethepolynomialboundingtheruntimeof Ë ÁWÑ Ãg . Choosé
È ´ � ë ¬ � Î � to be

thesmallestintegersuchthat °�Â ë °(³ g � ´ï� . Chooseanoracleextension�l� � Â of] � Î � suchthat � ÈJã /21 Ë _ ��� î;� �g acceptsÉ Â .(7.3.5)

It hasbeenshown in [Bei91] thatanoracleextension� satisfying(7.3.5)existsif ´
is chosenasabove. Set ] � to ] � Î �4" � andset ¬ � to ³ g � ´%� . If theextension� chosen
is theemptyset,thenby (7.3.5)and(7.3.4),thereexistsan ù , ¯ ½Jù ½ ü , suchthatË _ ��� îí�� acceptsÉnÂ . Let  ù bethesmallestsuchù , andcancelñm!ò from ê .

End of Stageì .
Notethatif we have chosen� È-ã

in Stage« , then É Â á¢ Æ�� andRequirementÝ í $� has
beensatisfied.On theotherhand,if � áÈ.ã

, thenby (7.3.5)and(7.3.4),we have ensured
that (i) É Â ¢ Æ��

, and(ii) for eachù , ¯ ½ ù ½ ü , Ë _ ��� î;� �í � rejectsÉ Â . Now, anargument
analogousto Claims2 and3 in theproofof Theorem7.3.1showsthat

Æ _ is aC
È
P_ -immune

setin NP_ , completingtheproof.

Similarly, thereexistssomeoracleµ suchthatNPb (andthusPHb andPPb ) hasa } Pb -
immuneset—thisresultwasobtainedby Bovet et al. [BCS92], basedon their sufficient
conditionfor proving relativized strongseparationsandon Torán’s simpleseparationof
NPand } P [Tor91].

Sincethe inclusionsNP � PPandcoNP � C
È
P hold relative to every fixed oracle,

Theorem7.3.8immediatelygivesthefollowing corollaries.

Corollary 7.3.9 There existssomeoracle ] such thatPP_ containsa C
È
P_ -immuneset.

Recall from the introductionthat for any complexity class ¦ , a set is saidto be sim-
ple for ¦ (or ¦ -simple) if it belongsto ¦ andits complementis ¦ -immune. Homerand
Maass[HM83] provedtheexistenceof a recursively enumerableset ² suchthatNP� con-
tainsa simpleset,andBalcázar[Bal85] improvedthis resultby making ² recursive via a
novel andvery eleganttrick: his constructionstartswith a full oracleinsteadof anempty
oracleandthenproceedsby deletingstringsfrom it. Balcázar’s result in turn wasgen-
eralizedby Torenvliet andvan EmdeBoas[Tor86, TvEB89] to the secondlevel andby
Bruschi[Bru92] to all levelsof thepolynomialhierarchy. BalcázarandRusso[BR88] also
proved(relative to someoracle)theexistenceof a simplesetin theone-sidederrorprob-
abilistic classR, which is containedin NP à BPP. Our resultbelow thatC

È
P hasa simple

setin somerelativization(all our oraclesarerecursive) extendsthoseprevioussimplicity
resultsthateacharerestrictedto classescontainedin thepolynomialhierarchy. Sinceof the
classeswe consider(PH, PP, } P, andC

È
P), all classesexceptC

È
P areknown to beclosed
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undercomplement,C
È
Pis theonly classfor whichit makessenseto askabouttheexistence

of simplesets.

Corollary 7.3.10 There existssomeoracle ] such thatC
È
P_ containsa simpleset.

Proof. Let ] be the oracleconstructedin the proof of Theorem7.3.8andlet
Æ _ be the

witnesssetof thisproof. Considerthecomplement
Æ _ of

Æ _ in
�	¤

. Since
Æ _ ¢ NP_ ,

Æ _
is in coNP_ andthusin C

È
P_ . It hasbeenshown in theproof of Theorem7.3.8that

Æ _ ,
thecomplementof

Æ _ , is an infinite sethaving no infinite subsetin C
È
P_ . That is,

Æ _ is
C
È
P_ -simple.

7.4 Immunity Results for Other Counting Classesand
Hierar chies

Thelastsectionin particularshowedthat,in suitablerelativizations,C
È
P (andthusPP)

is immuneto bothPHand } P(Corollary7.3.6),andNP(andthusPHandPP)is immuneto
C
È
P(Theorem7.3.8andCorollary7.3.9)andto } P[BCS92]. In thissection,wewill prove

theexistenceof oraclesrelative to which PNP (andthusPH) is immuneto PP, andrelative
to which } P is immuneto PPPH. The latter resultstrengthensthepreviously known rela-
tivizedstrongseparationof } P from PH [Ko90] (cf. [Bru92]), andit alsoimpliesthenew
relativizedstrongseparationof } Pfrom PP.NoticingthatC

È
P � PPholdsin all relativiza-

tions,wethushavesettledall possiblerelativizedstrongseparationquestionsinvolving any
pairof classeschosenamongPH,PP, } P, andC

È
P,asclaimedearlier.

Weshow theseremainingresultsby improving known relativizedsimpleseparationsto
strongones.Thesimpleseparation��f ² �+.Z} P� á� PP� 3 [Tor88,Tor91] (seealso[Bei91])
wasstrengthenedby Green[Gre91]to ��f�] �+.Z} P_ á� PPPHa 3 .

Sincethe analogof Lemma7.3.7 as well holds for PP (in fact, PP is closedunder
polynomial-timetruth-tablereductions[FR91], and this proof relativizes), the following
theoremcan be shown by the techniqueusedto prove Theorem7.3.8. First, we state
the analogof Lemma7.3.7 in termsof weak PPPH oraclemachines.The proof of this
lemmasimply follows from the relativized versionof the proof that PP is closedunder
finite unions,which is aspecialcaseof its closureundertruth-tablereductions[FR91].

Lemma 7.4.1 Let ² beanyoracleand
Ö ÌÕÉ beany integer. Givenanyfinite collectionË � �CË Ò ��Ï#Ï�Ïï�7Ë ÿ of weakPPPH oraclemachines,there existsa weakPPPH oraclemachineË such that for each input � , Ë � accepts� if and only if for some× , ¯ ½ ×û½úó , Ë �Û

accepts� .
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Theorem 7.4.2 Thereexistssomeoracle d such that } Pc (andthusPPPn andPSPACEc )
containsa PPPHn -immuneset.

Proof. Sincethe proof is very similar to that of Theorem7.3.8, we only mentionthe
differences.Thewitnesssetherewill be

Æ c , wherefor any set Å ,

ÆªÇ'È �nÉ Â ¼I´�Ì ¯ andthereexistsanoddnumberof length ´ stringsin Å �
is asetin } P

Ç
. Now, Ë ÁWÑ Ã� �7Ë ÁRÑ ÃÒ ��Ï�Ï#Ï is anenumerationof all weakPPPH

Hpo K oraclemachines,
and“acceptance”refersto suchmachines.In Stage« of theconstruction,weagainconsider
all machinesË ÁRÑ ÃíØî ��Ï�Ï#Ï%�7Ë ÁWÑ Ãí ð correspondingto indicesñ(ò thatat thispointarein thelist ê of

currentlyunsatisfiedrequirements,andthemachineË ÁRÑ Ãg (with polynomialtimebound³ g )

thatexistsfor themby Lemma7.4.1.AssumeË ÁWÑ Ãg is a PPq@r%s Hto Ku machine,andlet v � bethe
constantthat exists for suchmachinesby [Gre91,Thm. 5]. Then,asshown in [Gre91,
Thm.7], choosinǵ

È ´ � ë ¬ � Î � to bethesmallestintegersuchthat

°(³ g � ´%�	½ ôxw�y � � ° Â � � 
 � D �zv � ° ÂnÁ � ��� Ã 
 � D Y2¯ �
implies that thereexists an extension �{� � Â of the oracleasconstructedso far, d � Î � ,
suchthat É Â ¢ Æ�� if andonly if Ë c ��� î�� �g rejectsÉ Â .
Corollary 7.4.3 There existssomeoracle d such that } Pc containsa setimmuneto PPc
andto PHc .

By essentiallythesamearguments,alsotheveryrecentresultof Berg andUlfberg [BU]
that thereis an oraclerelative to which the levels of the PPPH È ç � è�é PPq r u hierarchy
separatecanbestrengthenedto level-wisestrongseparationsof this hierarchy. Note that
this result generalizesBeigel’s [Bei94] result that �;f ² �+.PNP\ á� PP� 3 . The proof of
Theorem7.4.4is omitted,sinceit is very similar to the previous proofs,the only differ-
encebeing that it is basedon the constructiongiven in [BU]. The interestedreaderis
referredto [Rot98c]for acompleteproofof this result.

Theorem 7.4.4 For any
Ö Ì ¯ , there exists someoracle | such that Pq r%s }u containsa

PPq r�s }u � î -immuneset.In particular, PNP} (andthusPH~ ) hasa PP~ -immuneset.

7.5 Conclusionsand OpenProblems

In this chapter, we have shown that all possiblerelativized separationsinvolving the
polynomialhierarchyandthe countingclassesC

È
P, PP,and } P canbe madestrong. In
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particular, wehaveextendedto thesecountingclassespreviouslyknown strongseparations
of Ko [Ko90] andBruschi[Bru92], andwe have strengthenedto strongseparationspre-
viously known simpleseparationsof Torán [Tor88,Tor91], Green[Gre91], andBerg and
Ulfberg [BU]. We have alsoshown thatC

È
P containsa simplesetrelative to someoracle,

complementingthe correspondingresultsof BalcázarandRusso[Bal85, BR88] for NP
andR, andof Torenvliet andvan EmdeBoas[Tor86,TvEB89] andBruschi[Bru92] for� � ÿ , ó ë ¯ . However, many questionsremainopen.Themostobviousquestionis whether
theseimmunity resultscanbestrengthenedto bi-immunityor evento balancedimmunity;
see,e.g.,thepaper[HZ96].

Regardingthe existenceof simplesetsin C
È
P_ , note that our constructionof ] can

easily be interleaved with other immunity oracleconstructionsto show resultssuchas:
Thereexists an oracle ² such that C

È
P� containsa simple set and anotherset that is

P� -immune; see [Bal85] for the analogousresult for NP. Torenvliet and van Emde
Boas[Tor86, TvEB89] have even constructedan oraclerelative to which NP containsa
languagethat simultaneouslyis simpleand P-immune. Can this alsobe shown to hold
for C

È
P?

Our main result that thereexists some ² suchthat C
È
P� containsa BPP� P\ -immune

setis optimalin thesensethatfor all oracles] , C
È
P_ clearlyis containedin PP_ andthus

in PP� Pa . However, it is alsoknown thatBPP� P � Almost.Z} P3 [TO92,RR95],wherefor
any relativizedclass¦ , Almost. ¦ 3 denotestheclassof languages

Æ
suchthatfor almostall

oraclesetså ,
Æ

is in ¦ ä [NW94]. It is anopenproblemwhetherBPP� P È Almost.Z} P3 ,
seethepaper[RR95]. Soit is possiblethatAlmost.`} P3 is astrictly largerclassthanBPP� P.
It is unlikely thatC

È
Pis containedin Almost.`} P3 . Is thereanoraclerelativeto whichC

È
Pis

evenimmuneto Almost.Z} P3 ? Weconjecturethatthis is thecase.Relatedly, canany of the
immunity resultsof this chapterbeshown to hold with probability1 relative to a random
oracle?
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Chapter 8

Tally NP Setsand EasyCensus
Functions

8.1 Intr oduction

Doesevery P set have an easy(i.e., polynomial-timecomputable)censusfunction?
Many importantpropertiessimilar to this onewerestudiedduringthepastdecadesto gain
insightinto thenatureof feasiblecomputation.Amongthequestionsthatwerepreviously
studiedare the questionof whetheror not every P set hasan easy-to-computeranking
function[GS91,HR90],whethereveryPsetis P-isomorphicto somerankableset[GH96],
whethereverysparsesetin Pis P-printable[HY84, AR88,RRW94],whethereveryinfinite
set in P hasan infinite P-printablesubset[AR88] (notealsothe resultsof Chapter3, in
particularTheorem3.3.3),whetherevery P-printablesetis P-isomorphicto sometally set
in P [AR88], andwhetherevery P setadmitseasycertificateschemes(seeChapter3), to
namejust a few. Someof thosequestionsarisein the field of datacompressionandare
relatedto Kolmogorov complexity, someare linked to the questionof whetherone-way
functionsexist.

Extendingthis line of research,thepresentchapterstudiesthecomplexity of comput-
ing the censusfunctionsof setsin P. Censusfunctionshave proven to be a particularly
importantandusefulnotionin complexity theory, andtheir usehashada profoundimpact
uponalmostevery areaof thefield. In particular, considertheextensive literaturerelated
to theIsomorphismConjectureof BermanandHartmanis(e.g.,[BH77,Mah82],andmany
other papers),the work on the existenceof Turing-hardsparsesets(or of polynomial-
size circuits) for variouscomplexity classes(e.g., [KL80, KS85, BBS86, HR97b]), the
resultsrelating the computationtimes for NP setsto their densitiesand the resultson
P-printability [HY84, AR88, RRW94, GH96], the upward separationtechnique(e.g.,

113
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[Har83b,HIS85,All91, RRW94,HJ95], see[HHH99] for morerecentadvancesthatarenot
basedoncensusfunctions),theresultsonpositiverelativizationandrelativizationto sparse
oracles(e.g.,[Lon85, LS86,BBS86]), theunexpectedcollapseof thestrongexponential-
timehierarchy[Hem89], andapplicationsto extendedlowness[HJRW98].

Valiant, in his seminalpapers[Val79a,Val79b], introduced� P, theclassof functions
thatcountthesolutionsof NP problems,andits tally version � P� for which theinputsare
givenin unary. Although � P� hasnot becomeasprominentas � P, it containsa number
of quite interestingand importantproblemssuchas the problem �W�'�@� - ���4�'�B�4���������'�@�
(see[Wel93]): Given an integer ´ in unary, computethe numberof self-avoiding walks
on the squarelattice having length ´ androotedat the origin. �W�'�@� - �W�=�'�B�4�:�'�k���'�E� is
a well-known classicalproblemof statisticalphysicsandpolymerchemistry, andit is an
intriguing openquestionwhether �W�'�@� - �W�=�'�B�4�:�'�������E� is � P� -complete,see[Wel93].
Known problemscompletefor � P� [Val79b] have theform: Givenan integer ´ in unary,
computethenumberof graphshaving ´ verticesandsatisfyingafixedgraphproperty� .

In Section8.3, we will characterizethe questionof whetherevery P sethasan easy
censusfunctionin termsof collapsesof languageandfunctionclassesthatareconsideredto
beunlikely. In particular, everyP sethasaneasycensusfunctionif andonly if � P� � FP.
The main technicalcontribution in Section8.3 is Theorem8.3.7: � P� PH is containedin
FP� P

î�� P
î
. An immediateconsequenceof this result are upward collapseresultsof the

form: The collapse� � � P � FP implies the collapse� � � PH � FP. Thus,every P set
hasaneasycensusfunctionif andonly if everysetin thepolynomialhierarchyhasaneasy
censusfunction.Notethatthecorrespondingupwardcollapsefor the � operatorappliedto
thelevelsof PHfollowsimmediatelyfrom theupwardcollapsepropertyof thepolynomial
hierarchyitself: � � P � FPimpliesNP

È
P andthusPH

È
P; so, � � PH

È � � P � FP.
However, for the � � operatorthis is notsoclear, sincetheassumption� � � P � FPmerely
implies that all tally NP setsare in P (equivalently, NE

È
E), from which one cannot

immediatelyconcludethat � � � PHor even � � � NPis containedin FP.In fact,Hartmanis,
Immerman,andSewelson[HIS85] show that in somerelativizedworld, NE

È
E andyet

the(weak)exponential-timehierarchydoesnot collapse.In light of this result,it is quite
possiblethattheassumptionof all tally NPsetsbeingin Pdoesnot forceall tally setsfrom
higherlevelsof thepolynomialhierarchyinto P.

We show that the assumption� P� � FP impliesboth P
È

BPPandPH � MOD ÿ P
for eachó Ì ° (Theorem8.3.6). We alsorelatea set’s propertyof having aneasycensus
function to otherwell-studiedpropertiesof sets,suchasrankability [GS91]andscalabil-
ity [GH96]. In particular, thoughevery rankablesethasaneasycensusfunction,we show
that (evenwhenrestrictedto the setsin P) the converseis not true unlessP

È
PP. This

expandsthe resultof HemaspaandraandRudichthat every P set is rankableif andonly
if P

È
PP[HR90] by showing that P

È
PPis alreadyimplied by the apparentlyweaker
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hypothesisthateveryPsetwith aneasycensusfunctionis rankable.
Cai and Hemaspaandra[CH89] introducedthe notion of enumerative countingas a

way of approximatingthe valueof a � P function deterministicallyin polynomial time.
HemaspaandraandRudich[HR90] show thatevery P setis ó -enumeratively rankablefor
somefixed ó in polynomial time if andonly if � P

È
FP. They concludethat it is no

morelikely thatonecanenumeratively rankall setsin Pthanthatonecanexactlycompute
their rankingfunctionsin polynomialtime. In Section8.4, we similarly characterizethe
questionof whetherevery P sethasa censusfunction that is ´ ? -enumerablein time ´#�
for fixedconstantsþ and � (equivalently, whetherevery � P� functionis ´ ? -enumerablein
time ´#� ). We show that this hypothesisimplies � P� � FP, andwe concludethat it is no
morelikely thatonecan ´ ? -enumeratethecensusfunctionof every P setin time ´ � than
thatonecanpreciselycomputeits censusfunctionin polynomialtime.

Finally, Section8.5providesanumberof relativizationresults.

8.2 Notation and Definitions

For any set
Æ

, thecensusfunctionof
Æ

, census� Þ �	¤�� �
, is definedby

census� �H¯ Â � È ¼�¼ Æ � Â ¼�¼`Ï
We notethatthecensusfunctionof

Æ
at ´ is oftendefinedasthenumberof elementsin

Æ
of lengthup to ´ in theliterature.Thisdefinitionandourdefinitionarecompatibleaslong
asour computabilityadmitssubtraction.We alsonotethatwe let census� mapstrings ¯ Â
(asopposedto numberś in binarynotation)to ¼�¼ Æ � Â�¼R¼ to emphasizethat theinput to the
transducercomputingcensus� is givenin unary.

Thedefinitionsof sparsesetsandtally setsaregivenin Chapter2 on page17. Recall
that FP is the classof polynomial-timecomputablefunctions. We write FP� to denote
theclassof functionscomputablein polynomialtime by deterministictransducerswith a
unaryinput alphabet.Recall that an unambiguousTuring machineis a nondeterministic
Turing machinethat on eachinput hasat mostoneacceptingpath. UE, the exponential-
timeanalogof theclassUP(definedin Chapter2), is theclassof all languagesacceptedby
someunambiguousTuringmachinerunningin in time °E� Â for someconstantv .

Recallthatfor any nondeterministicTuringmachine� andany input � ¢ �	¤ , acc¶ � ���
denotesthenumberof acceptingpathsof � � ��� . A spanPmachine[KST89] is anNP ma-
chinethathasa specialoutputdevice on which someoutputis printedfor eachaccepting
path.For any spanPmachine� andany input � ¢ �	¤ , span¶ � ��� is definedto bethenum-
berof distinctoutputsof � � ��� if � � ��� hasat leastoneacceptingpath,and0 otherwise.
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A tally NP machine(respectively, a tally spanPmachine) is anNP (respectively, a spanP)
machinewith a unaryinputalphabet.

Recallfrom Chapter2 thedefinitionof thefunctionclass� P
È � acc¶ ¼,� is anNPmachine�ÐÏ

A numberof relatedfunctionclassesaredefinedasfollows.

Definition 8.2.1 1. [Val79b] � P� È � acc¶J¼,� is a tally NPmachine� .
2. [KST89] spanP

È � span¶ ¼,� is a spanPmachine� .
3. spanP� È � span¶ ¼(� is a tally spanPmachine� .
4. � E

È � acc¶J¼,� is anNE machine� .
Recall the notion of the “ � ” operatorprovided by Definition 2.2.2 on page15 that

generalizestheclass� P. Thefollowing definitiongivesthe“tally” analogof thisoperator,
whichgeneralizestheclass� P� .
Definition 8.2.2 For any language class ¦ , define � � � ¦ to be the class of functions� Þ � ¤ � �

for which there exist a set ² ¢ ¦ and a polynomial ³ such that for each´ ¢ � , � �H¯ Â � È ¼�¼��B��¼=¼ � ¼ È ³ � ´ï� and
Ô ¯ Â �N��Ù ¢ ² �U¼�¼�Ï

As statedbelow, bothoperators,� and � � , aremonotonic.Sincethispropertyfollows
immediatelyfrom thedefinitions,weomit theproofof thefollowing proposition.

Proposition8.2.3 Let ¦ and � beanyclassesof sets.

1. If ¦��`� , then � � ¦���� � � .

2. If ¦��`� , then � � � ¦���� � � � .

Next, we gathersomeeasyobservations regarding equivalent formulationsof the
classes� PPH and � P� PH to beusedin Section8.3.Analogsof Proposition8.2.4for classes
other thanPH asthe oracleclasscould be statedaswell; we focushereon the classof
interestto us.

Recallthat, for any languageclass¦ , we write P E¡ �I¢ to indicatethaton every input in
theP  computationat mostonecall to the ¦ oracleis allowed. Similarly, for any function
class£ , we write P¤ ¡ �I¢ to indicatethaton every input in theP¤ computationat mostone
call to thefunctionoraclefrom £ is allowed.
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Proposition8.2.4 Thefollowing threestatementsare true.

1. PPH È PPH¡ �I¢ .
2. � � � PPH È � � � PPH¡ �I¢ È � � � PH

È � P� PH¡ �I¢ È � P� PH.

3. � � PPH È � � PPH¡ �I¢ È � � PH
È � PPH¡ �I¢ È � PPH.

Proof. Part 1 follows immediatelyfrom thefact thatPH is closedunderpolynomial-time
Turing reductions.Thatis,

PPH � PH � PPH¡ �I¢ � PPH ¥
so,theabove inclusionsareequalities.

Part 2: Fromtheproof of part1 andthemonotonicityof the � � operator(seeProposi-
tion 8.2.3),wehave thefirst two equalities:� � � PPH È � � � PPH¡ �I¢ È � � � PH.

To seethat � � � PH �¦� P� PH¡ �I¢ , let
� ¢ � � � PH bewitnessedby a set ² ¢ PH anda

polynomial³ ; i.e., for each́ ¢ � ,� �H¯ Â � È ¼�¼`�B� ¼�¼ � ¼ È ³ � ´%� and
Ô ¯ Â �N��Ù ¢ ² �U¼R¼�Ï

Considerthefollowing tally NPoraclemachine� . On input ¯ Â , � with oracle² guesses
a string � of length ³ � ´%� , andfor each� guessed,� acceptsif andonly if

Ô ¯ Â��N��Ù ¢ ² .
Hence,

� ¢ � P� PH¡ �I¢ .
Since � P� PH¡ �I¢ �l� P� PH, it remainsto show that � P� PH �§� � � PH. Let

� ¢ � P� PH

bewitnessedby a tally NP oraclemachine� with oracle ² ¢ PH; i.e.,
� È

acc¶ \ . We
assumethat all computationpathsof � on input ¯ Â areencodedasstringsin �nÉ¹� ¯ � � Á`Â!Ã
for somepolynomial ³ , wherethe oraclequeriesthat are asked on sucha pathand the
correspondinganswersarepartof theencodingstring.Define ] to bethesetof all stringsÔ ¯ Â �N��Ù suchthat¨ ´ ¢ � ,¨ � ¢ �nÉ¹� ¯ � � Á`Â!Ã encodesanacceptingcomputationpathof � ���F¯ Â � with oraclequeries© � � © Ò �#Ï�Ï�Ïï� ©,ÿ , and¨ for each« with ¯ ½ « ½ ó , � �w�F¯ Â � on path � proceedsin the“yes” stateif andonly

if © � ¢ ² .

It followsthat ] ¢ PH andthatfor each́ ¢ � ,� �H¯ Â � È ¼�¼`�B� ¼�¼ � ¼ È ³ � ´%� and
Ô ¯ Â �N��Ù ¢ ² �U¼R¼�Ï
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Hence,
� ¢ � � � PH, completingtheproofof part2.

Theproofof part3 is analogousto theproofof part2.

Recallthenotionof P-isomorphismfrom Definition 2.2.6on page16. We now define
two specialtypesof P-isomorphisms,the length-preservingand the order-preservingP-
isomorphisms.

Definition 8.2.5

1. A P-isomorphismª is length-preservingif for all � ¢ � ¤ , ¼Uª � ����¼ È ¼ �¥¼ .
2. A P-isomorphismª mappingset ²«� �	¤

to set ] � �	¤
is order-preservingif for any

twostrings� and � satisfyingeither � �N� ¢ ² or � �N� á¢ ² , if �ý½¬� then ª � ���	½�ª � �¨� .
The notion of rankability is given in Definition 2.2.7 on page17. Goldsmithand

Homer[GH96] introducedthepropertyof scalability, amoreflexible notionthanrankabil-
ity in which the rank of somegivenelementwithin the set is not necessarilydetermined
with respectto thelexicographicorderof

�	¤
, but ratherwith respectto anywell-orderingof�	¤

thatcanbe“scaled”by a polynomial-timecomputableandpolynomial-timeinvertible
bijectionbetween

�
and

� ¤
. Equivalently, GoldsmithandHomer[GH96] provedthat the

scalablesetsarepreciselythosethatareP-isomorphicto somerankableset.Thedefinition
below is basedon thischaracterization.

Definition 8.2.6 [GH96] A language ² is scalableif it is P-isomorphicto a rankable
set. For anyoracle å , the å -scalablesetsare thosethat are Pä -isomorphicto someset
rankablein FPä .

8.3 DoesP HaveEasyCensusFunctions?

We startby exploring therelationshipsbetweenthepropertiesof a setbeingrankable,
beingscalable,andhaving aneasycensusfunction.Let ² beany set(notnecessarilyin P).
Considerthefollowing conditions:

(i) ² is rankable.

(ii) ² hasaneasycensusfunction.

(iii) ² is P-isomorphicto somerankableset(i.e., ² is scalable).

(iv) ² is P-isomorphicto somerankablesetvia somelength-preservingisomorphism.

(v) ² is P-isomorphicto somerankablesetvia someorder-preservingisomorphism.
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P

scalable

rankable

P-isomorphicto somerankableset
via somelength-preservingisomorphism

easycensusfunction

Figure8.1: Inclusionstructureof thesetsin PsatisfyingProperties(i) through(iv)

It is immediatelyclearthatfor any set ² , (i) implieseachof (ii), (iv), and(v), andeach
of (iv) and(v) implies (iii). Thenext propositionshows that the rankablesetsareclosed
underorder-preservingP-isomorphisms(thus,conditions(i) and(v) in factareequivalent)
andthattheclassof setshaving aneasycensusfunctionis closedunderlength-preserving
P-isomorphisms.Thelatter fact immediatelygivesthat(iv) implies(ii), sinceevery rank-
ablesethasan easycensusfunction. The inclusionstructureof the setsin P satisfying
Properties(i) through(iv) is givenin Figure8.1.

Proposition8.3.1 Thefollowing twostatementsare true.

1. Theclassof all rankablesetsis closedunderorder-preservingP-isomorphisms.

2. Theclassof setshavingan FP-computablecensusfunctionis closedunderlength-
preservingP-isomorphisms.

Proof. (1) Let ² be P-isomorphicto a rankableset, ] , via someorder-preservingiso-
morphism,ª . Since ] is rankable,] is rankable.Let respectively ù and ­ù betheranking
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functionsfor ] and ] . For any string � ¢ �	¤
, let lex � ��� denotethe lexicographicorder

of � ; i.e., thenumberof strings® ¢ �	¤ with ®-½û� . Definethefunction

ùE¯ � ��� È ° ù � ª � ���]� if � ¢ ²
lex � ��� Y ­ù � ª � ���­� if � á¢ ² .

Clearly, ù ¯ is computablein polynomialtimeand ù ¯ is therankingfunctionfor ² .
(2) Let ² beP-isomorphicto a set ] with census_ ¢ FPvia somelength-preserving

isomorphism,ª . Then,for each ´ , ª � ² � Â � È ] � Â . Thus,census� È v²±�´%Ä�³�Ä _ , which
impliescensus� ¢ FP.

Soweareleft with only thefour conditions(i) to (iv). Sincetherearenonrecursivesets
with anFP-computablecensusfunction,but any setsatisfyingoneof (i), (iii), or (iv) is in P,
condition(ii) in generalcannotimply any of theotherthreeconditions.On theotherhand,
whenwe restrictour attentionto thesetsin P having easycensusfunctions,we canshow
that(ii) implies(i) if andonly if P

È
PP. Thus,evenwhenrestrictedto Psets,it is unlikely

that(ii) is equivalentto (i).

Theorem 8.3.2 All Psetswith aneasycensusfunctionare rankableif andonly if P
È

PP.

Proof. HemaspaandraandRudich[HR90] show thatP� P È P if andonly if everyP setis
rankable.Noticing thatP

È
PPis equivalentto P� P È P, this resultin particularimplies

thateveryPsetwith aneasycensusfunctionis rankableif P
È

PP.
Conversely, assumethateveryPsetwith aneasycensusfunctionis rankable.Weshow

thatthis assumptionimpliesP
È

PP. Let
Æ

beany setin PP, andlet ² bea setin P and ³
beapolynomialsuchthatfor all � ¢ � ¤ ,

� ¢ Æ /21 ¼�¼`�B� ¼\¼ �ß¼ È ³ � ¼ �¥¼e� and �#�´� ¢ ² �U¼R¼ÐÌ1° � Á-µ ¸ µ Ã Î � Ï
Define ¶

È �E·²���#�¸� ¼7� �N� ¢ �	¤ � ¼ � ¼ È ³ � ¼ �¥¼e�I�¹· ¢ �nÉ¹� ¯ �Ð� and   � � �#�¸�¹� È ·��ÐÏ
Clearly,

¶
¢ P. Also, the censusfunction of

¶
is easyto compute:Given ´ in unary,

computethelargestinteger « suchthat «�® ³ ��« � ®»º ½2´ . Then,

census¼ �F¯ Â � È�° ° � � � Á � Ã if «�® ³ ��« � ®½º È ´É if «�® ³ ��« � ®½º 6 ´ .

Since

¶
¢ P andcensus¼ ¢ FP, our hypothesisimplies that

¶
is rankable.Let ù be the

rankingfunctionfor

¶
. For each� ¢ � � , let

8� denotethelexicographicpredecessorof � .
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Notethat,for each� ¢ � �
, ù � É����#� ¯ � Á�µ ¸ µ Ã � Y ù �F¯ � 8�#� ¯ � Á�µ ¾¸ µ Ã � givesthenumberof strings� of length³ � ¼ �¥¼{� suchthat �#�´� á¢ ² . Hence,for each� ¢ � � ,

� ¢ Æ /21 ù � É����#� ¯ � Á�µ ¸ µ Ã � Y ù �F¯ � 8�#� ¯ � Á-µ ¾¸ µ Ã �	½1° � Á�µ ¸ µ Ã Î � Ï
Sincethepredicateontheright-handsideof theaboveequivalencecanbedecidedin poly-
nomialtime, it followsthat

Æ ¢ P.

Corollary 8.3.3 All P setsare rankableif and only if all setsin P with an easycensus
functionare rankable.

Onemight askwhetheror not all P setsoutrighthave aneasycensusfunction(which,
if true,wouldmakeCorollary8.3.3trivial). Thefollowing characterizationof thisquestion
in termsof unlikely collapsesof certainfunction andlanguageclassessuggeststhat this
probablyis not true.Thus,Corollary8.3.3is nontrivial with thesamecertaintywith which
webelieve thatfor instancenotall � P� functionsarein FP.1

Theorem 8.3.4 Thefollowingfivestatementsareequivalent.

1. EveryPsethasanFP-computablecensusfunction.

2. � P� � FP.

3. � E
È

FE.

4. P� P
î È

P.

5. For everylanguage
Æ

acceptedbya logspace-uniformdepth2 AND-ORcircuit fam-
ily of bottomfan-in2, census� is in FP.

Proof. To show that(1) implies(2), let
�

beany functionin � P� . Let � besometally NP
machinewith acc¶ È �

. Assumethat � runsin time ´ ÿ , for someconstantó . Define

² È �!�£¼\¼ �¥¼ È ´ ÿ for somé and � encodesanacceptingpathof � �F¯ Â �I�ÐÏ
Clearly, ² is in P (notethat ´ canbe found in polynomialtime, sincecomputingthe ó th
rootof someintegercanbedonein polynomialtime). Now from ourhypothesisit follows
thatcensus� is in FP, andsincecensus� È acc¶ , wehave

� ¢ FP.

1It is not difficult to construct—bystandardtechniques—anoraclerelative to which ¿ P�ÁÀÂ FP. On the
otherhand,we will show in Section8.5 that, relative to someoracle, ¿ P� Â FP,yet ¿ P À� FP (andthus
PP À� P).
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Conversely, let ² beanarbitrarysetin P. Define � to bethetally NPmachinethat,on
input ¯ Â , guessesan � ¢ �nÉ�� ¯ � Â , andfor each� guessed,acceptsalongthepathfor � if
andonly if � ¢ ² . Then,acc¶ È

census� . Sinceby hypothesisacc¶ ¢ FP, it followsthat
census� ¢ FP.

Theequivalenceof (2) and(3) canbeprovenby meansof standardtranslation—thisis
essentiallythefunctionanalogof Book’s resultthatevery tally NPsetis in P if andonly if
NE

È
E [Boo74]; seethepapers[Har83b,HIS85] for theextensionof this resultto sparse

sets.
Theequivalenceof (2) and(4) is straightforward.
It is easyto seethat (2) implies (5). In orderto prove that (5) implies (2), note that

computingthenumberof satisfyingassignmentsfor monotone2CNFformulasis complete
for � P [Val79b] underlogspacereductions.Now, givena function

�
in � P� , thereexist

logspace-computablefunctionsÝ , Å , and Ã suchthatfor all ´ , Ý �H¯ Â � is amonotone2CNF
formulawith Ã �F¯ Â � variables,and

� �F¯ Â � equalsthe numberof satisfyingassignmentsforÝ �F¯ Â � dividedby Å �F¯ Â � . ThereductionÝ canbemodifiedsothat for every ´ , Ã �H¯ Â ��� � ëÃ �F¯ Â � . Now let µ 
 bethecircuit definedasfollows: (a) if ü È Ã �H¯ Â � for somé , then µ 

is a depth2 AND-OR circuit thattestswhetheranassignment,givenastheinput,satisfiesÝ �F¯ Â � , and (b) if not, µ 
 is a depth1 AND circuit that rejectsall inputs. This circuit
family | È �nµ 
 � is logspace-uniform.Now let ² bethelanguageacceptedby | . Then,
for every ´ ,

� �F¯ Â � È census� �F¯ÅÄ Á ��Æ Ã ��Ç�Å �H¯ Â � . Thus,(5) impliesthat
� ¢ FP.

Theorem8.3.4canaswell bestatedfor moregeneralclassesthan � P� È � � � P. In
particular, thiscommentappliesto � � � ¦ , wherefor instance¦ È NPor ¦ È PH. Noticing
that spanP� È � � � NP and focusingon the first two conditionsof Theorem8.3.4, this
observationis exemplifiedasfollows.

Theorem 8.3.5 Thefollowingtwostatementsare true.

1. EveryNPsethasanFP-computablecensusfunctionif andonly if spanP� � FP.

2. Everysetin PHhasanFP-computablecensusfunctionif andonly if � � � PH � FP.

Wewill show laterthattheconditionsof Theorem8.3.4in factareequivalentto thetwo
conditionsstatedin eitherpartof Theorem8.3.5.

We now givetwo moreconsequencesof theassumption� P� � FP.

Theorem 8.3.6 If � P� � FP, thenthefollowingtwostatementsare true.

1. For anyfixed ó Ì1° , PH � MOD ÿ P, and

2. P
È

BPP.
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Proof. Suppose� P� � FP. In orderto prove thefirst part,notethat if a naturalnumberó1Ì ° hasprime factorizationof the form ³=È î� �:�:� ³ È�É± , thenMOD ÿ P È � Æ � à �:�:� à Æ ± ¼Æ � ¢ MOD� î P��Ï�Ï�Ï%� Æ ± ¢ MOD� É P� [Her90, BG92]. Thus it suffices to show that for
everyprime ó Ì1° , PH � MOD ÿ P.

We claim that for every prime óûÌ5° , eachlanguagein PH belongsto MOD ÿ P/poly
with anadvicefunction in FP� P¡ �I¢ . To prove the claim, let

Æ
beany languagein PH andóûÌ5° be any prime number. TodaandOgihara[TO92] prove that some ² ¢ MOD ÿ P

witnessesthat
Æ ¢ MOD ÿ P/polytogetherwith somepolynomiallylength-boundedadvice

function.Fix suchan ² anddefine] È � Ô ¯ Â �N® Ù ¼�´�Ì ¯ andfor every � , ¼ �¥¼ È ´ , � ¢ Æ if andonly if
Ô � �N® Ù ¢ ² �ÐÏ

Define
�

to bethefunctionthat,for each́ , maps̄ Â to thelexicographicallysmalleststring® suchthat
Ô ¯ Â �N® Ù ¢½] . Since

Æ ¢ PH and ² ¢ MOD ÿ P, ] belongsto coNPPH
�

MOD A P,
which is includedin PHMOD A P. Then

�
is total and

� ¢ FPNPa � FPPHMOD A P
. Todaand

Ogiharashow thatPHMOD A P � BPPMOD A P. A partof theproofof Toda’sTheorem[Tod91b]
showsBPP� P � P� P¡ �I¢ . By following thesameargumentonecanshow thatfor everyprimeóÓÌ1° , BPPMOD A P � P� P¡ �I¢ , completingtheproofof theclaim.

Since
�

canbecomputedin FP� P¡ �I¢ , theset

� Ô ¯ Â � « �z·(Ù ¼n´�Ì ¯ , · ¢ �nÉ¹� ¯ � , andthe « th bit of
� �F¯ Â � is ·!�

canbedecidedin polynomialtime with onequeryto a suitablefunction Ê in � P. Let © Â � �
bethestringthatis queriedon input

Ô ¯ Â � « �N·,Ù . Definea � P� function Ë byË �H¯ Â � È Ô Ê � © Â � � �I�ÌÊ � © Â � Ò �I��Ï�Ï�Ïï�zÊ � © Â � � Á`Â!Ã �]Ù,�
where³ is apolynomialboundingthelengthof theadviceandthevalueof Ë �F¯ Â � is viewed
asanumberwrittenin binary. Onequeryto Ë will allow ustocompute

�
; i.e.,

� ¢ FP� � P
î ¡ �I¢ .

Applying our supposition� P� � FP, we concludethat
�

canbecomputedin polyno-
mial time. Since

Æ
is in ÍÏÎÑÐ ÿ P/polywith polynomial-timecomputableadvice,it follows

that
Æ ¢ MOD ÿ P. Hence,PH � MOD ÿ P.

In order to prove the secondpart, note that BPP � P/poly [Adl78] andBPP � PH
[Sip83b,Lau83]. By following the proof of the first part with P in placeof MOD ÿ P we
obtainthatBPP � P.

Now we show that the conditionsof Theorem8.3.4 in fact areequivalentto the two
conditionsstatedin eitherpart of Theorem8.3.5. To this end,we establishthe follow-
ing theorem,which is interestingin its own right. Theorem8.3.7 is the main technical
contribution in thissection.
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Theorem 8.3.7 � P� PH � FP� P
î � P
î
.

Beforewe turn to the proof of Theorem8.3.7,we discusssomeissuesrelatedto this
result.

First,westressthatTheorem8.3.7is a novel insightanddoesnot trivially follow from
known results.In particular, Toda’s resultthatPH � P� P¡ �I¢ doesnot imply Theorem8.3.7
in any obviousway. NotethatToda’sTheoremdoesimply thefollowing two inclusions:2� P� PH ��� P� � P¡ �I¢ , and(8.3.1)

� PPH ��� P� P¡ �I¢ Ï(8.3.2)

Observe, however, that the oracleson the right-handsidesof the inclusions(8.3.1)and
(8.3.2)are � P functions.In contrast,Theorem8.3.7establishescontainmentof � P� PH in
a classin which only � P� oraclesoccur. Althoughour proof alsoappliesthe techniques
of Toda[Tod91b] andTodaandOgihara[TO92], our resultseemsto beincomparablewith
theaboveconsequence(8.3.1)of Toda’sTheorem.

Second,canTheorem8.3.7bestrengthenedto FPPH or even � PPH beingcontainedin
FP� P

î�� P
î
? We notethat thecontainmentFPPH � FP� P

î�� P
î

appearsto beunlikely, sinceit
would imply thatFPPH � FP/poly. In turn, theassumptionFPPH � FP/poly implies that
the polynomialhierarchyhaspolynomial-sizecircuitsandthuscollapsesby the resultof
Karp andLipton [KL80]. In contrast,theinclusionFP� PH � FP� /poly, which indeeddoes
follow from Theorem8.3.7,merelyimplies thatall tally setsin PH have polynomial-size
circuits, a true statementthat hasno unlikely consequences.Indeed,P/poly is known to
containall tally setsandeventheTuringclosureof thesparsesets.

Third, we mentionthat Theorem8.3.7 nonethelesscan be strengthened.Note that
our proof below will make useof TodaandOgihara’s [TO92] resultthatPH �.} P/poly.
SinceTodaandOgihara[TO92] alsoshowedthat } PPH/poly

È } P/poly, andso } PPH �} P/poly, Theorem8.3.7andits corollariescouldbestatedevenwith PHreplacedby } PPH.
However, we focuson thePH case,asthis is amorenaturalandmorecentralclass.

Now, we turn to theproofof Theorem8.3.7.

2Frompart1 of Proposition8.2.4andfrom Toda’sTheorem,wehave:

PPH � PPHÒ �-Ó Â PPÔ PÕ Ö�× Ò �IÓ � PØ PÒ �-Ó �
Theinclusions(8.3.1)and(8.3.2)now follow from Proposition8.2.3,theequalities¿ � � PPH � ¿ P� PH and¿ � PPH � ¿ PPH from parts2 and3 of Proposition8.2.4,andthesimilar observationsthat ¿ � � PØ PÒ �-Ó �¿ P� Ø PÒ �IÓ and ¿�� PØ PÒ �IÓ � ¿ PØ PÒ �IÓ .
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Proof of Theorem 8.3.7. Let
�

beany functionin � P� PH. By part2 of Proposition8.2.4,
wehave � P� PH È � � � PH. Thus,thereexist aset ÙÆ ¢ PHandapolynomial Ù³ suchthatfor
eachlength ´ ,

� �H¯ Â\� È ¼�¼`�B� ¢ �nÉ¹� ¯ �ÛÚ� Á`Â!Ã�¼ ¯ Âm�´� ¢ ÙÆ �U¼�¼ .
Beforewe proceedwith the proof, a technicalpoint needbe discussed.For the cal-

culationsin the final paragraphof this proof, it would be useful to have a polynomial Ù³
satisfyingthatfor each́ , ����� Ù³ � ´%� is aninteger, i.e., Ù³ � ´%� is apowerof two. Sincethatcan-
not beassumedin general,we definea function ³ Þ �Ü� �

asfollows. For each́ , ³ � ´ï�
is thesmallestpower of 2 suchthat Ù³ � ´ï� ½û³ � ´%� . Sincefor every integerthereis a power
of 2 that is at mostdoublethat integer, we have ³ � ´ï� ½.° Ù³ � ´ï� ; so, ³ still is polynomially
boundedin ´ . Defineapaddedversion

Æ
of ÙÆ byÆ È � ¯ Â �´�'® ¼ ´ ¢ �&Ý ¼ � ¼ È Ù³ � ´%� Ý ¯ Â �¸� ¢ ÙÆlÝ ® È É � Á�Â�Ã Î Ú� Á`Â!Ã �ÐÏ

It followsthat
Æ ¢ PHandfor eachlength ´ ,

� �F¯ Â\� È ¼R¼��B� ¢ �nÉ¹� ¯ � � Á`Â!Ãª¼ ¯ Â��´� ¢ Æ �U¼R¼ .
By TodaandOgihara’s resultthatPH �3} PÇ poly [TO92],thereexist aset ² ¢ } P, an

advicefunction Ê Þ � ¤ � � ¤
, anda polynomial © suchthatfor eachlength ü andeach�

of length ü , it holdsthat ¼RÊ �F¯ 
 �!¼ È © � ü � , and � ¢ Æ
if andonly if

Ô � �zÊ �H¯ 
 �­Ù ¢ ² . By
theargumentgivenin theproof of Theorem8.3.6, Ê is computablein FP� � P

î ¡ �I¢ . Let � be
a machinewitnessingthat ² ¢ } P, i.e., for everystring ¡ , ¡ ¢ ² if andonly if acc¶ ��¡ � is
odd.

Toda[Tod91b] definedinductively the following sequenceof polynomials:For each× ¢ � , define Ä é � ×�� È × , andfor each× ¢ � and «ªë É , define

Ä � � ×�� È ºU� Ä � Î � � ×��­�ßÞ ®½à�� Ä � Î � � ×��­� Z Ï
Onevery usefulpropertyof this sequenceof polynomialsis that for all « �Ø× ¢ �

, it holds
that Ä � � ×�� È v Û � ° Ò � for somev Û ¢ � if × is even,and Ä � � ×�� È Ö Û � ° Ò � Y1¯ for some

Ö Û ¢ �
if × is odd;seeToda[Tod91b] for theinductionproof.

Wedescribeapolynomial-timeoracletransducer

¶
that,oninput ¯ Â , invokesits � P� � P

î
function oracle Ë on ¯ Â , receivesthe number Ë �H¯ Â � written in binary, andthenprints in
binarythenumber

� �H¯ Â=� . Formally, function Ë is definedbyË �F¯ Â � È �áÌâBã é � �;ä r H Æ K#å Ä í Æ � acc¶ � Ô ¯ Â �´���ÌÊ �F¯ Â ����� � Á`Â!Ã �]ÙC�­�çæ Ò �
whereñ Â È �G���%³ � ´ï� .

Intuitively, thefactthat Ë is in � P� � P
î

follows from thepropertiesof theTodapolyno-
mials,from theclosureof � P(henceof � P� ) understrongsumandproduct,3 andfrom the
factthatadvicefunction Ê is computablein FP� � P

î ¡ �I¢ .
3That ¿ P is closedunderstrongsumandproductmeansthefollowing: If èêéê¿ Pand ë is a polynomial,

thenthe functionssumìîímï ��ð�ñ òÌñ ó�ô)õGñ ö÷ñ ø è�ì�ù(í'ú�ûBü�ï andprodì(í�ï ��ý � ómòNó�ô)õGñ ö÷ñ ø è�ì�ù(í'ú�ûBü�ï both arein ¿ P.
We referto thework of Fenneretal. [FFK94] for a proofof thisclaim.
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More formally, to show that Ë ¢ � P� � P
î
, wedescribea tally NPoraclemachineþ and

a � P� oracle ÙË for þ suchthat, for every ´ , thenumberof acceptingpathsof þ on input¯ Â with oracle ÙË equalsË �F¯ Â�� .
On input ¯ Â , þ first getstheadvicestring ÿ Â È Ê �F¯ Â ����� � Á�Â�Ã � of length © � ´ ®û¯ª® ³ � ´%�]�

via onecall to someappropriate� P� oracle,say ÙË . This is possibleby theargumentgiven
in the proof of Theorem8.3.6, which shows how to construct ÙË . Then, þ guessesall
strings � of length ³ � ´%� andfor each� guessedproceedsasfollows. For fixed ´ and � of
length ³ � ´%� , let × Â � á be a shorthandfor acc¶ � Ô ¯ Â �´���zÿ Â ÙC� . Note that, for given ´ and �
of length ³ � ´%� , � Ä í Æ � × Â � á �­� Ò is a polynomialin × Â � á of degree ° Ò í Æ ��� , which is polynomial
in ´ . Also, thecoefficientsof thepolynomial � Ä í Æ � × Â � á �­� Ò aredeterministicallycomputable
in time polynomialin ´ ; seeToda[Tod91b]. Sinceacc¶ ¢ � P and � P is closedunder
strongsumandproduct(seeFootnote3), thefunctionmapping

Ô ¯ Â �´���zÿ Â Ù to � Ä í Æ � × Â � á �­� Ò
is in � P. Let  þ be an NP machinewitnessingthat this function is in � P. Then, þ on
input ¯ Â canfor eachguessed� produceexactly � Ä í Æ � × Â � á �]� Ò acceptingpathsby simulating þ on input

Ô ¯ Â �´���Nÿ Â Ù . Again usingthe closureof � P understrongsum,it follows thatË ¢ � P� � P
î
, asclaimed.

By theabovepropertiesof theTodapolynomials,it followsthatfor each́ andfor each� of length³ � ´%� , if × Â � á is eventhen Ä í Æ � × Â � á � È v Û Æ s � � ° Ò � Æ for somev Û Æ s � ¢ � , andif × Â � á is
oddthen Ä í Æ � × Â � á � ÈJÖ Û Æ s � � ° Ò � Æ Y2¯ for some

Ö Û Æ s � ¢ � .
Thus,recallingthat ° í Æ È ³ � ´%� , wehave

× Â � á is even
È 1 � Ä í Æ � × Â � á �­� Ò È � v Û Æ s � Ò � ° � Á�Â�Ã Î � �­° � Á`Â!Ã ��� , and

× Â � á is odd
È 1 � Ä í Æ � × Â � á �­� Ò È � Ö Û Æ s � Ò � ° � Á`Â!Ã Î � Y Ö Û Æ s � �­° � Á`Â!Ã ��� ®1¯ Ï

Definingtheinteger-valuedfunctions

Ùv � ´ �N�¨� È v Û Æ s � Ò � ° � Á`Â!Ã Î � , andÙÖ � ´ �N�¨� È Ö Û Æ s � Ò � ° � Á�Â�Ã Î � Y Ö Û Æ s � �
weobtain:

� Ä í Æ � × Â � á �]� Ò È ° Ùv � ´w�N�¹� � ° � Á`Â!Ã ��� if × Â � á is evenÙÖ � ´w���¨� � ° � Á`Â!Ã ��� ®1¯ if × Â � á is odd,

thatis, thevalueof � Ä í Æ � × Â � á �]� Ò is a multipleof either ° � Á�Â�Ã ��� or ° � Á�Â�Ã ��� ®3¯ , dependingon
theparity of × Â � á . Since

� �F¯ Â���½.° � Á`Â!Ã andsince× Â � á is oddif andonly if ¯ Â��´� ¢ Æ
, the

rightmost³ � ´%� ®3¯ bits of thebinaryrepresentationof Ë �F¯ Â\� representthevalueof
� �H¯ Â�� .

Hence,afterthevalueË �F¯ Â � hasbeenreturnedby theoracle,

¶
canoutput

� �H¯ Â � by printing
the ³ � ´ï� ®1¯ rightmostbitsof Ë �H¯ Â � . Thiscompletestheproof.
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Since � P� � FP impliesFP� P
î � P
î � FP,we have from Theorem8.3.7the following

corollary.

Corollary 8.3.8 � P� � FP if andonly if � P� PH � FP, andin particular, � P� � FP if and
only if spanP� � FP.

Corollary 8.3.8togetherwith the equivalencesof Theorems8.3.4and8.3.5givesthe
following.

Corollary 8.3.9 EveryP sethasaneasycensusfunctionif andonly if everysetin PH has
aneasycensusfunction.

Köbleret al. [KST89] provedthatspanP
È � P if andonly if NP

È
UP. Their proof

alsoestablishestheanalogousresultfor tally sets:

Lemma 8.3.10 (implicit in [KST89]) spanP� È � P� if andonly if every tally NP setis
in UP.

Using Lemma8.3.10,we now show thatspanP� and � P� aredifferentclassesunless
NE

È
UE, or unlesseverysparsesetin NP is low for SPP. A set Å is saidto be ¦ -low for

someclass¦ if ¦ Ç È ¦ ; see,e.g.,thepapers[Sch83,KS85,Sch87,KSTT92] for anumber
of importantlownessresults.In particular, it is known thatevery sparseNP setis low for
PNP [KS85] andfor PP[KSTT92], but it is not known whetherall sparseNP setsarelow
for SPP. Torán’s resultthat in somerelativizedworld thereexistssomesparseNP setthat
is not containedin } P [Tor88], andthusnot in SPP, may be taken asevidencethat not
all sparseNP setsareSPP-low. SinceCorollary 8.3.11relativizes,spanP� áÈ � P� holds
relative to thesameoracle.

Corollary 8.3.11 If spanP� È � P� , thenthefollowing twostatementsare true.

1. NE
È

UE.

2. EverysparseNPsetis low for SPP.

Proof. Thefirst part follows from a standardupwardtranslationargument(asmentioned
in theproofof Theorem8.3.4).

For the secondpart, assumespanP� È � P� , and let Å be any sparseset in NP. By
the resultof Hartmanis,Immerman,andSewelson[Har83b,HIS85], Å polynomial-time
truth-tablereducesto sometally NPset

¶
. By Lemma8.3.10,ourassumptionimpliesthat

¶
¢ UP, andthus

¶
¢ SPP. SincePSPP È SPP, wehave Å ¢ SPP. Theresultnow follows

from theself-lownessof SPP[FFK94], i.e., from theequalitySPPSPP È SPP.
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8.4 EnumerativeApproximation of CensusFunctions

CaiandHemaspaandra[CH89] introducedthenotionof enumerativecountingasaway
of approximatingthevalueof a � Pfunctiondeterministicallyin polynomialtime.

Definition 8.4.1 [CH89] Let
� Þ �	¤Á� �	¤

and Ë Þ � � �
betwo functions.A Turing

transducer� is a Ë � ´ï� -enumeratorof
�

if for all ´ ¢ � and � ¢ � Â ,
1. � on input � printsa list ê ¸ with at mostË � ´ï� elements,and

2.
� � ��� is a memberof list ê ¸ .

A function
�

is Ë � ´ï� -enumerablein time ¬ � ´ï� if thereexistsa Ë � ´ï� -enumerator of
�

that
runsin time ¬ � ´ï� .

A set is Ë � ´%� -enumeratively rankablein time ¬ � ´%� if its ranking function is Ë � ´%� -
enumerablein time ¬ � ´%� .

Recallfrom theintroductionHemaspaandraandRudich’s[HR90] resultthateveryPset
is ó -enumeratively rankablefor somefixed ó (andindeed,even

� � ´ � 
 Ò Î�� � -enumeratively
rankablefor some � ë É ) in polynomial time if andonly if � P

È
FP. They conclude

that it is no more likely that onecanenumeratively rank all setsin P than that onecan
exactlycomputetheir rankingfunctionsin polynomialtime. We similarly characterizethe
questionof whetherevery P sethasa censusfunction that is ´ ? -enumerablein time ´#�
for fixed constantsþ and � . By the argumentgiven in the proof of Theorem8.3.4, this
questionis equivalentto askingwhetherevery � P� functionis ´ ? -enumerablein time ´#� .
Weshow thatthisassumptionimplies � P� � FP, andweconcludethatit is nomorelikely
thatonecan ´ ? -enumeratethecensusfunctionof every P setin time ´ � thanthatonecan
preciselycomputeits censusfunctionin polynomialtime. It would beinterestingto know
if this resultcanbeimprovedto hold for polynomialtime insteadof time ¬ for somefixed
polynomial ¬ � ´%� È ´Û� .
Theorem 8.4.2 Let þ ��� ë É beconstants.If every � P� functionis ´ ? -enumerablein time´ � , then � P� � FP.

Proof. Cai and Hemaspaandra[CH91] show that for any fixed ó , if � SAT (the func-
tion mappingany booleanformula

�
to thenumberof satisfyingassignmentsof

�
) is ´ ÿ -

enumerable,then � P � FP. In orderto prove this, they developthefollowing protocolfor
computingthepermanentof an ü�� ü matrix ² ,4 givenasparameters(theencodingof)

4Denotingthe ì��)ú
	�ï entry of an �
��� integer matrix � by ����� , the permanentof � is definedto be
permì�� ï � ð�� ý����� � � � �÷õ � ø summedover all permutations� on ���²ú! :ú]�F�F��ú"�$# . Valiant [Val79a] showed
thatcomputingthepermanentis ¿ P-complete,i.e.,perm é ¿ P and ¿ P

Â
FPperm, wherepermis usedasa

functionoracle.



8.4.EnumerativeApproximationof CensusFunctions 129

a polynomial-timetransducer� (theenumeratorfor � SAT), anda prime number³ : Set² é È ² to theinputmatrixandrepeatthefollowing stepsfor « È ¯ �#Ï�Ï�Ïï�Cü Y2¯ :
1. Constructfrom ² � Î � an � ü Yâ« �%� � ü Yâ« � matrix ] � � å � over anindeterminateå ,

definedby

] � � å � È 
 Î ��
ÿ � � ± ÿ � å��%ÿ � ÿ ² Á � � ÿ Ã� Î � �

where ± ÿ � å � is a degree � ü Yû« � polynomialin å suchthat ± ÿ � å �'& ¯ if å È ó
and É otherwise, ÿ � ÿ is the �F¯ �7ó¨� entry of ² � Î � , and ² Á � � ÿ Ã� Î � is the �F¯ �7ó¨� -minor of² � Î � . Eachmatrix is viewed asa matrix over ( Ç(³)(ê. å 3 , that is, the matrix entries
arepolynomialsin å whoseinteger coefficientsarereducedmodulo ³ . Thenthe
following conditionshold.¨ Eachentryof ] � � å � is a degree � ü Y « � polynomialin å with coefficientsin�nÉ���Ï�Ï�Ïï��³ Y2¯ � , soperm��] � � å��­� is adegree � ü Y « � Ò polynomialin å .¨+* 
 Î �ÿ � � perm��] � � ó¨�]� È perm� ² � Î � � .

2. Encode] � � å � into a binarystringspecifyingin binary ³ , ü , andthecoefficientsof] � � å � . Thereis somefixedconstantv ë É suchthat theencodinglengthis at mostv � ü Y « � Z �G���%³ . Define , � � å � È perm��] � � å �­� . Then, , � is apolynomialof degree
atmost � ü Y « � Ò , whosecoefficientsareeachlength-boundedby afixedpolynomial
in ³ and ü . Thus,thereis a � Pfunction þ thatmaps] � � å � to anumberfrom which
thecoefficientsof , � canbedecodedin polynomialtime.

3. Use � asanenumeratorfor þ to obtaincandidatesË � ��Ï�Ï#Ï%��Ë ± . Theseareall degree� ü Y:« � Ò polynomialsthatarepairwisedistinct. Sincetwo distinctdegree � ü Yâ« � Ò
polynomialscanagreeat no more than � ü Y1« � Ò Y ¯ points, therearefewer than¬ Ò � ü Y*« � Ò ½ ¬ Ò ü Ò Y ¯ points å at which any two candidatepolynomialsagree.
Thus, if ³æÌ ¬ Ò ü Ò , then thereis an ù ¢ �nÉ¹�#Ï�Ï�Ïï�»³ Y ¯ � suchthat Ë Û � ù�� áÈ Ë ÿ � ù��
for all × áÈ ó . Take thesmallestsuch ù andset ² � to ] � � ù\� with theentriesreduced
modulo³ . Now, perm� ² � � modulo³ specifieswhich Ë Û is correct,sowecanrecover
perm� ² � Î � � modulo³ in polynomialtime.

At theendof this loop, ² 
 is a ¯ � ¯ matrix, so its permanentis easyto compute.Now
working backwardsagain,we canrecover perm� ² � modulo ³ . If we do this for polyno-
mially (in theencodinglengthof ² ) many distinctprimes,thenby theChineseRemainder
Theorem,we canrecover theexactvalueof perm� ² � .
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Valiant[Val79a]showedthatthepermanentof matriceswhoseentriesarefrom theset� Y ¯ �7É¹� ¯ �I°�� is completefor � P. Analogously, we canshow that thereexists an infinite
sequenceof matrices.`� � �I� Ò ��Ï#Ï�Ï 3 suchthat(i) themappinḡ Â � perm� � Â � is complete
for � P� , (ii) themappinḡ Â � � Â is polynomial-timecomputable,and(iii) for every ´ ,� Â is an ´-� ´ matrixwhoseentriesarefrom � Y ¯ �7É¹� ¯ �7°�� . Becauseof (iii), perm� � Â �·½° Ò Â for all ´ . So, by the ChineseRemainderTheorem,for every ´ , the exact valueof
perm� � Â � canbecomputedfrom perm� � Â � modulo ³ for ° ´ arbitrarydistinctprimes³ .
Definepolynomials © and Ä by © � ´%� È Ô ´ �C´w�C´ �I° ´�Ù and Ä � ´%� È © � ´ï� Ò ? ´ Ò . Definethe
function

�
from thetally stringsto thesetof naturalnumbersasfollows.¨ If ü È Ô/. �C´ � « �k×ÐÙ for some

.
, « ½1´ , and ×Ó½J° ´ , then

� �F¯ 
 � is þ ��] � � å �­� , where
thefunction þ andthematrix ] � � å � aredefinedasin theaboveprotocol,exceptthat
now wesimulatetheprotocolsubjectto thefollowing constraints:

– The × th smallestprime ë Ä � ´ï� is usedin placeof ³ .

– � Â is usedin placeof theinputmatrix ² é .
–
.

is viewedas(theencodingof) aTuringtransducerandis usedin placeof the
enumerator� . Here,for eachó with ¯ ½1óÓ½ «4Y ¯ , theinputgivento

.
in theó th roundof theprotocolis

Ô/. �C´w�Ió��Ø×ÐÙ , not thematrix ² ÿ . Also,
.

is supposed
to run in © � ´ï��� stepsandto generateat most © � ´ï� ? candidatesin eachround.
If
.

doesnot halt in © � ´ï��� stepsor generatesmorethan © � ´%� ? candidatesat
any pointof thesimulation,thenthesimulationis immediatelyabortedandthe
value

� �F¯ 
 � is setto É .¨ If ü is notof theabove form,
� �F¯ 
 � is É .

This function
�

is in � P� . First, thereareonly « ½ ü roundsto be simulatedandeach
roundrequiresü ? stepsfor candidategenerationandsomepolynomial(in ´ ) numberof
stepsfor othercomputations.Second,by thePrimeNumberTheorem,thefirst ° ´ smallest
primes ë ´ arein

� � ´ï� . (Rememberthat ü is the lengthof theinputand ü is boundedby
somepolynomialin ´ ; so,in time polynomialin ´ onecanfind theseprimesusingsimple
methodssuchastheSieve of Erastosthenes.)Since× and Ä � ´ï� arepolynomiallybounded,
finding the × th smallestprime ë Ä � ´ï� requiresonly a polynomialnumberof steps.

Now, by our assumption,thereis an ü ? -enumerator
8� for

�
that runs in time ü � .

Sincethe numberof candidatesthat
8� generatesis at most ü ? andthe dimensionof the

matrix � Â is ´ , wehaveaprime ë ü Ò ? ´ Ò . This impliesthatwith
8� astheenumerator, for

every ´:Ì 8� , every ×\� ¯ ½1×�½ ° ´ , andevery « � ¯ ½ « ½æ´ , we successfullyfind an ù for
distinguishingthecandidates.So,with

8� astheenumerator, for all ´/Ì 8� , perm� � Â � is
polynomial-timecomputable.Hence� P� � FP.
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8.5 Oracle Results

In this section,we provide a numberof relativized resultson the existenceor non-
existenceof Psetssimultaneouslysatisfyingpairsof conditionschosenamongtheproper-
ties(i), (ii), and(iii) from Section8.3. For instance,Theorem8.5.1andits Corollary8.5.2
below exhibit a relativizedworld in which every P sethasaneasycensusfunction(Prop-
erty (ii)), yet thereexistssomesetin P thatis not rankable(Property(i)).

Theorem 8.5.1 There existsanoracle d such that � P� c � FPc áÈ � Pc .

From the relativized versionsof Theorem8.3.4and of Hemaspaandraand Rudich’s
resultin [HR90] thatevery P setis rankableif andonly if P� P È

P (which is equivalent
with FP

È � P, and this equivalenceitself also relativizes),we immediatelyobtain the
following corollary.

Corollary 8.5.2 There existsan oracle d such that all setsin Pc havea censusfunction
computablein FPc , yet there existssomeset in Pc that is not rankableby any function
in FPc .

Proof of Theorem 8.5.1. Balcázaret al. [BBS86] andLong andSelman[LS86] proved
that the polynomialhierarchydoesnot collapseif andonly if it doesnot collapserela-
tive to every sparseoracle. Sincetheir proof relativizes(i.e., it appliesto the relativized
polynomialhierarchyaswell), wehave thefollowing claim:

Claim 8.5.3 [BBS86, LS86] For everyset ] , PH_ doesnot collapseif andonly if for
everysparseoracle Å , � PH_ � Ç doesnotcollapse.

Note that � PH_ß� Ç È PH_�� Ç . Fix anoracle ² suchthat PH� doesnot collapse(such
oracleswereconstructedby Yao[Yao85], Hastad[Has89],andKo [Ko89] whobuilt onthe
work of Furstet al. [FSS84]). Then,by Claim 8.5.3above, for every sparseset Å , PH� � Ç
doesnotcollapse.So,in particular, P� � Ç áÈ NP� � Ç for everysparseset Å . Sincefor every
oracle] , � P_ È FP_ impliesNP_ È P_ , wehave that � P� � Ç áÈ FP� � Ç for everysparse
set Å .

So it remainsto prove that thereexists a sparseset

¶
suchthat � P� � � ¼ � FP� � ¼ .

Then,settingd È ² }
¶

completestheproof.
Recallthatourpairingfunction

Ô � � � � � Ù is non-decreasingin eachargument,polynomial-
timecomputableandinvertible,andisone-to-oneandonto.Let Ë ÁRÑ Ã� �7Ë ÁRÑ ÃÒ ��Ï�Ï�Ï beastandard
enumerationof all tally NP oraclemachines.For each« Ì ¯ , let ³ � bethepolynomialtime
boundof Ë ÁWÑ Ã� . Then,thefunction

� ÁRÑ Ã definedby� ÁWÑ Ã �F¯ Ú � � Â � ÛFÜ � È 0 accÊ Hto K� �F¯ Â � if ³ � � ´%� 6 ×
É otherwise
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is a canonicalfunctioncompletefor theclass� P� ÁWÑ Ã .5 In particular, for every fixedset Å ,� Á � � Ç Ã is completefor � P� � � Ç .
Theoracleset

¶
is definedin suchawaythat,for any given ü È Ô « �C´ �Ø×�Ù in unary, some

polynomial-timeoracletransducercan retrieve the value of
� Á � � ¼ Ã �F¯ 
 � from its oracle²:}

¶
by askingatmost ü queries.More formally, weconstruct

¶
in stagessuchthatfor

eachü ÈÕÔ « �C´w�k×�Ù :
¯ ÿ É 
 Î ÿ �¸· ¢ ¶ /21 ¯ ½1óÓ½Õ¼ � Á � � ¼ Ã �F¯ 
 �!¼ andthe ó th bit of

� Á � � ¼ Ã �F¯ 
 � is ·nÏ
By theabove definition, ¼ � Á � � ¼ Ã �H¯ 
 ��¼ 6 ü andcodinginformationinto theoracleis un-
necessarywhen Ë � � ¼� �F¯ Â � queriesstringsof length Ì ü . So thereis no interference
betweenthestagesof theconstructionof

¶
. It is easyto seethat

¶
is asparsesetsatisfying� P� � � ¼ � FP� � ¼ .

Now we constructanoraclerelative to which thereexistssomescalablesetin Pwhose
censusfunctionis noteasyto compute.

Theorem 8.5.4 There existsanoracle ² such that there existsan ² -scalableset ] whose
censusfunctionis not in FP� .

Proof. We will construct² and ] in sucha way that ] is P� -isomorphicto theset Ý È
�nÉ �£¼�� ¢ � ¤ � , which is rankablein FP (and thus in FP� ). For each ´ Ì ¯ , we have
census1 �H¯ Â � È ° Â Î � . So census1 is easyto compute,but we want ] to have a hard
censusfunction. In light of part 2 of Proposition8.3.1,we thusneedthe isomorphism,�

, between] and Ý to benon-length-preserving.In particular, we will define
�

soasto
satisfy ¼ � � ����¼¹½ ¼ �¥¼ ®1¯ and ¼ � Î � � �¨�!¼�½ ¼ � ¼ for all � �N� ¢ � ¤ . When

�
is defined,we let ]

betheset
� Î � � Ý�� . To have

�
andits inversecomputablein FP� , weencode

�
and

� Î � into² È ²32	}/² 2 � î asfollows. For all � ¢ �	¤ , « Ì ¯ , and · ¢ �nÉ¹� ¯ � , weensurethatÔ � � « �z·(Ù ¢ ²4265 /e1 the « th bit of
� ¤ � ��� is · ,(8.5.3)

where
��¤

standsfor either
�

or
� Î � . At thesametime we diagonalizeagainstFP� soasto

ensurecensus_ á¢ FP� .
Let

¶
ÁRÑ Ã� �
¶
ÁWÑ ÃÒ �#Ï�Ï�Ï beastandardenumerationof all deterministicpolynomial-timeoracle

transducers,andlet ³ � �»³ Ò ��Ï#Ï�Ï beasequenceof strictly increasingpolynomialssuchthat ³ �
boundstherunningtimeof

¶
� (independentof theoracleused).By (8.5.3)above,implicit in

thedefinitionof
�

and
� Î � is thedefinitionof ² , soit sufficesto constructtheisomorphism.

Theconstructionof
�

and
� Î � is in stages.By theendof stage« , � will havebeendefined

for all stringsof lengthupto ù ��« � , whereù will bedeterminedbelow. Initially, westartwithù � É=� È É , andwedefine
� � �7� È � . Stage«ªë É of theconstructionis asfollows.

5See[Val79b] for natural ¿ P� -completefunctions.
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Stageì : Choosé � to bethesmallestintegersuchthat ´ � ë ù ��« Y*¯ � and ³ � � ´ � � 6 ° Â � Î Ò .
Let ² ¯ bethesubsetof ² thathasbeendecidedby now. Wewantto define

�
sothat,

eventually,

¶
�� �H¯ Â � � áÈ census_ �F¯ Â � � . Simulate

¶
��7� on input ¯ Â � . Whenever in this

simulationa string of the form É Ô � � « �z·(Ù whosemembershipin ² hasnot yet been
decidedis queried,we addthis stringto ² ¯ andsetthe « th bit of

� � ��� to · unlesswe
have alreadyput É Ô � � « � ¯ Y ·(Ù into ² (andthushave setthis bit to ¯ Y · ), or unless«ªë ¼ �¥¼ ® ¯ . Thesamecommentappliesto querystrings ¯ Ô ���Ø×\�z·IÙ whosemembership
in ² hasnot beendecidedyet andwhich mayfix the × th bit of

� Î � � �¹� . If we added
thequeriedstringto ² ¯ , we continuethesimulationin the“yes” state;otherwise,in
the “no” state. In this way, the simulationof

¶
� 7� �F¯ Â � � may determine

�
(and

� Î � )
on at most ³ � � ´ � � 6 ° Â � Î Ò bits of the stringsof length ´ � . Thus,for no ü Ì ´ � is� Î � determinedon all stringsof length ü in Ý or Ý . Oncethe value

¶
� 7� �F¯ Â � � is

computed,thereis roomto decide
� � ��� and

� Î � � �¹� for all strings� and � of lengths
betweenù ��«zY�¯ � and³ � � ´ � � sothat

�
is anisomorphismmappingto ç � � Á`Â � Ãí �¹ò Á � Î � Ã Ý � í and

suchthat v²±�´%Ä�³�Ä _ �H¯ Â � � áÈ
¶
�87� �F¯ Â � � , without changingtheoutputvalueof

¶
��7� �F¯ Â � � .

Finally, defineù ��« � È ³ � � ´ � � .
Next, we provide anoraclerelative to which thereexistssomesetin P that is neither

scalablenorhasaneasycensusfunction.

Theorem 8.5.5 There exists an oracle d such that d ¢ Pc is not d -scalableand its
censusfunctionis not in FPc .

Proof. It is known from the work of GoldsmithandHomer[GH96] that any sparseset
is scalableif andonly if it is rankable,andthis holdsif andonly if it is P-printable. d
will besparse,with at most2 stringsat eachlength.We assumethat �

¶
ÁWÑ Ã� � ��èU� enumerates

FPÁRÑ Ã , andthat

¶
ÁWÑ Ã� runsin time ´ � . A simplediagonalizationguaranteesthatnoPc function

computesthecensusof d . NotethatthisguaranteesthatnoPc functioncomputestherank
of ¯ Â in d for all ´ , sincecensusc �F¯ Â � È rankc �F¯ Â � Y rankc �H¯ Â Î � � would thenbein Pc .

At stage« weguaranteethat

¶ c� �F¯ Â\� doesnotcomputethecensusfunctionof d , where´ is chosenlargeenoughthat ´ � 6 ° Â . Compute

¶ c� �H¯ Â � , restrainingany oraclestringsof
length Ì1´ thatit queries.By ourchoiceof ´ , thisdoesnotdecided � 
 for any üúÌ*´ , so
wecanthenputin theappropriatenumberof stringsof length́ for thediagonalization.

Finally, weshow thatrelativetoanoracle,thereexistssomenon-scalablesetin Phaving
aneasycensusfunction.

Theorem 8.5.6 Thereexistsanoracle ² such that ² ¢ P� is not ² -scalableandits census
functionis in FP� .
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Proof. Weconstructtheoracle² sothat ² hasonestringof eachlength.For thoselengths
for whichnothingelseis decided,weput in ¯ Â . Otherwise,wedo thefollowing.

To maketheoracle² non-² -scalable,weactuallymakeit non-P� -printable.At stage« ,
chooseanappropriatelength ´ , andthencompute

¶
�� �H¯ Â � . Whenever it queriesastringof

length Ì2´ , restrainthestringfrom theoracle.If it doesanythingexceptprint out ²$9 Â , then
put in thefirst unrestrainedstringof eachlength.If it correctlyprints ² upto length ´ , then
choosean � of eachrelevantlengthto includethatneitheris restrainednorprinted.
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