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Chapter 1

Intr oduction

Computationatompleity theoryhasdevelopedinto arich, establishedield of theoretical
computerscienceover the pastthreedecades.It hasby now produceda vastnumberof
importantresultsmary of which fascinateboth by their pure mathematicabeautyandby
their ability to stimulateandinteractwith other in mary casesapplied,fieldsof computer
science.To namea few examples areasasdiverseascryptographycodingandinforma-
tion theory datacompressionpgic, graphtheory thedesignandanalysisof algorithms or
circuit theoryhave to dategreatly benefittedrom—andhave hadthemselesa greatdeal
of influenceon—compleity theory! Evenin areasseeminglyasfar apartaspolitical sci-
enceandsocialchoicetheory compleity-theoretictechniquesvererecentlyappliedwith
strikingsucces$BTT89a,BTT89b,BTT92,HHR97aHHR97b]. Historicallyandconcep-
tually, compleity theoryis closelyrelatedto recursve functiontheoryandto thetheoryof
automataandformal languagesFinally, the youngfields of quantumcomputing[Ber97]
and biological computing[KMRS97]—which may have the potentialto have a decisve
impacton futurecomputertechnologies—dwellvell andflourishin compleity theory
Onecentraltask of complexity theoryis to classify problems—thagarisenaturallyin
a wide variety of fields—withrespecto their intrinsic computationatompleity, i.e., to
placetheminto compleity classesAny compleity classcontainsall thoseproblemsthat
are solvablevia a certaintype of algorithm—specificallyvia a Turing machine[Tur3§
representin@ certaincomputationaparadigmsuchasdeterministiccomputationnonde-
terministiccomputationprobabilisticcomputationgtc.—andsubjecto acertainlimitation
of computationatesourcesuchascomputatiortime or spac€’. By exploring therelation-

1Someof thoseareasarenow sodeeplyinterwovenwith complexity theorythatit is sometimeslifficult
to draw a firm borderlinebetweenthem. Occasionallythis interactionhaseven creatednew, intermediate
subfieldssuchascompleity-theoreticcryptographyor circuit complexity theory

2Time (i.e.,thenumberof stepghe Turing machinegakesto solve theproblem) spacdi.e., thenumberof
memorycellsneeded)andotherresourcesremeasuredn termsof functionsof theinputsize. Throughout

1



2 1. Introduction

shipsbetweercompleity classescompleity theoreticianseekto learntherelative power
of theunderlyingcomputationaparadigmsand/orresourceconstraintsHowever, the pur-

poseof complity theorygoesbeyond that. By studyingthe structureand propertiesof

complity classesgompleity theoreticianseekto gaininsightsinto whysomeproblems
seemto be computationallyharderthanothers,not merelyto determinehow easyor hard
agivenproblemis to solve. Thistaskis especiallycrucialin light of thefactthatfor mary

practicallyimportantproblemsno efficientalgorithmsappeato exist.

The mostfundamentatompleity classesare P (deterministicpolynomialtime) and
NP (nondeterministicpolynomial time). P was perceved as early as in the mid six-
ties[Cob64,Edm69 to bethe mostappropriatdormal notionto capturetheinformalterm
of “feasible” computationSetscontainedn P areviewedascomputationallyeasysets.On
theotherhandthehardessetsn NP[Coo71,Lev73] areconsideredo becomputationally
intractable.From the beginningsof compleity theory the famousP Z NP questionhas
beenits centralissueandits mostseriouschallengeif notthecentralissueandchallengeof
all of theoreticalcomputerscienceandit is anopenquestionstill today The outstanding
role of this questionfor boththeoryandpracticeis substantiatetdy the annging discrep-
ang/ betweenpn the onehand,the utmostpracticalsignificanceof mary of the currently
known NP-completgproblemsand,on the otherhand,thetotal lack of efficientalgorithms
for ary of them,despitethe continuousdecades-longffort to gethold of suchalgorithms.

The presenthesiscontinueshe study of the structureandpropertiesof the classes?
andNP, andof relatedclasses.More to the point, the maintopicsthis thesiscoversmay
be summarizedy the following catchwords, which will be explainedin more detail in
the sequel.certificatecompleity, one-wayfunctions heuristicsversusNP-completeness
and countingcompleity, wherethe latter item hasthreeindependentacetsthat may be
describedmore specificallyas: (a) countingpropertiesof circuits (b) sepaations with
immunityfor countingclassesand(c) countingthe solutionsof tally NP sets

Wewill usethefollowing concreteexampleof aproblemin NP to describemorevividly
someof the above topics. First, we needthe following graph-theoretimotion. Givena
graphG, asubsetl of thevertex setof GG is anindependensetof GG if notwo verticesof 1
arejoinedby anedge.Let migG) denotethe size(i.e., the numberof vertices)of a maxi-
mumindependensetof G. Figurel.1shavsagraphG having two maximumindependent
setseachof sizeseven,i.e, migG) = 7. The problemIndependent Set is definedas
follows: Givena pair (G, k), whereG is agraphandk is a positive integer, is it true that

this thesis,we consideronly the traditional model of worst-casecompleity (as opposedo average-case
compleity, an alternatve modelthat hasalso attractedmuch attention);i.e., resourcefunctionsr(n) are
boundson the maximunresourcallowed,wherethe maximumis takenoverall inputsof sizen.
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Figurel.1l: GraphG with oneof its maximumindependensetsdisplayedby full circles

mis(G) > k? Independent Set is oneof the standardNP-completegproblems® i.e., it is
oneof the hardesproblemsn this class,sinceevery NP problemcanbetransformednto
(in technicaterms:canbe mary-onereducedo) Independent Set in polynomialtime.
Now we turn to the detaileddescriptionof the topicstreatedin the presenthesis.We
also provide somemotivation and backgroundof the questionsto be addresse@ndthe
conceptdo be used,andwe presentanddiscussour main resultsaswell asa numberof
relatedresultsknown from the literature.For eachtopic discussedwe heregive a detailed
accountof the publicationsand papersthat originally describethe researctpresentedn
this thesis—forthe publicationsoverview, thereadeiis referredto the Acknowledgments.

(1) Certificate complexity —[HRW97a, HRW97b]. GivenanNP setL andaninstance
x € L, acertificate(a.k.a.witnessor solution) for “x € L” is ashortstring(i.e., a string
of lengthat mostpolynomialin thelengthof x) thatcertifiesmembershipf x in L sothat
this canbe checled deterministicallyin polynomialtime. For example,if G is the graph
displayedn Figurel.1,then(G,7) € Independent Set, andthetwo certificatesfor this
membershiprethe vertex sets{vy, vs, vs, vs, vs, V10, v12} and{vy, vs, vs, v7, vs, V10, V12},
appropriatelyencodedsstrings.To checkthevalidity of suchacertificate onesimply has
to verify thatit containssesenverticesno two of which arejoined by an edge,which is
easyto do giventheadjaceng list of graphG.

Technicallyspeaking,for any certificatescheme(i.e., NP machine) N acceptingL,
eachacceptingcomputatiorpathof N oninputz is a certificatefor “z € L.” A certificate
schemeN for L is saidto be easyif thereis a polynomial-timecomputablgunctionthat
prints,for eache € L, somecertificatewitnessingnembershipf z in L.

3Thousand®f problemshave asyet beenshovn to be NP-complete seethe book by Garey and John-
son[GJ79 for anearly, yet very instructive account. However, dueto the well-known factthatif ary one
NP-completesetis in Pthenall NP setsarein P, it doesnotreally matterwhich particularNP-completgrob-
lem we pick asanexample.Indeed thefamousisomorphisnConjectureof BermanandHartmanigBH77]
suggestshatall NP-completgroblemamay; in fact,bejust oneandthe sameproblem‘in disguisé.



4 1. Introduction

Caneasysetsonly have easycertificateschemes?n Chapter3, we studythe classof
setssatisfyingthatall their certificateschemesreeasy We denotethis classby EASYY.
We alsostudyEASYZ, theclassof setsfor whichthereexistssomeeasycertificatescheme;
it turnsoutthatEASY; = P. In addition,we study EASY}, andEASY3, the analogsof
EASY, andEASY, whosecertificateschemesreonly requiredto beeasyinfinitely often.
SeeFigure3.1on page22for theinclusionsamongthesefour classesvithin NP,

Theideacapturedby EASYY waspreviously studiedoy BorodinandDemers[BD76].
Statingtheir resultin our notation,they provedthatif P # NP N coNPthenP ¢ EASYY,
wherecoNP is the classof setswhosecomplementsarein NP. Thatis, undera very
plausiblehypothesist holds that there exists an easysetthat doesnot haveonly easy
certificateschemesThis beautifulresultmotivatedtheresearchieportedonin Chapter3.

Section3.2 characterizeghe classesEASYY, and EASY] in termsof Kolmogoro/
compleity, shaving that they are robust. Informally speaking,Kolmogorov complex-
ity ([Kol65, Cha66],seealso[LV93]) measureshe “randomness’f finite binary strings
in aninformation-theoreticenseandis hereinvokedto describethe randomnessf cer-
tificates Thatis, a certificatebeing“random” meanst is “hardto find” In contrasteasy
certificateschemesave certificatesof smallgeneralizedolmogoro compleity.*

In our example, if somecertificatefor “(G,7) € Independent Set” happensto
be encodedas the binary string consistingof only zeroes,this certificatewould not be
Kolmogoros-random. However, NP-completeproblemssuchas Independent Set are
very unlikely to have easycertificateschemessincedueto EASY; = P this property
wouldimmediatelyimply P = NP. Interestingly NP-completesetshave someeasycertifi-
cateschemef andonly if they have only easycertificateschemesseeCorollary 3.3.2
on page28. In fact, the difficulty of finding certificatesfor the acceptednstancesof
NP-completegproblemsappeargo be onecrucial sourceof their intractability The point
of the resultof Borodin and Demersand of our resultsis that even easysets(i.e., sets
in P)arelikely to have hard certificateschemedi.e., certificateschemesot alwayshaving
Kolmogoro/-easycertificates).

Section3.3 provides structuralconditions—rgardingimmunity,® P-printability® and
classcollapses—thaput upperandlower boundson the sizesof the classesEASYY, and
EASYY. Thepositive resultsof Section3.3aresummarizedn Figure3.2on page26.

“Notethat“randomnessmeans‘non-compressibility’in termsof thetheoryof datacompressionGen-
eralizedkolmogoros compleity wasintroducedoy HartmanigHar834 to measuraotonly how farastring
canbecompressedut alsohow fastit canbe“restored. SeeDefinition 3.2.50n page23.

SImmunity is animportantnotion of both recursve functiontheory[Rog67 andcomplexity theory For
ary complity classC, a C-immunesetis aninfinite sethaving noinfinite subsein C.

5p-printability[HY84] is anotionarisingin thetheoryof Kolmogoros complexity anddatacompression.
Informally stated,a setis P-printableif all its elementaup to a given lengthcanbe printedin polynomial
time, seeDefinition 2.2.8on pagel?.
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Section3.4 providesnegative resultsshaving that someof our positive claimsareop-
timal with regardto beingrelativizable.Onesuchresultis provenvia a novel obsenation:
the classical'wide spacing”oracleconstructiortechniqueyieldsinstantnon-bi-immunity
results.We alsoconstructanoraclerelative to which NP # P = EASYY, whichimproves
ontheclassicaresultthat,in somerelatvizedworld, NP # P = NP1 coNP[BGS7].

(2) One-wayfunctions. Thepreviouscommentson NP-completgroblemdacking effi-
cientalgorithms yet beingof extremepracticalimportancemight have giventhe (wrong)
impressiorthatcomputationaéfficiency wasthe only criterionof decidingwhatis useful,
important,desirablefor practical purposes.On the contrary computationainefficiency
(hardness)—andbove all, provable hardness—isometimesusefulanddesirablein cer
tainapplicationslIn particular applicationhaving to dowith stratgic considerationsyith
adwersarieexpectedo have acertaincomputationapower, with security etc.undoubtedly
do need,andrely upon,computationahardnessnddo need,andrely upon,theoretically
well-foundedresultsproving hardnesso be aninherentieatureof thegivencomputational
task.Onesuchfield instantlycomesto mind: cryptography

In cryptography and particularlyin its modernsubfieldssuchas public-key crypto-
graphy oneseekdo find securewvaysof transmittingdatain cipheredform overunsecure
channelsthusseekingo guarante¢hattheinformationtransmitteds secureagainseaves-
dropping,forgeryof authorshipgetc. To thisend,appropriateryptographigrotocolsneed
be designedwhosebuilding blocks are cryptographicprimitivessuchas pseudo-random
generatorsbit commitmentschemesor one-way functions. Intuitively, a one-way func-
tion is afunctionthatis easyto computebut hardto invert. Sincethe presenthesisis the-
matically concernedvith compleity theory we will be dealingwith compleity-theoretic
cryptographyln particulay thetype of one-way functionswe will studyin Chapte# is the
complity-theoreticone-way functionsintroducedoy GrollmannandSelmanGS88].

An issueof centralimportancen compleity-theoreticcryptographyis the questionof
whetheror notsuchfunctionsexist. However, sinceit is well known thatone-wayfunctions
existif andonly if P # NP, we cannotgive anultimateanswerto this questionunlesswe
cansolve theP = NP guestion. All we canhopefor is to characterizeghe existenceof
certainspeciakypesof one-way functionsin termsof complexity-theoreticconditionssuch
ascompleity classseparationsChapte# providessuchcharacterization®r certaintypes
of associatre one-way functions—whichwereintroducedoy RabiandShermarfRS97]—
andfor partialandtotal one-way permutationsA one-way permutations aninjective (i.e.,
one-to-onepndsurjectve (i.e.,onto) one-way function.

"This field, sure enough,is not the only one. For instance,a very interestingapplicationfield of
compleity-theoretichardnessesultsin political sciencevasrecentlyproposedy Bartholdietal. [BTT894:
They provethatfor the Copelandvoting schemeanelectionschemehatis in practicalusetoday the com-
putationattaskof manipulatinghe electionis hard;in fact,is NP-complete.
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(2a) Associative one-way functions — [HR99]. Rabi and Sherman[RS97] presented
novel digital signatureandunauthenticatedecret-ky agreemenprotocols,developedby
themselesandby RivestandShermanTheseprotocolsusestrong?® total,commutatve (in
the caseof multi-party secret-ky agreement)associatie one-way functionsastheir key
building blocks. ThoughRabiand Shermardid prove thatassociatie one-way functions
existif P # NP, they left asan openquestionwhetherary naturalcompleity-theoretic
assumptions sufficient to ensurethe existenceof strong,total, commutatve, associatie
one-wayfunctions.In Sectiord.2,we provethatif P # NPthenstrong total,commutatve,
associatie one-way functionsexist.

Theproofof thisresultalsoresolhesanotherquestionof RabiandShermanThey also
posedasanopenissuethe problemof whethera strong total, associatie one-way function
canbe constructedrom ary givenone-way function[RS93. Theproofof Theoren¥.2.8
shavshow to createastrong total,commutatve,associatie one-wayfunctionfrom ary set
in NP — P, assumind® # NP. For example,if P # NP thenIndependent Set € NP — P,
andthusour proof shovs how to constructsucha one-way function from this particular
problem.Sinceit is well known how to constructa setin NP — P from arny givenone-way
function,RabiandShermars questioncanbeansweredn the affirmative.

FurthermorebasednKleenes[Kle52] carefuldistinctionbetweerweakandcomplete
equality of partial functions,we give a novel definition of associatiity that, for partial
functions,is a more naturalanalogof the standardotal-functiondefinition than that of
RabiandShermanWe shawv thattheir andour resultshold evenunderthis definition.

We alsodiscuss,n Section4.2, the issueof injective associatie one-way functions.
ThoughRabiandShermarprovedthatno total associatie one-way functioncanbeinjec-
tive, we characterizéhe existenceof partial, injective, associatie one-way functionsby
the separatiorP # UP, whereUP [Val76] (unambiguougolynomialtime) is the classof
thosesetsL in NP thathave somecertificateschemdor whicheachr € L hasexactly one
certificate. UP haslong playeda centralrole in compleity-theoreticcryptography;see,
e.g.,[GS88]. By definition,P € UP C NP, andbothinclusionsarewidely suspectedo
be proper—thoughthis is an openresearctproblem: ary proofof P # UP or UP # NP
would immediatelyprove thatP # NP. NP-completgproblemssuchasIndependent Set
areunlikely to bein UP? Candidate$or problemsn UP — P are,e.g.,(alanguageversion
of) thediscretdogarithmproblem[GS88]andprimality testing[FK92].

8Informally stated strongone-way functionsarebinary one-way functionsthatarehardto invert evenif
oneof theiragumentss given,seeDefinition 4.2.7on page49.

9Seethe paperdHH88a Rac82 for argumentsasto why. Intuitively, instancegG, k) of Independent
Set mayhave up to exponentiallymary (in thesizeof (G, k)) certificatesn the canonicakertificatescheme
(i.e., for the “natural” NP algorithmthat guessesll possiblesubsetf size > k of the vertex setand,for
eachsubseguessed;hecksavhetheror notit is anindependenset),andit seemaunlikely thatIndependent
Set hassomeothercertificateschemebeying thevery restrictve unambiguityrequiremenof UP.
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Finally, we provide a counter&@ampleto a constructionthat Rabi and Shermarclaim
corverts partial associatie one-way functionsinto total associatie one-way functions©
More preciselywe shav thatany proof of their claimwouldimmediatelyprove UP = NP.

(2b) Partial and total one-waypermutations —[RH96], seealso[HRW97b]. A one-
way permutationis an injective and surjectve one-way function, andin Section4.3 we

considebothpartialandtotal one-way permutationsinterestinglyit turnsoutthatpartial
one-way permutationsare closely linked with the easycertificateclassesntroducedin

Chapter3. In particular we definethe UP analogof EASYY, denotedEASY,(UP). This

classsimultaneouslyreventstwo of the possiblesourcef the potentialintractability of

NP-completenesdt reduceshe solutionspaceof NP problemsto at mostone solution
for eachinput, andit requiresthatthis onesolution,if it exists,is easyto find. Expanding
resultsof Grollmannand Selman[GS89, we shav that the existenceof partial one-way
permutationganbe characterizethy the separatior # EASYy (UP).

We alsocharacteriz¢he existenceof varioustypesof poly-to-oneone-way functionsin
termsof separationsuchasP # EASYY(FewP), whereEASY, (FewP) is the FenP analog
of EASYY. FewP [AlI86, AR88] (ambiguity-boundegolynomialtime) is that subclasof
NP whosemachineshave at most polynomially mary (in the input size) certificatesfor
eachinput. Finally, we establisha conditionnecessanandsuficient for the existenceof
total one-way permutations.

(3) Heuristics versusNP-completeness. Theoreticahardnessesults—suclasNP-com-
pletenessesults—areftenthoughtof asbeingnegative results: They expressthe impos-
sibility to efficiently solve importantproblems.A practitionerwho urgently needso have
someproblemsolvedmightsay:“l don't careabouttheory All | careaboutarethose2500
instance®f Independent Set thatl musthave solvedby tomorrov morning. And asfar
asI’'m concernedfor my first 423 inputsthis greedyheuristicseemgo have worked just
perfectly’

Indeed, heuristicalgorithmscan be usefulin quickly providing solutionsto certain
“well-structured’instancef hardproblems.For instance pur examplegraphG in Fig-
urel.lhappenso haveonly verticesof degreel or 2, andit is knownthatthe Independent
Set problem,restrictedto graphswith no vertex degreeexceeding?, is solvablein deter
ministic polynomialtime, see[GJ79. Similarly, the Minimum DegreeGreedyAlgorithm
(MDG, for short;seeFigure5.1on page68) efficiently findsa maximumindependensgetif
theinputgraphis atree,asplit graph thecomplemenof a k-tree,awell-coveredgraph,or
acompletek-partitegraph. Evenin casesvheresomeheuristicfails to find the optimum,

0Theirclaimrefersto thenotionof associatiity thatis basenweakpartial-functionequalityin Kleenes
senseThoughtheir claimis invalid, we shav thatfor associatiity basedn completeartial-functionequal-
ity, avariantof RabiandShermars constructiorindeedis usefulin our proofof Theorem4.2.8.
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it still mightbe usefulin providing goodapproximatesolutionsof the problem.Again, for
certaingraphclassest is knowvn thatMDG hasa goodapproximatiorratio[HR94].

The centralquestionaddressedn Chapter5 is: Givena hard problem,and givena
heuristicalgorithmfor that problem whatis the compleity of recaynizingonwhich inputs
theheuristicdoeswell? To beabit morespecificabouta heuristic‘doing well,” wemention
the following threefacetsof this question focusingon Independent Set andthe MDG
heuristic.First, onecanrestrictthedecisionproblemIndependent Set to thoseinputson
whichMDG is ableto solweit, andstudythecompleity of therestrictedoroblem.Second,
onecanaskaboutthe complity of recognizingthosegraphsfor which MDG cansolve
the optimizationproblem,i.e., for which MDG is ableto outputa maximumindependent
set. Third, givenary fixed constant-, one canaskaboutthe compleity of recognizing
thosegraphsfor whichMDG canapproximatethe optimumsolutionwithin afactorof r.

We studythis questiorfor two importantNP-completegraphproblems:Independent
Set andK-Colorability, see[GJ79. Let x(G) denotehechromaticnumberof graphG,
i.e., the smallestnumberof colors neededto color the verticesof G suchthat no two
adjacentverticesreceve the samecolor. The problemK-Colorability is thefollowing:
Givena graphG anda positive integer k, is it true that x(G) < k? Note that already
3-Colorability—thespecialcaseof K-Colorability with £ = 3—is NP-complete.

(3a) Independentsetproblems—[HR98a], seealso[HHR97c]. BodlaenderThilikos,
andYamazaki[BTY97] proposedo studythe computationacomplexity of the problem
of whetherthe MDG algorithm canapproximatea maximumindependensetof a given
graphwithin a constantfactorof r, for ary fixedrationalr > 1. (Note that the special
caseof r = 1 is the optimizationproblemalludedto abore.) They denotedhis problem
by S, andprovedthatfor eachrationalr > 1, S, is coNP-hard.They alsoprovideda P\"
upperboundof S,, wherePY* is the classof setssolvablevia sequentiala.k.a.“Turing”
or “adaptive”) accesso NP. They left openthe questionof whetherthe gapbetweerthe
upperandthelower boundof S, canbe closed.For thespecialcaseof r = 1, they shaved
thatS; is evenDP-hardwhereDP [PY84] is the classof setsthatcanberepresentedsthe
differenceof two NP sets.Again, they left openthe questionof whetherS; canbe shavn
to be completefor DP or somelargerclasssuchasP"F.

In Section5.3, we completelysolve all the questiondeft openin [BTY97]. Our main
resultis that for eachrationalr > 1, S, is completefor F’|\‘P, the classof setssolvable
via parallel (a.k.a."“truth-table” or “nonadapte”) acces€o NP. The cIassF"\“P hasre-
cently provento be importantfor describingthe compleity of somenaturalproblemsfor
which previously only NP-hardnessr coNP-hardneskwer boundswereknown, seethe
paperdHHR97a,HHR97b,HW97] andthe surwey [HHR97d.

(3b) Graph coloring problems— [Rot98a]. In Section5.4, we study the compleity
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of the problem3-Colorability whenrestrictedto thoseinput graphson which a given
graphcoloring heuristicis ableto solve the problem. The heuristicswe considerinclude
the sequentialalgorithm traversingthe verticesof the graphin variousorderings—e.g.,
in the order by decreasingdegree or in the recursve smallest-lasiorder of Matula et
al. [MMI72]—as well as Wood’s algorithm [Wo0069. For eachof the seven heuristics
consideredn Section5.4,we prove thatthe correspondingestrictionof 3-Colorability
remainsNP-complete.

(4) Counting complexity. To preciselydescribethe compleity of computingthe per
manentof a given matrix, Valiant [Val79a] introducedthe countingclass#P. Count-
ing has since beena central theme in complity theory and a rich body of very
useful, important, sometimessurprisingresultshas beendeveloped; see, e.g., the pa-
pers [Hem87, Hem89, Tod91a Tod91h TO92, Tor88 Tor9]] and the excellent sur
veys[Sch90,For97H. Traditionally, NPis viewedasaclasscapturingthe existentialquan-
tification: Doesthereexist a solutionto agiveninstance?/aliant’s paperandits follow-up
papersaskaboutthe numberof solutions;i.e., #P is the classof functionsthatcountthe
numberof certificatesof NP machines.For example,the canonicalcertificateschemeor
Independent Set describedn Footnote9 correspondso somef € #P; taking,e.g.,the
graphG from Figure 1.1, we have f((G,7)) = 2. #P functionscanbe usedto define
variousimportantcountingandprobabilisticclassesuchasPP, BPP, GP, $P, andSPP
seeDefinition 2.2.10on pagel3. The studyof #P andof relatedclasseshassignificant
applicationgn circuit compleity andotherfields.

(4a) Counting propertiesof circuits—[HR, HR98b]. Themotherof compleity theory
is recursve function theory One of the most beautiful and importantresultsof recur

sive function theoryis Rice's Theorem[Ric53, Ric56], which statesthat every nontriv-

ial languageproperty of the recursvely enumerablesetsis undecidable. Borchertand
Stephar{BS97] initiated the searchfor compleity-theoreticanalogsof Rice’s Theorem.
In particular they provedthatevery nontrivial countingpropertyof circuitsis UP-hard!?

andthata numberof closelyrelatedproblemsare SPP-hard.SPPplaysa centralrole in

complity theory[For97b]and,in particular is closelylinkedto the closurepropertiesof

#P[OH93.

In Chapter6, we shawv thatBorchertandStephars UP-hardnesgesultitself cannotbe
improvedto SPP-hardnessnlessunlikely compleity classcontainment$iold. Nonethe-
less,we prove that every “P-constructiblybi-infinite countingpropertyof circuits”—see
Definition 6.3.50n page93—is SPP-hard We alsoraisetheir generallower boundfrom
unambiguousondeterminisnto constant-ambiguitpondeterminism.

11seeDefinition 6.1.30n page86 for the precisemeaningof thoseterms,andnotein particularthe non-
standardisageof “ C-hardnes®f countingpropertiesof circuits” for any complexity classc.
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(4b) Separationswith immunity for counting classes-[Rot, Rot98h]. Ko[Ko09( and

Bruschi[Bru92] independenthshavedthat,in somerelatvizedworld, PSFACE contains
a setthatis immuneto PH, the polynomialhierarchy[MS72, Sto77]. A compleity class
separationvitnessedy animmunesetis aparticularlystrongseparationsinceanimmune
witnessset containsonly finite setsof the classto separatdrom; immunity thusshields
the witnessset againstbeing “approximatedfrom the inside” In Chapter7, we study
andsettlethe questionof relatvized separationsvith immunity for PH andthe counting
classesPP, GP, and ®P in all possiblepairwise combinations. Our resultsstrengthen
previously known simpleseparatiomesultsof Toran[Tor91], GreenGre91],andBerg and

Ulfberg [BU], which are not witnessedwith immunity. We also prove the existenceof

a relatvized GP-simpleset(i.e., a coinfinite GP setwhosecomplemenis GP-immune),
which extendsresultsof Balcazaret al. [Bal85, BR8§. Our proof techniquerequiresan

exponentialcircuit lower boundfor the Booleanfunction EQu™! (definedon page100)

thatis dervedfrom Razbore’s [Raz87 circuit lower boundfor the majority function.

(4c) Counting the solutions of tally NP sets— [GOR, GOR98]. Chapter8 studies
#P, [Val79b],theclassof functionsthatcountthe numberof solutionsof tally NP sets.A
setis tally if it is encodedveraunaryalphabet#P, is aninterestingsubclas®f #P and
containsa numberof importantproblemssuchasthe problemSelf-Avoiding Walk (de-
finedon pagell4,seealso[Wel93]),aclassicaproblemof statisticalphysicsandpolymer
chemistry Themostsignificantquestiorregarding#P, is whetheror not#P, is contained
in FR, the classof polynomial-timecomputabldunctions. We studythis questionin rela-
tion to othercompleity-theoreticconditions.Notethatif #P;, C FPthenall tally NP sets
arein P. We prove thattheassumptior#P, C FPimpliesevenmoreunlikely compleity
classcollapsesPH C &P andP = BPP.

We alsoshaw that #P, is containedn FPif andonly if every P sethasaneasy(i.e.,
polynomial-timecomputable)censudunction. Informally stated,the censudunction of
a set L mapseachnumbern (givenin unary)to the numberof lengthn elementsn L.
Censusunctionsarea centralnotionin compleity theoryandhave provenusefulin mary
contets, seeSection8.1. Our mainresultis thatevery #P,"" function canbe computed
in FP#PT™ Consequentlyevery P sethasan easycensudunctionif andonly if every
setin the polynomialhierarchydoes.We relatea set’s propertyof having an easycensus
functionto otherwell-studiedpropertiesof sets,suchasP-printability, rankability [GS91]
(anothemotion arisingin the theory of Kolmogorov compleity and datacompression),
andscalability[GH96] (the closureof therankablesetsunderP-isomorphisms).

Finally, we prove thatit is no morelikely thatthe censugunction of ary setin P can
beapproximatedmoreprecisely canben®-enumerateth time n? for fixeda and3) than
thatit canbe preciselycomputedn polynomialtime.



Chapter 2

Notations and BasicConcepts

This chapterprovidesthe notationsand the basiccompleity-theoreticconceptsusedin
this work. Readerdamiliar with the conceptsand the standardnotationof compleity
theoryareencouragetb skip the presenthapterandto consultthe Index whennecessary
For furtherinformationandhistoricalbackgroundyve referto somestandardext bookon
computationatompleity suchas[HU79, WW86, BDG88,BDG90,BC93,Pap94].

Furtherconceptsand notationswill be definedlater on; e.g.,the fundamentahotion
of Kolmogoros complexity will bedefinedin Section3.2,andsomebasicgraph-theoretic
conceptswill be providedin Section5.2. The readeris assumedo be familiar with the
standardhotationsof mathematicdpgic, andcomputerscience.

2.1 Strings, Sets,and Functions

Fix the two-letteralphabet> = {0,1}. ¥* is the setof all stringsover ¥, andX* =
¥* — {e}, wheree denotesthe empty string. For eachstringz € ¥*, |z| denotesthe
lengthof z. We denotethe setof non-ngative integersby N, andwe adoptthe standard
bijection between¥:* and N—the naturalnumber:; correspondso the lexicographically
(i + 1)ststringin X*: 0 <3 ¢, 1 < 0,2 <> 1, 3 + 00, etc. We let < denotethe standard
lexicographicorderon ¥*.

The existential quantifieris denotedby 3, and the universal(“for all”) quantifieris
denotedby V. As is standardthe notation3°z (respectiely, V%) means‘there exist
infinitely mary z” (respectrely, “for all but finitely mary z”).

For eachset L C ¥* (equialently L C N via the above bijection), || L|| denoteghe
cardinalityof L, andL = ¥* — L denoteghe complemenbf L. For ary classC of sets,
definecoC = {L| L € C}. Let L=" (respectiely, L=") denotethe setof stringsin L of
lengthn (respectiely, of lengthat mostn), andlet L<® = L<" — L=". Let X" andX<"

11
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be shorthandgor (X*)=" and (£*)=", respectiely. For ary setsX andY’, their disjoint
union, denotedX @ Y, is definedtobe {0z |z € X} U{ly |y € Y'}. Forclasse€ andD
of setslet C @ D denote{C & D | C € C andD € D}.

All functionsmay potentiallybe mary-to-oneandpartial,unlessexplicitly specifiedo
be one-to-oneor total. For each(single-valued,partial or total) function f, let domair{ f)
andimaged f) denotethe domainandimageof f, respectiely.

To encodepairs of strings as a single string, we use some standardtotal, one-to-
one, onto, polynomial-timecomputablepairing function, (-,-) : ¥* x ¥* — X*, that
haspolynomial-timecomputableanversesandis non-decreasingh eachargumentwhen
the other agumentis fixed! This pairing function is extendedto encodem-tuples of
stringsas is standard. For corvenience,we will sometimeswrite m-tuplesof strings
T1,T2y .., Ty € X* explicitly asxi#Hxo# - - - #x.,, USING a Specialseparatingsymbol
# notin X.

Thecharacteristicfunctionof ary setL is denotedy xr,, i.e.,xr(z) = 1if x € L, and

xr(z) =0if z & L.

2.2 Turing Machines, Complexity ClassesReducibilities,
and Other Notions

Thedefinitionof Turingmachinesndtheirlanguagesluringtransducerandthefunc-
tionsthey computerelativized(i.e., oracle)computations(relatvized) compleity classes,
etc.is standardn the literature,see,e.g.,the text books[HU79, WW86, BDG88,BC93,
Pap94]. We will abbreviate “deterministic (respectrely, nondeterministicpolynomial-
time Turing machine”by DPTM (respectrely, NPTM). An unambiguoud§uring machine
(sometimesalledcategorical Turing machine)is a nondeterministiduring machinethat
onnoinput hasmorethanoneacceptingcomputatiorpath.

For ary Turing machineM, L(M) denoteghe language of M, i.e., the setof strings
acceptedy M. ThenotationM (z) means'M oninputz.” Forary NPTM N andary
input z, we assumehat all computationpathsof N(z) are suitably encodedby strings
overX. An NPTM N is saidto be normalizedif thereexistsa polynomialg suchthatfor
alln € N, ¢g(n) > n and,on eachinput of lengthn, all computatiorpathsof lengthq(n)
exist in the computationof N(z), and N(z) hasonly computationpathsof lengthg(n).
Unlessotherwisestatedall NPTMsconsideredn this work arerequiredto benormalized.

We assumehatthe setof final statesof any Turing machines partitionedinto the set
of acceptingstatesandthe setof rejectingstates.Computatiorpathsof nondeterministic

1Using the above-mentionedstandardcorrespondencbetweens* and N, we will view (-,-) alsoasa
pairingfunctionmappingN x N ontoN.
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Turingmachinesreassumedo beencodedsstringsin X*; acomputatiorpaththattermi-
natesn anacceptindinal stateis calledanacceptingcomputatiorpath andacomputation
paththatterminatesn arejectingfinal stateis calleda rejectingcomputatiorpath

Forany NPTM N andary input x, we denotethe setof acceptingcomputatiorpaths
of N(z) by ACCy(z), andweletaccy(z) = ||ACCy(z)|| denotethenumberof accepting
computatiorpathsof N(z). Similarly, rej, (z) denoteghe numberof rejectingcomputa-
tion pathsof N(z), andtoty (z) denoteghetotal numberof computatiorpathsof N(z).

For ary oracleTuring machineM, we will usethe samenotationsasgivenabove, ex-
ceptthat“ M bereplacedy “ MA” whenA is thegivenoracleset.In particular theabove
normalizatiorrequirements meanto hold independentf thespecificoracleused.Some-
times,whenwe speakof anoracleTuring machineM with no oraclespecified we write
M® . We will usethe shorthandDPOTM andNPOTM, respectiely, to denoteDPTMs
andNPTMsthatareoracleTuring machinesWe allow bothlanguagesndfunctionsto be
usedasoracles.In the latter case the modelis the standarcdbne,namely whenquerygq is
asledto afunctionoraclef theansweris f(q).

We briefly recallthedefinitionsof somewell-knowvn compleity classeshatarecentral
to this work. In someof the chapters,a numberof additionalcompleity classeswill
be defined. Every compleity classthat occursin this work can be found in the Index
alongwith a referenceo the pagewhereit is defined. Figure2.1 summarizeshe known
inclusionsamong(someof) theclasseslefinedbelaw.

P (respectrely, NP) is the classof all setsthatareacceptedy someDPTM (respec-
tively, NPTM). UP [Val76] is the classof all setsthat are acceptedoy someunambigu-
ousNPTM. PSRACE is the classof problemsdecidablen polynomialspace.Let FINITE
betheclassof all finite sets.Let P, denotetheclassP — FINITE of all infinite P sets.FP
denoteghe classof all polynomial-timecomputablefunctionsfrom ¥* to ¥*. FEis the
classof functionsthatcanbe computedby deterministictransducersunningin time 2"
for someconstant. LetE = |J . ,DTIME[2"] andNE = ., NTIME[2¢"].

c>0 c>0

Definition 2.2.1 1. [MS72, Sto77] Thepolynomialhierarchy is inductivelydefined
asfollows: X% = P, ¢ = NP”-1 andII? = cox? for k > 1, andPH= Uiso X5

2. [val79aval79 #P = {acq, | M isanNPTM}.

3. [Gil77] PPis the classof languages L for which there existsan NPTM M sud
thatfor all stringsz € ¥*, x € L <= acGy(z) > rej,, ().

4. [Sim75 Wag8q GP is theclassof languages L for which there existsan NPTM
M sudthatfor all stringsz € ¥*, 2 € L <= acg,(z) = rej,,(z).
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PSRACE

Figure2.1: Inclusionrelationsamongsomecompleity classes

5. [CH90,Her90,BG92] For anyfixedk > 2, MOD,P is the classof languages L
for which there existsan NPTM M sudh that for all stringsz € ¥*, 2z € L <—
accy(r) Z 0 mod k.

If & = 2, wewrite ®P (introducedn [PZ83,GP86) insteadof MOD,P.

6. [Gil77] BPPis theclassof languages L for which there existsan NPTM M sud
that for all stringsz € ¥*, (z € L = rejy,(z) < jtoty(z)), and(z ¢ L =
acGy(z) < stoty(z)).

7. [AlI86, ARB8] FewP is theclassof languages L for which there existan NPTM
M anda polynomialp sud that for all stringsz € ¥*, (a) accy(z) < p(|z|), and
(b)z € L <= acqg,(x) > 0.

8. [OH93, FFK94] SPPis the classof languages L for which there exist functions
f € #Pandg € FPsudthatfor all stringsz € ¥*, (r € L = f(z) = 21s®141),
and(z ¢ L = f(z) = 29@)).

Therearevariousequivalentwaysof definingthe classegpresentedn Definition2.2.1
above. For instancethelevelsof thepolynomialhierarchymayalternatvely bedefinedvia
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alternatingpoolynomiallyboundedexistentialanduniversalquantifiersappliedto a P pred-
icate[Sto77, Wra77].CountingclassesuchasPR CGP, &P, or SPPmaybedefinedvia the
differencebetweerthenumberof acceptingandthe numberof rejectingcomputatiorpaths
of NPTMs [FFK94]—suchclassesrecalled“gap-definableclasses’in [FFK94]. Bovet,

CrescenziandSilvestri[BCS97 introducedheconcepbf “leaf languagesasanexcellent
way of uniformlydefiningvirtually all standarccompleity classesConcludingthislist of

definitionalalternatves,we mentionthatit hasbecomepopularamongcompl«ity theo-
reticiansto definenew languageandfunctionclassewvia applyingoperatorso somegiven
classof setsandwewill resortto thiscommornoperatonotationattimes. Thisveryflexible

formalismwasespeciallysuccessfulith regardto yielding strongandunexpectedresults
regardingthepower of countingclassesaswell asin thestudyof Wagnerscountinghierar

chy [Wag86]. Thereaderis referredto thework of Toda[Tod91a Tod914, TodaandOgi-

hara[T092], Wagner[Wag86], Toran[Tor91], andVVollmer andWagner[ VW95, VW93],

seealso[Vol94).

We exemplify this operatofbasedapproachoy giving below the definition of the " #”
operatof which generalize¥/aliant’s class#P definedabove andwhich maybe elegantly
usedto yield generalizationsf theabove countingclassesWe referto Definition 6.2.1on
page88 andto Definition 8.2.2on pagell6for interestingrefinementf the general#
operator

Definition 2.2.2 For any language classC, define# - C to be the class of functions
f:¥* = N for which there exista set A € C and a polynomialp sud that for eath
z e ¥, f(z) = |{y| lyl = p(|z]) and(z,y) € A}]].

For ary compleity classC, we usethe term C madine (respectrely, C oracle ma-
ching) to denotea Turing machine(respectrely, Turing oraclemachine)whosespecific
acceptance/rejectidmehaior is implicitly givenby the definitionof C. Givenary (rela-
tivizable)compleity classC andary oraclesetA4, we write C* to denotethe classof sets
acceptedy someC oraclemachinewith oracleA. For classes’ and D of sets et C* be
Ubenp cP.

For eachk € N, thenotation“[k]|” denotesarestrictionof atmostk oraclequeries(in
asequential—i.e.;adaptve” or “Turing’—fashion).Restrictionsof the numberof oracle
queriesallowed may alsodependon the input length. For example,PN"l°8] is the classof
problemssolvableby a DPOTM that, on inputsof lengthn, is allowedto accessts NP
oracleat mostlog n times. The notation*[O(1)]” (asin PNA9M]y denoteghat, for some
constant, a“[k]” restrictionholds.

°Theconcepbeingdueto Toda[Tod914 andthenotationbeingdueto Vollmer[Vol94], seethediscussion
in [HV95].



16 2. NotationsandBasicConcepts

Definition 2.2.3 1. [KL80] For anylanguage classC, let C/poly bethe classof all
languages L for which there exista setA € C, a polynomialp, and an advicefunc-
tion h : ¥* — ¥* sud thatfor ead lengthn, |h(1")| = p(n), andfor everyz € ¥*,
z € L if andonlyif (z, h(11?))) € A.

2. For anyfunctionclassF, let F/poly be the classof all functionsg for which there
exista function f € F, a polynomialp, andan advicefunctionh : ¥* — >* sud
thatfor each lengthn, |h(17)| = p(n), andfor everyz € ¥*, g(x) = f({z, h(117))).

Definition 2.2.4 1. Givenanytwo setsA, B C ¥*, wesay A polynomial-timemary-
onereducedo B (in symbols A <P B) if andonlyif there existsa functionf € FP
sudthatforallz € ¥*, 2z € A <= f(z) € B.

2. We say A polynomial-timeTuring reducego B (in symbols,A <7, B) if andonly if
Ae PP,

For otherreducibilities suchaspolynomial-timetruth-tablereducibility, we referto the
standardsourceLLS75].

For ary compleity classC andary setB C >*, wesay B is <P -hard (respectrely,
<%.-hard) for C if for all setsA € C, A<P B (respectiely, A <% B). WesayB is <P -
completefor C if B is <P -hard for C andB € C. In all chaptersxceptChapter6, we
usethe terms*C-hard” and*“ C-complete”to mean” <P -hardfor C” and* <P -complete
for C” respectiely.®

We now providethedefinitionsof variousotherimportantnotionsof compleity theory

Definition 2.2.5 1. For any compleity classC, a setL is saidto be C-immuneif L
is infinite and no infinite subsebf L is in C. Let C-immunedenotethe classof all
C-immunesets.

2. AsetL is saidto be C-bi-immuneif both L and L are C-immune Let C-bi-immune
denotetheclassof all C-bi-immunesets.

3. For classe<C and D of sets,D is saidto be C-immune(respectivelyC-bi-immune)
if DN (C-immune # () (respectivelyif D N (C-bi-immuneg # ).

Definition 2.2.6 [BH77] Abijection¢ : ¥* — ¥*isaP-isomorphisnif ¢ iscomputable
andinvertiblein polynomialtime

3Note, however, the corventionregarding“ C-hardnesf counting propertiesof circuits” that will be
madein Definition 6.1.3on page86.
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Definition 2.2.7 [GS91] Therankingfunction of a language A C ¥* is the function
r:3* — Nthatmapsead z € X* to |[{y < z |y € A}||. Alanguage A is rankabldf its
rankingfunctionis computablen polynomialtime

Thatis, therankingfunctionfor A tellsusthenumberof stringsin A upto agivenstring.
To avoid confusionwe mentionthatthenotionof rankabilityusedhereis sometimesgalled
“P-rankability” (e.g.,in [RH96, HRW97b]), andis also sometimegeferredto as“strong
P-rankability”(e.g.,in [HR90]).

Forary setL, thecensudunctionof L, censug : ¥* — N, isdefinedby censug(1") =
||L="||; seeSection8.2for discussiorof thisdefinition. A setS is saidto besparseif there
is a polynomialp suchthatfor eachlengthn, censug(1™) < p(n). A setT is saidto be
tally if 7 C {1}*.

Definition 2.2.8 [HY84] A setS is P-printableif there existsa DPTM M sud that for
ead lengthn, M oninput1™ printsall element®f S havinglengthat mostn.

P-printability [HY84] is a notionarisingin a variety of contexts, includingthe theory
of Kolmogoros compleity, datacompressionand P-uniformcircuit compleity. Hence,
therearenumerouscharacterizationsf P-printability known. For instance Allenderand
RubinsteinfAR88] proved that the following four statementsre equvalent: (1) S is P-
printable;(2) S is sparseandrankablej(3) S is P-isomorphido sometally setin P; (4) S
is asetin P having smallgeneralizequnconditional)Kolmogoros complexity.*

We now presenthe notionof one-way functionwe will be dealingwith in Chapter4;
seealsoDefinition 4.2.10n page46, which givesa variantof Definition 2.2.9below that
is tailoredto the caseof binary functions. Note that we discussone-way functionsin the
compleity-theoreticsettingintroducedoy Grollmannand Selman[GS88], seealso,e.q.,
[K0o85 Sel92 RS97]. So-calledcryptographicone-way functionsare not discussedere,
thoughwe shouldmentionthatone-way functions,andparticularlyone-way permutations,
have beeninterestinglystudiedn thatcontet, seege.g. thepaperdYao82,R89,HILLI91].

Definition 2.2.9 1. Afunctionf is honesif thereis a polynomialp sud thatfor every
y € imagd f) there existsa string z € domair(f) sud thaty = f(z) and |z| <

p(lyl)-

2. Afunctionf is poly-to-oneif there existsa polynomialp sudthat || f = (y)|| < p(|y|)
for each y € imagd f).

4Regardingitem (4), the precisemeaningof thosetermswill be madeclearin Section3.2, wherethe
notionof Kolmogoros compleity is presentedseeDefinition 3.2.5.
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3. A(many-to-onejunctionf is saidto beFP-invertibleif there existsa functiong € FP
sud thatfor everyy € imagd f), g(y) prints somevalueof f~1(y). In particular, if
f is one-to-oneFP-invertibility of f meansf ! € FP.

4. A function f is saidto be a one-way functionif f is honest,f € FP, and f is not
FP-invertible®

5. If f:¥* — ¥* is a surjectiveand one-to-oneone-wayfunction, f is calleda one-
way permutation

Note thatthe honestyof one-way functionsis requiredin orderto avoid the casethat
the FP-noniwertibility is trivial; seealsoFootnote5 on page59 for a differentnotion of
honesty

2.3 BooleanFunctions and Cir cuits

An n-ary Booleanfunctionis a mapping f,, from {0,1}" to {0,1}. Somespecific
Booleanfunctionswill bedefinedin Chapter7.

Circuits built over Booleangatesare ways of representing3ooleanfunctions® An
AND (respectrely, OR) gateoutputsl (respectrely, 0) if andonly if all its inputsare 1
(respectiely, 0), wherewe allow AND andOR gatego have unboundedaninunlessstated
otherwise.A negationgateoutputsl — i if its input hasvaluei € {0,1}. In Chapter7,
we will alsoconsidercircuits having (unboundedanin) PARITY gates.A PARITY gate,
denoted@® , outputsl if andonly if anoddnumberof its inputsarel. Circuitsareassumed
to be encodedn somestandardvay—in fact, for simplicity of expressionwe will often
treata circuit andits encodingasinterchangeable.

The sizeof a circuit is the numberof its gates. The circuit compleity (or sizg of a
Booleanfunction f is the sizeof a smallestircuit computingf.” The depthof acircuit is
thelengthof alongestpathfrom its input gatego its outputgate.

Given an arity n circuit C, #(C') denotesunderhow mary of the 2" possibleinput
patterng’' evaluatedo 1.

SAccording to our generalconvention regarding functions, all one-way functions may potentially be
mary-to-oneandpartial,unlessexplicitly statedasbeingone-to-onepoly-to-oneor total.

SMore precisely we are dealingwith families of Booleanfunctions,onefunctionfor eacharity n, that
arerealizedby circuit families By corvention,whenwe speakof “a” circuit C computing“a” function f,
we implicitly meana family C' = (C,,)nen Of circuitscomputinga family f = (f,.)nen Of functions(i.e.,
for eachn, C,, is a circuit with n input gatesand one output gatethat outputsthe value f,,(x) for each
z € {0,1}").

"For familiesof Booleancircuitsor functions thesizeis afunctionof n, wheren is thenumberof inputs.



Chapter 3

EasySetsand Hard Certificate Schemes

3.1 Intr oduction

BorodinandDemergBD76] provedthefollowing result.

Theorem3.1.1 [BD76] If P# NPN coNP, thenthere existsa setL sud that
1. L eP,
2. L C SAT, and

3. For no polynomial-timecomputabldunction f doesit hold that: for each F' € L,
f(F) outputsa satisfyingassignmenof F.

Thatis, undera hypothesisnostcompleity theoreticiansvould guessto be true, it
followsthatthereis a setof satisfiabldormulasfor whichit is trivial to determinghey are
satisfiableyetit is hardto determinewhy (i.e., via what satisfyingassignmentjhey are
satisfiable.

Motivatedby their work, the presentthapterseeksto study compleity-theoretically
the classe®f setsthatdo or do not have easycertificates.In particular we areinterested
in thefollowing four classesAny nondeterministipolynomial-timeTuringmachineM is
saidto alwayshaveeasycertificategrespectiely, to infinitely oftenhaveeasycertificate$
if thereis somefunction f computablan polynomialtime suchthatfor all (respectiely,
for infinitely mary) inputsz € L(M), thevalue f (z) is anacceptingpathof M oninputz.
EASY (respectiely, EASY;) is the classof all NP setsL suchthat eachNP machine
(respectiely, someNP machine)acceptingl, always haseasycertificates. EASY} (re-
spectiely, EASY;) is the classof all NP setsL suchthateachNP machine(respectiely,

19
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someNP machine)acceptingL infinitely often haseasycertificates.Thus,the above re-
sult of BorodinandDemerscanin this notationbe rephraseds: If P # NP N coNPthen
P Z EASY..

However, we notethat EASY; = P andEASY;, equalsthe classof non-P-immuneéNP
sets.Themainfocusof the presenthapteiis thusontheclasse€£ASYY andEASYY.

In Section3.2, we formally defineour notationsand establishthe inclusionrelations
betweerthefour abore-mentionealassesWe alsoprovide equivalentcharacterizationsf
the classe€EASY,, andEASY? in termsof relative generalizedKolmogoras complexity,
thusshawving thatthey arerobust.

In Section3.3, we provide structuralconditions—rgardingimmunity, P-printability,
andclasscollapses—thaput upperandlower boundson the sizesof EASY,, andEASY?.
Among the resultswe establisharethe implications: (a) if NP N coNP hasP-bi-immune
setsthenEASY!, = FINITE; (b) if NP hasP-immunesetsthenEASYY # NP; and(c) if
EASY! # NP, thenthereexistsaninfinite P sethaving no infinite P-printablesubsetWe
alsoprove equivalencedbetweersuchconditionse.g.,P # NPif andonlyif EASYY, # NP.

Finally, in Section3.4, we provide negative resultsshaving that someof our positive
claimsareoptimalwith regardto techniqueshatrelativize. Our negativeresultsareproven
usinga novel obsenation: We shaw thatthe classical'wide spacing’oracleconstruction
techniqueyields instantnon-bi-immunityresults. Furthermorewe establisha resultthat
improvesupon Baker, Gill, and Solovay’s classicalresultthat NP # P = NP N coNP
holdsin somerelativized world [BGS75], andthatin additionlinks their resultwith the
above-statedesultof BorodinandDemers.

3.2 Definitions and Robustness

As a notationalcorvention, for any NPTM N, we will saythat N alwayshaseasy
certificates(respectiely, that V infinitely oftenhaseasycertificate$ if (the encodingof)
an acceptingpathof N(x) canbe printedin polynomialtime for eachstringz € L(N)
(respectiely, for infinitely mary stringsz € L(N)). Similarly, N is saidto only have
hard certificates(respectrely, to infinitely oftenhavehard certificate$ if no FP function
is ableto output(the encodingof) an acceptingoathof N(z) for eachstringz € L(N)
(respectiely, for infinitely mary stringsz € L(N)).

Definition 3.2.1 Let L C X* beanysetin NP.
1. L € EASYY if andonlyif

(YNPTMN : L(N) = L) 3fy € FP) (Vz € L) [fn(z) € ACCx(z)].
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2. L € EASY}, if andonlyif either L is finite, or
(VNPTMN : L(N) = L) (3fy € FP) (3°z € L) [fn(z) € ACCy(z)].
3. L € EASY if andonlyif
(BNPTMN) [L(N) = L A (3fn € FP) (Vz € L) [fn(z) € ACCy (2)]].
4. L € EASY; if andonlyif either L is finite, or
(ANPTMN) [L(N) = L A (3fx € FP) (3°z € L) [f(z) € ACCx(z)]].

Remark 3.2.2 1. It is easyto seethat bothEASYY and EASY,, containall finite sets.
On the other hand, the EASY;; classesare definedso as to also containall finite
sets;thisis justfor uniformity and sincewe feelthatit is reasonablédo require that
thefinite setssatisfyany suggestednotionof “easy sets.

2. NotethatwecananalayouslydefineEASYY, andEASY-, by usingthequantification
“Vr € L” ratherthan“Vx € L” in part 1 and part 3 of the above definition.
However, sincetheclasse€EASY,, andEASY; (asare mostcompleity classesjre
closedunderfinite variations, it is clear that EASYY, = EASYY and EASYZ, =
EASY;. Moreover, we showbelowthat EASY; = P andthat EASY;, equalsthe
classof all nonP-immuneNP sets,and we therefore will not further discussthese
two classesn thisthesis.

Theorem3.2.3 statesthe inclusion relationsbetweenFINITE, NP and the above-

definedfour classe®f easyNP sets,seeFigure3.1. Thesenclusionsfollow immediately
from Definition 3.2.1.

Theorem 3.2.3 Thefollowing two statementare true.
1. FINITE C EASY), C EASY!, C EASY;, C NP.
2. EASY), C EASY; C EASYS.
Now we characterizeéhe classe€ASY; andEASY,,.

Theorem 3.2.4 Thefollowing two statementare true.
1. EASY; =P.

2. EASY,, = P-immunen NP.
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NP

EASY,, = P-immunen NP

EASYY

FINITE

Figure3.1: Inclusionsbetweerclasse®f NP setshaving easycertificates

Proof. (1) TheinclusionP C EASY{ holds by definition. The corverseinclusion,
EASYy C P, follows from the fact that, for eachNPTM N, |, . 5.- ACCy(2) is a set
in P. More precisely let I be ary setin EASY;, andlet this membershigbe witnessed
by NPTM N andFP function f. ThereexistsaDPTM M thatrecognized. asfollows.

Oninputz, M computesfy (z), checkswhetheror not fy(z) € ACCy(x) by simulating
the correspondingomputatiorpathof N (z), andacceptsr rejectsaccordingly If z € L,

then fy(z) € ACCy(x), and M acceptse. If x ¢ L, then fx(x) cannotbe anaccepting
pathof N(z), andthusM rejectse.

(2) Let L € EASY;, viaNPTM N andFPfunction fy. Thus,L € NP,andif L is nota
finite set,thentheset{z € L| fy(z) = y andN(x) accept®n pathy} is aninfinite subset
of L thatisin P. Hence,L is not P-immune.

Corversely let A beary NP setthatis not P-immune.Let M4 bean NPTM accept-
ing A. If A is finite, thenwe aredone. So supposeA is infinite, andthereis aninfinite
setB suchthatB C A andB € PviaDPTM Mg. We now describeanNPTM N andan
FPfunction fy thatwitnessA € EASYL. Oninputz, N first simulateshe computation
of Mg(z), andaccepts: if My acceptse. If My rejectsz, then N simulateshe compu-
tationof M4(z). It holdsthat L(N) = A. For eachz, define fy(z) to be the (suitably
encodedfomputatiorof Mp(x). SinceB is aninfinite set, fx (x) printsanacceptingath
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of N(z) for infinitely mary z € A. |

The Kolmogoroas compleity of finite strings was introduced independentlyby
Kolmogoro [Kol65 andChaitin[Cha6§. Roughlyspeakingthe Kolmogoros compleity
of afinite binarystringx is thelengthof ashortesprogramthatgenerates. Intuitively, if
astringz canbegeneratedby a programshorterthanz itself, thenz canbe“compressed.
The notion of generlized Kolmogoros complexity ([AdI79, Har83a,Sip83b],seeLi and
Vitaryi [LV93, LV90] for anicesurwy of thefield) is aversionof Kolmogoros compleity
thatprovidesinformationaboutnot only whetherandhow far a stringcanbe compessed
but also how fastit canbe restoed We now give the definition of (unconditionaland
conditional)generalizedolmogoros complexity.

Definition 3.2.5 ([Har83a],seealso[AdI79, Sip83) For any Turing madine T and
functionss andt mappingN to N, defineKr[s(n), t(n)] to betheset

{z| (Jy)[|z| = nand|y| < s(n) andT'(y) outputsz in at mostt(n) stepg}.

It wasshown in [Har834 thatthereexistsa universalt Turing machinel/ suchthatfor
ary otherTuring machin€l” thereexistsa constant suchthat

Kr[s(n),t(n)] C Kyls(n) + ¢, ct(n)logt(n) + .

Fixing a universalTuring machineU anddroppingthe subscript,the unconditionalgen-
eralizedKolmogoros compleity will bedenotedby K[s(n), t(n)] = Ky[s(n),t(n)]. The
conditionalgeneralizedKolmogoros compleity (undercondition z), in which the infor-
mationof the string z is givenfor freeanddoesnot countfor the compleity, is definedas
follows.

Definition 3.2.6 Let U be a fixeduniversal Turing madine and z be a string. For func-
tionss and¢t mappingN to N, defineK[s(n), t(n) | z] to betheset

{z | (Jy)[|z] = nand|y| < s(n) andU({y, z)) outputsz in < ¢(n) stepg}.
In particular K[s(n), t(n) | €] = K[s(n), t(n)].

Of particularinterestin this chapterare certificates(i.e., strings encodingaccept-
ing computationpathsof NPTMs) that have small generalizedKolmogoros compleity.

1Roughlyspeakinga universalTuring machinel/ expectsasinputa pair of a (suitablyencoded)ruring
machineT" and an input string y and simulatesthe computationof 7'(y). More precisely denotingthe
encodingof T' by coddT') and usingour pairing function, U runson input {cod€T’), y) and outputsthe
resultof thecomputatiorof T'(y).
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Levin (see[Tra84) and Adleman[AdI79] independentlydiscoreredthe connectionbe-
tweensmallgeneralizedolmogoros compleity andcertificatesThis connectiorhasalso
beenusedn othercontects ([HW91], seealso[HR90,GT91]andthecommentsn [HR9O0]
on [CH89)).

Thenotionof P-printabilityis presentedh Definition2.2.8onpagel7. TheP-printable
setsare closely relatedto setsof strings having small unconditionalgeneralizedKol-
mogoro/ compleity: A setS is P-printableif andonly if S € PandS C K[klogn,n*]
for someconstant: ([AR88], seealso[BB86, HH88b,Rub86]). Below we notea similar
connectiorbetweerthesetsin EASYY andEASY andthesetsof certificateshaving smalll
conditionalgeneralizedolmogoros compleity, thusshaving therobustnes®f theseno-
tions. Dueto Theorem3.2.4,the correspondinglaimsfor EASY; andEASY;, areomit-
ted. Thoughthe flavor of the correspondenckereinvoked is by now standardsee,e.g.,
theabove papers)we includethe proof of Obsenation3.2.7for completeness.

Obsewation 3.2.7 Thefollowing two statementgre equivalent.
1. L € EASY;.

2. For each normalizedNPTM N acceptingl thereis a constant (which maydepend
on N) sud thatfor eadh stringz € L it holdsthat

ACCy(z) NK[klogn,n* | z] # 0.

Proof. In onedirectionthe function proving a machineeasyitself yields Kolmogoros-
simple certificates. That s, for ary normalizedNPTM N acceptingthe given EASYY,
setL, thereis an FP function fy thatoutputsan acceptingoathof N(z) for eachz € L.
Note thatfor eachxz € L, the programfor fy, encodedasa string y, hasconstantsize,
andthe universalTuring machineU, runningon input (y, x), cangeneratefy () in time
polynomialin |fx(z)|. Hencefor eachz € L, thecertificatefy(x) isin K[k logn, n* | z]
for someconstant dependingnly on fx, andthuson N.

In theotherdirection,let N beany NPTM accepting.. By assumptionfor eachr € L,
N(z) hascertificatesof smallconditionalKolmogoros compleity relativeto z, i.e., N (x)
hascertificatesn K[k logn, n* | z] for someconstantt. Notethatn, the lengthof those
certificatesjs polynomialin |z|; let p be somesuchpolynomialbound. So, for eachz,
n = p(|z|) is a polynomialboundon the length of the certificatesof N(z). Thereare
atmost2°oen) = nt (for somesuitableconstant’) shortstringsthat potentiallyencode
programsy suchthatthe universalTuring machineU, runningon input (y, ), produces
a certificateof N(z) in time polynomialin n, sayin time n™ = (p(|z|))™. Letq(|z|) =

max{ (p(|]))*, (p(|z]))™}.
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Thefunction fy proving N easyworksoninputz asfollows. In abrute-forcemanney
f~ runsthe universalmachineon the pairs (y, z) for all the at mostgq(|z|) mary short
stringsy, |y| < klogn, for ¢(|z|) steps,andthenfor eachoutputchecksif the outputis
anacceptingoathof N(z), andeventuallyoutputsthe first suchacceptingpathfound. If
no acceptingpathwasfound, the input x is notin L. Notethat fy is polynomial-time
computableand,for eachinputz € L, outputsacertificateof N(x). |

Remark 3.2.8 Notethatthenormalizatiorrequiremenin theaboveobservatiorns crucial,
sinceour definitionof conditionalgenerlizedKolmagorov compleity displaysthe strange
feature that for madinesthat are not normalized,if we usea certain simplepolynomial-
time computableand polynomial-timenvertible pairing function,say (, - }weid, t0 encode
the pair of the programy and the conditionz asinput (y, z)weiq to the universal Turing
madine theneventhe emptystring hasnon-constantonditionalKolmagorov complexity.
Dueto our normalizationrequirrmenthowever, thisissueis notgermanehere.

The proof of Obsenation 3.2.9 follows preciselythe lines of the proof of Obsena-
tion 3.2.7.

Obsewation 3.2.9 Thefollowing two statementgre equivalent.

1. L € EASY].

2. For each normalizedNPTM N acceptingl thereis a constant: (which maydepend
on N) sud thatfor infinitely manystringsz € L it holdsthat

ACCy(z) NK[klogn,n* | z] # 0.

3.3 Positive Results

In this section,we prove a numberof implicationsbetweencertainpropertiesof sub-
classe®f NP thataresummarizedn Figure3.2. Usually whenoneis trying to give strong
evidencefor somecompleity-theoreticstatemen® notto betrue,onedoessoby shaving
that.S impliesP = NP. In contrastFigure3.2 hasP # NP asits top conclusion.Nonethe-
less,the implicationsof Figure 3.2 are not meaningless.Their importanceis obviousin
light of the factthatthe statementsf the figure arewell-studiedandimportantconditions
in complity theory Theimplicationsof Figure3.2 statethattheseconditionsareat least
ashardto proveasproving P # NP, andthey explorethelogicalfine-structureamongthose
importantconditions.

Notethatno chainof implicationsin Figure3.2thatcontainsanarrov markedby a“x”
is invertiblein all relativizedworlds.
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P+ NP
(4) A
*1(6)
Thereis aP,, set
having noinfinite PZ EASYY
P-printablesubset 4
A
(3) *110)
EASY] # NP EASYY = FINITE
A (ga) A
(9Db)
2) EASYY C FINITEU (NP — P)
(8) P # NPN coNP
NP is P-immune EASY! C FINITE U (NP — coNP)
(7)
(1c)
x EASYY = FINITE
(1a) A
(1b)

NP N coNPis P-bi-immune

Figure3.2: Implicationsbetweenvariouspropertieof (classe®f) setswithin NP

Key: Implicationsrepresentely arrovsthataremarkedby a“«” arenotinvert-
ible upto thelimits of relatvizations seeSection3.4. Arrows labeledby boldface
numbersndicatenontrivial implicationsto be provenin Theorem3.3.3.
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We first discusghetrivial implicationsof Figure3.2. We stresghatthesetrivial state-
mentsareincludednotonly in orderto makethepicturedisplayedn Figure3.2ascomplete
aspossiblebut alsofor the following reason.In the next section,we will prove thatthe
reverseof someimplication chainscomprisingboth trivial and moreinterestingimplica-
tions not only fails in suitablerelativized worlds, but, evenworse,this relatvizedfailure
canalreadybe shavn for thetrivial partof theimplicationchainconsideredTherefore jt
doesmake sensdo explicitly statesuchtrivial implications.

Thesetrivial facts are either immediately clear or they follow from simple set-
theoreticalagumentspr they arestraightforvardly establishedby the equivalencegiven
in Theorem3.3.1 belon. For instance,the equivalenceof “EASYY = FINITE” and
“EASYY, C FINITEU(NP—P)” canbeseerby simpleset-theoreticatonsiderationg.The
statementEASYY = FINITE,” in turn,immediatelyimpliesthe statementP ¢ EASY,,
seearrov (10) in Figure 3.2. We have beeninformedthatthe authorsof [FFNR9G have
shavn anumberof veryinterestingconditions including“Y* ¢ EASYy” and“thereexists
an honestpolynomial-timecomputableonto function thatis not polynomial-timeinvert-
ible; to beall equivalentto thestatementP ¢ EASYY”

Furthermorethe arravs in Figure 3.2 labeled(1a), (1c), (7), and(8) areimmediately
clear Concerningarrons (9a) and (9b), note that (9b) follows from the equivalenceof
“EASY/, = FINITE” and“EASY? C FINITEU(NP—P)” statedn thepreviousparagraph,
whereagq9a)is implied by part2 of Theorem3.3.1below. Similarly, arrov (6) holdsdue
to part1 of Theorem3.3.1,sinceif P ¢ EASYY, thenthereexistsa setin NP — EASYY,
andthuswe have P # NP.

Thefollowing propositiongivescharacterizationfor two nodesof Figure3.2.

Theorem 3.3.1 Thefollowing two statementare true.
1. P# NPif andonlyif EASYY # NP.
2. EASYY C FINITEU (NP — P) if andonlyif ¥* ¢ EASYY..

Proof. (1) Adleman([AdI79], seealso[Tra84]for a discussiorof Levin's relatedwork)
hasshovn thatP = NP if andonly if for eachnormalizedNPTM M thereis a constantt
suchthatfor eachstringz € L(M) it holdsthat ACCy,(z) N K[klogn,n* | 2] # (. By
Obsenation3.2.7,this equivalencempliesthatP = NP if andonly if EASYY = NP.

(2) First note that the statementEASYY C FINITE U (NP — P)” is equivalentto
the statementEASYY N P,, = (), andthusimmediatelyimplies ©* ¢ EASY], since
¥ € Py

2To bedefinite for all sets4, B, C,andX,if AC X C BC C,then(X = A < X C AU(C -B)).
Taking A = FINITE, B = P, C = NP,andX = EASYY, we have verifiedour claim.
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For the corverseimplication, assumehereexists a setL in EASYY, N P,,. Let M,
bea DPTM suchthat L(M;) = L. We shav that©* € EASYY.. Let N beary NPTM
suchthat L(N) = ¥*. By way of contradiction,supposeN haseasycertificatesonly
for finitely mary = € ¥*. Considerthe following NPTM N for L. Oninputz, Ng
first simulatesthe computationof N(z), andthen,for every pathof this simulation, Ny,
simulatesM| (z) andacceptsaccordingly Notethat (N ) = L. By our suppositiorthat
N haseasycertificatedor finitely mary inputsonly, N; alsocanhave easycertificatesor
at mostfinitely mary inputs,contradictingthat L € EASYY, N P,,. HenceX* € EASYY,,
completingthe proof. |

The first part of Theorem3.3.1 alongwith the first part of Theorem3.2.4yield the
following interestingconsequenceCorollary 3.3.2 can be interpretedas sayingthat for
ary NP-completesetto have only easycertificateschemes sufficesthatit hassomeeasy
certificatescheme. Putting it differently, Corollary 3.3.2is a downward collapseresult
of sorts,sinceit saysthatthe collapseof NP to a potentiallysmallerclass,P = EASYS,
impliesthecollapseof NPto EASYY, whichitselfis potentiallyevensmalleraclassthanP.

Corollary 3.3.2 NP = EASY; if andonlyif NP = EASYY,.
Next, we prove the nontrivial implicationsof Figure3.2.
Theorem 3.3.3 Thefollowing five statementare true.
1. If NPN coNPis P-bi-immunethenEASY}, = FINITE.
2. If NPis P-immunethenEASY} # NP.

3. If EASY] # NP, thenthere existsan infinite P sethaving no infinite P-printable
subset.

4. [AlI92] If there existsan infinite P sethavingno infinite P-printable subsetthen
P # NP.

5. [BD76] If NPNcoNP+# P, thenP ¢ EASYY.

Proof. (1) Let @ beary P-bi-immunesetsuchthat@ € NP N coNPvia NPTMs N, and
Ng, thatis, L(Nq) = Q andL(Ng) = Q. By way of contradictionassumehereexistsan
infinite setZ in EASY}. Let N beary NPTM acceptingl.. Consideithefollowing NPTM
N for L. Givenz, N runsN (z) andrejectsonall rejectingpathsof N(x). Onall accepting
pathsof N(z), N nondeterministicallguessesvhetherz € Q or z € @, simultaneously
guessingcertificates(i.e., acceptingpathsof Ng(z) or Ng(z)) for whichever guesswas
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made,andaccepton eachacceptingoathof N (z) or Ng (). NotethatL(]V) = L. By

our assumptiorthat L is an infinite setin EASYY,, N haseasycertificatesfor infinitely

mary inputs.Let f; beanFPfunctionthatinfinitely oftenoutputsaneasycertificateof N.
Define

L={z] [ () outputsaneasycertificateof N(z)}.

NotethatZ is aninfinite subsebf L, andthatfor ary inputz, it canbechecledin polyno-
mial time whetherz belongsto Q N L or Q N L, respectiely, by simply checkingwhether
the string printedby f5 indeedcertifieseitherz € Q N L or z € Q N L. Thus,either
QN L or QN L mustbe an infinite setin P, which contradictsthe hypothesighat @ is
P-bi-immune Hence every setin EASY) is finite.

(2) Let L beary P-immuneNP set.We claimthatL ¢ EASY. Supposéo thecontrary
thatl, € EASY]. Let N beary NPTM acceptingl. Thenthereexistsan FP function fy
suchthat fx(z) € ACCy(z) for infinitely mary inputsz. Define

B ={z| fn(z) € ACCy(x)}.

Notethat B is aninfinite subsebf L andB € P, contradictinghe P-immunityof L.
(3) If EASYY, # NP, thenthereexist aninfinite NP setL andanNPTM N acceptingL
suchthat

(3.3.1) (Vf € FP) (V*r € L) [f(z) & ACCy(z)].

Let ¢ beapolynomialsuchthat|{x, )| = ¢(|z|) for ary stringz andary pathy of N(z).
Define

D = {{z,y) | y € ACCy(2)}.

Notethat D is aninfinite setin P. Supposéhereexistsaninfinite setA suchthatA C D
and A is P-printablevia someDPTM M. Definean FP function f4 thatis computedoy
DPTM M, asfollows. Oninputz, M, simulateghe computatiorof M (19(2)) andprints
all element®f A upto lengthg(|z|). If astringof theform (x, y) is printed,M 4 outputsy.
Notethatf,(z) € ACCy(z) forinfinitely mary x € L, contradicting3.3.1)above. Hence,
D hasnoinfinite P-printablesubset.

(4) This implication canbe provenusingresultsdueto Allender[All92]. First, some
definitionsareneededLet usconsideranothewersionof time-boundedolmogoros com-
plexity, a versionthatis dueto Levin [Lev84], seealso[Lev73]. For the fixed universal
Turing machinel/ andary stringzx, defineKt(x) to be

min{|y| + logn | U(y) outputsz in atmostn stepg.



30 3. EasySetsandHard CertificateSchemes

Forary setL, letK;(n) = min{Kt(z) |z € L="}.

An NE predicateis arelation R definedby anNE machineM: R(z,y) is trueif and
only if y encodesnacceptingoathof M (x). An NE predicateR is E-solvableif thereis
somefunction f € FE suchthat

(V) [(Fy) [R(z,y)] <= R(z, f())]-
Allender[All92] hasshown thefollowing two statements.

(a) Thereexistsaninfinite P sethaving no infinite P-printablesubseif andonly if there
existsasetB € PsuchthatKg(n) € w(logn).

(b) Thereexists an NE predicatethat is not E-sohableif andonly if thereexists a set
C € PsuchthatK¢(n) ¢ O(logn).

SinceKg(n) € w(logn) impliesKg(n) ¢ O(logn) andsincethe existenceof an NE
predicatehatis not E-sohableimpliesP # NP, (4) is proven.

We alsogive amoretransparendlirectproofof (4). To provethecontrapositre,assume
P = NP. Let L beary infinite setin P. Definethe set

A={(0"w)|n>0A |wl=nA (Fz€ L™)[z < w|}

Notethat A € NP. By our assumptionA € P. Definethe setof the lexicographically
smallestengthn stringsof L for eachlengthn:

S={reL|(vyelL )z <y]}

Notethat S is aninfinite subsebf L. FurthermoreS is P-printable sincewe canfind, at
eachlengthn, the lexicographicallysmallestlengthn stringin L (which is the lengthn
string of S) via prefix searchthatcanbe performedin FP* = FP. Thus,every infinite set
in P hasaninfinite P-printablesubsetaswasto be showvn.

(5) The proof of this resultis implicit in the mostcommonproof (often creditedas
Hartmaniss simplificationof the proof of BorodinandDemers)f thetheoremof Borodin
andDemergBD76], herestatedasTheoren3.1.1,ashasbeennotedindependentlyf the
presentvork by Fenneretal. [FFNR94. SeeSelmar{Sel88]for relatedwork bearingupon
thetheoremof BorodinandDemers.

For completenessye includethe proofthatNP N coNP# PimpliesthatP ¢ EASYY,.
Let L € NPN coNPviaNPTMs Ny, and N, thatis, L(Ny) = L andL(N;) = L. Assume
furtherthat L ¢ P.
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ConsidethefollowingNPTM M. Oninputz, M nondeterministicallguessewhether
r € L orz € L, simultaneouslguessingertificates(i.e., acceptingpathsof Ny (x) or
Nz (z)) for whichever guessvasmade.Notethat

L(M) = L(N,)UL(N;) = LUL = ¥*.

¥* is a setin P. We claim that, underour assumptiorthat L ¢ P, ¥* ¢ EASY,,.
Supposdo the contrarythat>* € EASYY. Then,for the NPTM M acceptingZ*, there
existsanFP function f,, thatprintsanacceptingpathof M (z) oneachinputz. Hence,L
canbedecidedn polynomialtime by simply checkingwhich pathof theinitial branching
of M(z) ledto acceptanceThatis, aDPTM for L, oninputz, computesf,,(xz) andthen
checkswhethertheinitial nondeterministiguessof M (x) on the pathprintedby f/(z)
waseitherz € L or z € L, andacceptsaccordingly This contradictsour assumptiorthat
L ¢ P. Hence X* ¢ EASY,. 1

Finally, we stateaninterestingobsenation by Selman.RecallthatP = EASYY if and
only if ¥* € EASY,. Thefollowing claim givesfurthercharacterizationef P = EASYY,
in termsof the questionof whetherEASYY is closedundercomplementation.

Claim 3.3.4 [Sel95] Thefollowingthreestatementare equivalent.
1. P= EASY,.
2. EASYY{ is closedundercomplementation.
3. TheeexistsasetL in Psucthat L € EASY) andL € EASYY.

Proof. (1) implies (2), and (2) implies (3). To seethat (3) implies (1), let L be a set
suchthatZ € P, L € EASYY, andL € EASY,. Let M, (respectiely, M,) bea DPTM
thatacceptsL (respectiely, L). Let N beanNPTM thataccepts_*. DefineNPTM N;
sothaton input z, N; simultaneouslsimulatesN and M7, and N; acceptsf andonly
if both N and M; accept. Obsenre that every acceptingcomputationof N; encodesan
acceptingcomputatiorof N. Similarly, define N, to simultaneoushsimulate N and M.
Then,L(N;) = L andL(N,) = L. Thus,thereexist f; and f, in FP suchthatz € L
impliesthat f, (z) is anacceptingcomputatiorof Ny, andz € L impliesthat f,(z) is an
acceptingcomputatiorof N,. Define f(z) = fi(z) if # € L, andf(z) = fo(x) if z € L.
Then, f € FPandfor all z, f(x) containsanencodingof acomputatiorof N onz. Thus,
¥* € EASYY. |

Considetthereverseof arrov (10) in Figure3.2,i.e.,the questionof whetherthe state-
ment“P ¢ EASYY” implies“EASYY, = FINITE.” Supposeiot. Thatis, supposehat
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P # EASYY # FINITE. Then,thereis asetL suchthat L is infinite, L is infinite, L € P,
L € EASY!, andL ¢ EASY/. In Corollary3.4.2belov, we will give anoraclerelative to
which P # EASY,, # FINITE. SinceClaim 3.3.4andthe aboze commentgelativize, in
thisworld, suchasetL indeedexists.

3.4 Negative Results

In this section,we shawv thatsomeof theresultsfrom the previous sectionareoptimal
with respecto relatvizabletechniquesThatis, for someof theimplicationsdisplayedn
Figure3.2,we construcianoraclerelative to which thereverseof thatimplicationdoesnot
hold. For instancefrom part2 andpart5 of Theorem3.3.3andthetrivial factsthatare
showvn asarravs (1a)and(1c)in Figure3.2,we have thefollowing implicationchains:

1. If NP N coNPis P-bi-immune,then NP is P-immune,which in turn implies that
EASY] # NP,and

2. If NP N coNPis P-bi-immune,thenNP N coNP # P, which in turn implies that
P ¢ EASYY.

We will prove thatthe reverseof thesechainsfails to hold in somerelativized world.
Evenworse thisrelativizedfailure canbe shavn via proving thatnot eventhetrivial parts
of the chainsare invertible for all oracles. For both chains,this resultcan be achieved
via one andthe sameoracle, A, to be constructedn the proof of Theorem3.4.1 below.
Moreover, relative to A, theinequalitiesFINITE # EASYY # P # NP canbe shavn to
hold simultaneouslyseeCorollary3.4.2.

The maintechnicalcontribution in the proof of Theorem3.4.1is thatwe give a novel
applicationof theclassic*wide spacing’oracleconstructiortechniqueWe shaw thatthis
techniquanstantlyyieldsthe non-P-bi-immunityof NP relatve to someoracle.Theuseof
the wide spacingtechniquedatesso far backthatit is hardto know for surewhereit was
firstused.lt certainlyplayedanimportantrolein theearlypapetby Kurtz[Kur83. Seealso
thevery early useof wide gapsto facilitatethe brute-forcecomputatiorof smallerstrings
employedby Ladner[Lad75], Baker, Gill, andSolovay [BGS75, andRacloff [Rac82].

Theorem 3.4.1 Ther existsan oracle A suc that
(@) NP4 = PSRACE?,
(b) NP* is P*-immunegand

(c) NP4 is not PA-bi-immune
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Proof. TheoracleA will beQBF® B, whereQBFis ary fixedPSIACE-completgroblem
andthesetB is constructedn stagesB = UPO B;. Definethefunctiont inductively by

2t(j—1)

t0)=2 and t(j) =2% for j > 1.
DefinethesetsT” andT}, k > 0, by

T, =% fork >0, and T = U Ty

k>0

Theconstructiorof B will satisfythefollowing requirement:
(3.4.2) BCT and ||[BNTg|| =1 foreachk > 0.

Fix an enumeration{ M, },>, of all DPOTMs. For each: > 1, let p; be a fixed polyno-
mial boundingthe runtime of machineM;. Without loss of generality assumethat our
enumeratiorsatisfiedor all j > 1 that

[log ;]
(3.4.3) D pi(07)) < 2101

=1

Notethatthis canindeedbeassumedy.l.0.g.,by clockingthemachinesvith appropriately
slow clocksasis standard At stagej of the constructionmachinesM,, M, ... , Mfiog ;1
will be active unlessthey have alreadybeencanceledduring earlier stages. Definethe
language

Lg={0"|BNY" 10 #0}.

NotethatL z isin NP?, andthereforein NP*. Let B;_, bethecontentof B prior to stagej.
Initially, let B, betheemptyset.Stage;j > 0 of theconstructiorof B is asfollows.

Stagey.

Casel: For noactive machinel; doesM,>> © %=1 (0!0) accept.
Choosehesmallesttringw; € $HI-10 suchthatw; is notqueriedin thecomputa-
tion of M 2> *%i1(049) for ary active machineM;. SetB; := B,_, U {w;}.

Case2: Thereexistsanactive machinel/; suchthathQBF@BH(Ot(j)) accepts.
Leti bethesmallessuchi. Mark machinel; ascanceledSetB; := B; ; U{1%9}.

End of Stagej.
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By (3.4.3)above, the sumof the runtimesof all machineshatcanbe active at stagej
andrun on input 0*¥) is strictly lessthan29)~1. Thus,thestringw,, if neededn stagej,
indeedexists. In addition, (3.4.3) combinedwith the widely spacedgapsbetweenthe
lengthsof the stringsconsideredn subsequendtagegguaranteeghatthe single stagef
the constructiordo notinterferewith eachother To seethis, notethatfor eachstagej, no
machinethatis active atthis stagecanreach(andquery)ary stringof lengtht(j + 1), that
is, no oracleextensionat laterstagecanaffect the computationperformedn stagej.

NotealsothateachCase2 cancelsa machine put for eachj, atmost[log j| machines
areactive in stagej, so Case2 canhapperat most|log j| times. Hence,Casel happens
infinitely oftenin this construction.If Casel occursin somestage,sayj’, a stringfrom
»H)=10 is putinto B; C B thatis strictly larger thanary stringin B;_,, the initial
segmentof B constructedn earlierstages.t followsthat Lz is aninfinite setin NPA. It
remainsto prove that (a) NP* = PSRACE", (b) NP* is PA-immune,and(c) NP4 is not
PA-bi-immune.

Statemen(a) follows immediatelyfrom theform of theoracleA = QBF & B andthe
factthatQBFis PSRACE-complete.

To prove statemen(b), notethateachDPOTM M; is eithercanceledeventually or M;
is never canceled.If M; is canceledthenwe have by constructionthat 040) € L(M)
for somej, yet 0'0) ¢ Lg, sinceB N £%)-10 = (). Thus,thelanguageacceptedy M;
relatveto A, L(M;*), is notasubsebf Lp. In theothercase(i.e.,if M; neveris canceled),
we will amguethat L(M?) N Lz mustbe a finite set. Indeed,let s; be the first stagein
which all machinesVf,, with ¢ < 4, thatwill everbecanceledarealreadycanceled.Then,
for no stagej with j > s; will MiQBF@Bf*1 acceptthe input 049), asotherwise)M; would
have beenthe first (i.e., having the smallesthumberin the enumerationpactive machine
accepting0®¥) andwould thushave beencanceled.lt follows that M/ acceptsat mosta
finite number(moreprecisely at mosts; — 1) of the elementf Lgz. To summarizewe
have shavn thatthereexists aninfinite setin NP* (namely L) having no infinite subset
in P4, thatis, NP4 is PA-immune.

Finally, we prove statemenfc). Supposehereexistsaninfinite setL in NP4. Define
thefunctionr inductiely by

or(i—1)

r(0)=2¥ and r(j) =2’ for j > 1.
Definethesets
Lin ={0"[ (35 2 0) [r(5) =n A 0" € L]}
and

Lo={0"| (37 >0)[r(j) =n A 0" & L]}.
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Notethat Ly, C L and L, C L, andit holdsthateither0™?) € L for infinitely mary j, or
079) ¢ L for infinitely mary j, or both. Thus,eitherL;, is aninfinite subsebf L, or Lq is
aninfinite subseof L, or both.

Now we prove thatboth Li, and Lo, arein P*. RecallthatA = QBF @ B andthat
B C T and||BNTy|| = 1, sincetheconstructiorof B satisfiesequirement3.4.2)above.
We now describea DPOTM M;, for which L(M{#) = Li,. Oninputz, M first checks
whetherz is of theform 07¢) for somej. If not, M rejectsz. Otherwiseassume: = 07*)
for somefixedk € N. In thiscase, M4 constructsa potentialquerytable,@, of all strings
in B thatcanbe touchedin the computatiorof the NP* machineacceptingL. Note that
all stringsin B thataresmallerthan|z| = r(k) canbe found by bruteforce, since—by
definitionof thefunctionsr andt—they have lengthsatleastdouble-&ponentiallysmaller
than|z|. For thesamereasonno stringin B of lengthnot smallerthan|z| canbetouched
in therun of the NP4 machineacceptingL, on input z, morethanfinitely often. All those
stringsof B N Uj>,c T; thatindeedarequeriedin this computatiorcanthusbe hard-coded
into table@. It followsthat@ containsall informationof B thatcanaffectthecomputation
of theNP* machinefor L oninputz. Hence againemploying the PSRACE-completeness
of QBF, M canaskthe QBF partof its oracleto simulatethat computationusingtable
Q for eachqueryto B. If this simulationreturnstheanswer‘z € L, then M;, acceptst;
otherwise M, rejectsz.

Theproofthat Lo, € P4 is analogousindthusomitted.

To summarizewe have shovn thatif thereexistsaninfinite setZ in NP4, thenatleast
oneof L or L mustcontainan infinite subset(specifically L;, or Lo thatis decidable
in P4, thatis, NP* is not P*-bi-immune. |

NotethattheoracleA constructedn thepreviousproofis recursveandis “reasonablé,
sinceP # NP holdsrelative to 4, dueto the PA-immunity of NP*. In addition, relative
to A, the reverseof arravs (1a)and(1c) in Figure3.2 fails andFINITE # EASYY # P,
i.e.,arrov (10) in Figure3.2is notinvertible. This obsenationis statedin the following
corollary

Corollary 3.4.2 Thee existsan oracle A sud that the following four statementsold si-
multaneously

1. NP* is PA-immuneyetNP* N coNP! is not PA-bi-immune
2. NPY N coNP! # P4, yetNP* N coNP! is not PA-bi-immune
3. P* ¢ (EASY))".

4. (EASY))ANPL £0.
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Proof. Let A = QBF @ B bethe oracleconstructedn the proof of Theorem3.4.1. We
now arguethatthis oraclesatisfiesstatementg§l) through(4).

The first two statementgollow immediatelyfrom Theorem3.4.1. In particular that
NP4 is notP*-bi-immuneimpliesthatNP* ncoNP* is not P*-bi-immune.Moreover, since
NP4 = PSRCE" impliesthatNP* = coNP?, thereexistsasetin (NP4 N coNP?) — P4
by the PA-immunity of NP4,

Therelatvizedversionof part5 of Theorent3.3.3establishethethird statemenof this
corollary: SinceNP* N coNP* # P*, wehave P ¢ (EASYY)A.

To prove thefourth statementlet » andt bethefunctionsandlet 7, £ > 0, andT be
the setsdefinedin the proof of Theorem3.4.1. Recallthatthe constructionof B ensures
thattherequirement3.4.2)is satisfied:B C T and||B N T|| = 1 for every k > 0.

DefinethesetL = {07 | j > 0}. Notethat is aninfinite setin P, andthusin P,

We now show that L € (EASYY)4. Let N beary NPOTM that,with oracleQBF & B,
acceptsL, i.e., L(N®®®B) = [, To shaw that N, with oracleQBF & B, hasalways
easycertificatesye will describea DPOTM M thatcomputesusingoracleQBF & B, an
FPRBFB function fy suchthat fy printsanacceptingpathof N8B (z) for eachr € L.

Oninputz of theform 07¢) for somej, M computesy bruteforce a potentialquery
table, @, of all “short” stringsin B, i.e., Q = B<"0) = B=<!Y), andthenemplos the
PSRACE-completenessf QBF to constructbit by bit, thelexicographicallyfirst accepting
pathof N°BFB(z), sayp, via prefix searchwheretable Q is usedto answerall queries
to B. Sinceby definitionof » andt, |z| = r(j) is atleastdouble-&ponentiallysmaller
thanary stringof length> #(5), nostringin B of length> ¢(j) canbe queriedin therun
of N5 (z) morethanfinitely often. All thosestringsin B N ;) 7; thatindeedare
gueriedin this computatiorcanthusbe hard-codednto table@. It followsthat( contains
all information of B that can affect the computationof N°BF®2(z). Thus, the pathp
constructedy M BB () indeedis avalid acceptingpathof NBF®B (x). M outputsp.

Hence,L € (EASY,)4. Thisestablishesurclaimthat(EASY))AnPL £0. 1

Remark 3.4.3 In fact, it is not hard to seethat, via usinga Kolmogorov compleity based
oracle constructionwe can evenprove the following claim that is stronger than part 3 of
Corollary 3.4.2above: Thee existsan oracle D suc thatP? ¢ (EASYY)?.

To bea bit more precise thesetL = {0V) | j > 0} isin P, andthusin P* for any X.
However, one can constructan oracle set D sud that there existsan NPOTM N with
L(NP?) = L, yetNP hasonly hard certificatesalmosteverywhee, i.e., L ¢ (EASY)P.

As mentionedearlief the implication P # EASY) = P # NP (i.e., arrow (6)
in Figure 3.2) follows immediatelyfrom Theorem3.3.1. However, Theorem3.4.4belov
stateghatthereverseof thisimplicationfails in somerelatvizedworld.
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Theorem 3.4.4 Thee existsan oracle A sud that NP* # P* = (EASYY)A.

Beforewe turnto the proof of Theoren3.4.4,we notethatTheoren3.4.4improveson
aclassicaresultof Baker, Gill, andSolovay [BGS79: ThereexistsanoracleF relatveto
which PP # NPE, yet PP = NP” N coNFP”. This resultstateshatthe (trivial) implication
P # NPN coNP = P # NP s irreversibleup to thelimits of relatvizing techniques.
Indeed thatTheorem3.4.4is strongetthanthetheoremof Baker, Gill, andSolovayis due
to the theoremof Borodinund Demers:The implicationP ## NP N coNP = P # NP
canbe partitionedinto

(3.4.4) (P#NPNCcoNP=> P# EASY)) A (P#EASY;, = P#NP),

and both implicationsin (3.4.4) hold true in every relatvization. The two implications
in (3.4.4)areshownvn asrespectrely arrow (5) andarrow (6) in Figure3.2.

Corollary 3.4.5 (cf. [BGS75) Theoracle A to beconstructedn theupcomingproof of
Theoem3.4.4satisfieghat NP* £ P4 = NP4 N coNP.

Proof of Corollary 3.4.5. This statementollows from Theoren3.4.4andthefactthatthe
proof of part5 of Theorem3.3.3relatvizes. Thatis, statingthe contrapositre of part5 of
Theoren3.3.3:For everyoracleB, if PP C (EASYY)Z, thenP? = NP? ncoNP?. |

Remark 3.4.6 NaorandImpagliazzo[IN88, Propositiord.2] (seealsothe papes [CS93
FR94,FFNR94) provethatin somerelativizedworld, thereverseof thetheoemof Borodin
and Demes doesnot hold, thatis, noneof thetwo implicationsin (3.4.4)is reversible by
relativizingtechniques. Hence their resulttoo improveson the above-mentionedesult
of Baler, Gill, and Solovay [BGS75. Notethat Fenneret al. [FFNR9§ presenta rela-
tivizationin which evena conditionslightly stronger than* P # EASYY” cannotimplythe
condition“ P # NP N coNF,’ andthusthey haveprovena statemenslightly stronger than
thatthereverseof arrow (5) fails in this relativizedworld.

Now we turnto the proof of Theoren3.4.4.

Proof of Theorem 3.4.4. This proofis an adaptatiorof the proof techniquethat Baker,
Gill, andSolovay [BGS75]usedto establisttheir result. As in their proof, we will apply
a priority argumentin the oracleconstruction.In whatfollows, we will recallthe crucial
ideasof Baker, Gill, andSolovay’s oracleconstruction(see[BGS75 proofof Theoreng]),
pointingoutthedifferencego our construction.

The oracle A will againbe QBF & B, where QBF is ary fixed PSRACE-complete
problem. Again, B = |J,., B» is constructedn stagesandfor everyn > 0, B,
denoteghe contentof B prior to stagen. Initially, setB, to theemptyset.



38 3. EasySetsandHard CertificateSchemes

As in [BGS75, definethe functione by e(0) = 2 ande(j) = 227" for j > 1.
At stagen of the constructionat mostone string of lengthe(n) is addedto B soasto
simultaneouslgnsurebothP* # NP4 andP* C (EASY))A.

Fix an enumeration{ M,};>, of all DPOTMs and an enumeration{N;};>; of all
NPOTMs. For eachj > 1, let p; be a fixed polynomial boundingthe runtime of both
M; andN;. Definethelanguage

Ly = {0"] (3w) [w € B™}.

Notethat Lz isin NP?, andthereforen NP4,

Therearetwo typesof requirementso besatisfiedn theconstructiorof B. Intuitively,
satisfyinga requiremendf theform (i, i) will ensurethat L(M;*) # Lg. Thus,satisfying
(i,1) for eachi > 1 will establishourclaimthatP* # NP*. Ontheotherhand satisfying
arequiremenbf theform (j, k) with j # & will ensurehat L(N') # L(M), andN;! is
thusnot a machineacceptinghe P4 setL(M]A). Thatis, that N is a machineaccepting
L(M;.“) can happenonly if requirement(j, k) with j # k is never satisfied. Thus, to
establishour claim thatP* C (EASYY)4, it sufiicesto shav that N/ hasalways easy
certificatedor everyrequirementj, k) with j # k thatis never satisfied.

In moredetail, anunsatisfiedequirements, 1) is vulneableat stagen of theconstruc-
tion of B if p;(e(n)) < 2°(™. An unsatisfiedequirementj, k) with j # k is vulnerableat
stagen if thereexistsastringx suchthat

(3.45) e(n—1)<loglz| <e(n) <max{p(|z|),pr(Jz])} < e(n+1)

andin additionit holdsthatz € L(M2°"=1) if andonlyif = ¢ L(N°"""!). Note
that the definition of vulnerability for this secondtype of an unsatisfiedrequirements
differentfrom thatgivenin theproofof [BGS75 Theorenb]. By corvention,we agreghat
requirementk; hashigherpriority thanrequirementR, exactlyif R; < R,. Stagen > 0
of theconstructiorof B is asfollows.

Stagen. Therequirementf highestpriority thatis vulnerableat stagen will be satisfied.
To satisfyrequirementj, k) with j # k, we simply addno stringto B in this stage,i.e.,
B, := B,_,. To satisfyrequirements, i), simulatethe computatiorof 1727”1 (ge(m),
If it rejects,thenlet w, be the smalleststring of lengthe(n) thatis not queriedalong
the computationof M2°™P»~1(0«(), andsetB, := Bp_; U {w,}. If M2*™®P"1 ac-
cepts0®™, thensetB,, :== B, ;.
End of Stagen.

Eachrequirement(s, ;) is eventually satisfied,sincethereare only finitely mary re-
quirementsof higher priority. Supposeequirement(i, i) is satisfiedat stagen. Then,
since (i,7) is vulnerableat stagen, we have p;(e(n)) < 2¢™. This implies that the
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string w,,, if neededo be addedto B in stagen, mustexist, and further that no string
in B of length> e(n) canbe touchedin the run of M (0¢™). Sinceby construction
alsow, is notqueriedby M:(0¢™)), we concludethatoracleextensionsat stages> n do
not affect the computationof M 2% %=1 (0e(m). Hence, 0™ ¢ L(M2E#) if andonly
if 0<m) ¢ L(M2P™®P1) By construction0e™ ¢ L(M2°™®"1)if andonly if there
exists somestringw,, € B, N X¢™ = B=¢" By definition of Lg, thereexists some
stringw, € B=¢™ if andonly if 0°™ € Lp. It follows that L(M*") £ L. Since
eachrequirement(i, i) is eventually satisfiedwe have L(M2%F) £ Ly for eachi; so
Lp € NP* — P4,

It remaingto provethatP* C (EASYY). Theremaindenf this proofis differentfrom
theproofof [BGS75 Theoremg]. Givenary pairof machines)M; and N, with j # &, we
will shaw thateither L(N{!) # L(M*), or Ni* hasalwayseasycertificatesthusproving
that for every setin P4, eachNP* machineacceptingit hasalways easycertificates,in
symbolsP* C (EASYY)A.

Eachrequirement(j, k) with j # k is eithersatisfiedeventually or (j, k) is never
satisfied. Supposerequirement(j, k) is satisfiedat stagen for somen. Then, by the
definition of vulnerability for this type of requirementsthereexists a string z suchthat
() 2 € L(MP®5=1) if andonly if o ¢ L(NZ°P"4), (ii) B, = B,_1, and(iii) neither
M; nor N, oninputz, canqueryary stringof lengthexceedinge(n). Thus,z € L(M}')
if andonlyif z ¢ L(N'), i.e., N{ cannotacceptheP" setL(M?).

So supposerequirement(j, k) is never satisfied,i.e., L(N;') = L(M;') might now
happenin this casejt sufficesto shav that L(N;') = L(M;") impliesthat N;* hasalways
easycertificates. Sincethis holdsfor all k¥ for which N/ can acceptL(MjA), we have
L(M') € (EASY))™.

Let s; ., bethefirst stagesuchthat(a) and(b) hold:

(a) Foreveryz with [z| > e(s;x) thereis atmostonen suchthat
log || < e(n) < max{p;(|z|), p(jz])}.

(b) All requirementf higherpriority than (j, k) thatwill ever be satisfiedare already
satisfied.

We will now shav that N oninputz haseasycertificatesfor every stringz accepted
by MJ.A. We describean FP* function £, that,on input z, usesoracleA = QBF @ B to
outputsomeacceptingpathof N (z) if = € L(M}).

Oninputz, if |z| < e(s;x), thenf;, usesafinite tableto find andoutputsomeaccepting
pathof N/ (z) wheneerz € L(M;'). Otherwise(i.e., if |z| > e(s;)), fx calculateghe
smallestn suchthate(n) > log|z|. Then, f; builds a table,T’, of all stringsthatwere
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addedto B beforestagen, i.e., T = B<¢™") by queryingits oracle B aboutall stringsof

lengthse(0), e(1),... ,e(n—1). Sincee(n—1) < log|z

, only O(|z|) queriesarerequired

in this brute-forcesearch We have to considertwo cases.

Casel: e(n) > max{p;(|z|), px(Jz])}. Then,neitherM/(z) nor N/'(z) canquerytheir

oracleaboutary stringof length> e(n). Thereforethe computatiorof A/; and Ny

on input z with oracleQBF & T is the sameaswith oracleQBF & B. Hence,f;

canrun M2*" oninputz to determinewhether)* wouldaccepts. If it rejectsz,

then f;, canoutputan arbitrarystring,andwe aredone. If MJQBF@T acceptse, then
fr exploitsthe PSRACE-completenesst QBFto constructhelexicographicallyfirst
acceptingpathof N2 (1), sayp, bit by bit via prefix searchwhereQBF uses
tableT to answerevery oraclecall of N*®%(z) to B. It follows thatp is a valid

acceptingpathof N (z) if z € L(M}"). f, outputsp.

Case2: e(n) < max{p;(|z|),px(|z|)}. In this case,alsostringsof lengthe(n) canbe

queriedoy M#(z) or N{(z). Notethat N2°" acceptsy if andonly if 725"
acceptse, asotherwiserequirementj, k) would have beensatisfiedat stagen, con-
tradicting our suppositionthat (j, k) is never satisfied. Indeed,since (j, k) is the
smallestunsatisfiedequirementt stagen by (b) above andsincex meetscondi-
tion (3.4.5)above by (a), theequialence

z € LIMPPT) <= ¢ LN

would enforcethe vulnerability of (j, k) at this stage. Now, f} simulatesM]A(x)
andoutputsanarbitrarystringif it rejects.Otherwise(i.e.,if = € L(MJ.A)), fr runs

M2 (z), call this computatiory. Therearetwo subcases.

Case2.1: The computationof MJA(.??) exactly agreeswith ¢q. Then,thereexistsan
acceptingpathof N2°7(z), and f, againempla/s QBF to constructhe lex-
icographicallyfirst acceptingpath of N2°7 (z), call this pathp. If p were
reliablew.r.t. oracleA, then f,, couldsimply outputp, andwe weredone.How-
ever, p is notreliable,sinceT” and B mightdiffer, so f, hasto checkthevalidity
of p. By our choiceof s, ;, thereexists (accordingto (a) abose) at mostonen
suchthat

log|z| < e(n) < max{p;(|«|), px(|2[)}-

Hence, T canlack at mostonelengthe(n) stringof B that might be queried
in therun of N (). Now, f;, checkswhetherp is avalid certificateof N/ (z)

by simply checkingwhetherall answergivenalongp arecorrectaccordingo
the B partof f;’soracle.Therearetwo subcasesf Case2.1.
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Case2.1.1: All stringsz queriedalongp receve theanswer‘yes” if andonly
if 2 € B. We concludethatp is a valid certificateof N/ (x). f outputsp.

Case2.1.2: Thereexistsastringz thatis queriedalongp, but recevesawrong
“no” answeraccordingto B, i.e.,z € B. Then, f; hasdetectedhatz is
the onestring of lengthe(n) in B — T. So,addingz to T', we now have
T = B=™ f, againemploys QBFto constructhelexicographicallyfirst
acceptingpathof N2°™®” (z), sayp’, whichnow mustbeavalid certificate
of N2 (z). fr outputsp'.

Case2.2: Thecomputatiorof M]f“(:c) differsfrom ¢. Theonly way this could hap-
pen,however, is thattheonemissingstringin 7, z € B<¢™ T, isqueriedong,
but hasrecevedawrong“no” answerfrom 7. Then,asin Case2.1.2, f, has
identifiedz andcancompletetableT by addingz to 7. Now, T = B=<¢(") and
fx canproceedasin Case2.1.2to find andoutputa valid certificateof N (x)
if z is acceptedy M]A (via oncemoreemploying QBF in the prefix searchto
constructhelexicographicallyfirst certificate).

Sincemax{p;(|z|), pr(|z])} < e(n + 1) by (a) abore, no stringof length> e(n + 1)
canbequeriedby NN, or M; oninputz, andthusoracleextensionsatstages> n+ 1 cannot
affectthe computatiorof N2*%" () or M2°FP" (z). Thiscompletesheproof. |

Remark 3.4.7 The argumentgivenin the above proof could almostseemto even prove
that there existssomeoracle A relativeto which P* # NP* andNP* C (EASYY)4, i.e.,
P £ NP* and P* = NP*, which is impossible However, our argumentdoesnot work
for NP in placeof P, for thefollowing subtlereason.Whenwe definethe vulnembility of
requirrmentf theform (4, k) with j # & in termsof pairs of two nondeterministioracle
madinesN; and N, and modify our argumentappropriately, thenthe FP* function f
hasno way of telling whetheror nottheinput z is acceptedyy NJA (sincewe haveno P*
algorithm as in the above proof) and therefore is in serioustroublewhenit is trying to
constructa valid certificateof N/ (z).

Of course the existenceof relativizedworlds A in which a statementX# fails should
not be viewed as evidencethat X fails in the unrelatvized world. Rathey the exis-
tenceof suchrelativized worlds shouldbe viewed as evidencethat most standardoroof
techniquedack the power to prove that X holdsin the unrelatvized world. See,e.g.,
[AlI90, For94,Har89g for discussion®f how to interpretrelatvizedresults.We suggesas
anopenquestionthe issueof whethereven strongerimplicationsthanthoseof Figure3.2
canbeestablished.
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As afinal remark,ananorymousrefereeof thejournalpapefHRW97a]mentionedhe
interestingopentopicof definitionsanalogouso ours,exceptwith the path-findingoperator
beingprobabilistic(eithererrorboundedr errorunbounded)ratherthandeterministic.



Chapter 4

One-Way Permutations and Associatve
One-Way Functionsin Complexity
Theory

4.1 Intr oduction

It is well known that (mary-to-one)one-way functionsexist if andonly if P # NP.
Thus,we cannothopefor anultimatesolutionto the questionof whetheror not one-way
functionsexist unlesswe cansolve the famousP = NP problem. All we canhopefor is
to characterizehe existenceof certainspecialtypesof one-way functionsvia compleity-
theoreticstatementsuchasthe collapseor separatiorof compleity classes.

Marny typesof one-way functionshave beenstudiedin the literature. Most notable
amongsuchresultsis Grollmannand Selmans characterizatiorof the existenceof cer
tain types of injective one-way functionsby conditionssuchasP # UP N coUP or
P # UP[GS88],seealso[K085. Allender[All86] extendedtheir resultsby proving that
poly-to-oneone-way functionsexist if andonly if P # FewP! WatanabdWat8g shoved
thatconstant-to-onene-way functionsexist if andonly if injective one-way functionsex-
ist. WatanabgWat99 also shaved that the existenceof randomizeginjective one-way
functionsandthe existenceof extensible injectiveone-way functions,respectiely, canbe

1UP andFewP arevery interestingcomplexity classesvhoseimportantapplicationsnclude but extend
beyond the study of one-way functions. They have beenthoroughlystudiedin a wide variety of topics,
includingthefollowing: therelative compleity of checkingandevaluating[VVal76; machinerepresentations,
completesets,the IsomorphismConjectureof BermanandHartmanis,andrelatvizations|[HH88a HH91,
HH90, HR92]; BooleanhierarchyequivalencegHR97h HR95]; circuit compleity [HR9O7H; fault-tolerant
databaseaccesgCHV93]; upward separatiorfAll91, RRN94]; andrelationsto countingclassedCH90,
KSTT92 OH93 FFK94.

43
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characterizedy the separation8PP # UPEPP andP # UP, whereP is the classof
polynomial-timesolvable promiseproblems(in the senseof [EY80, ESY84,GS88])and
UP is the classof unambiguoupromiseproblems[CHV93, HR97b]. Finally, Fenneret
al.[FFNR9q provedtheexistenceof surjective many-to-on®ne-wayfunctionsequialent
to P ¢ EASY/, usingdifferentnomenclature.

In this chapter we provide characterizationsf the existenceof associatie one-way
functionsandof partialandtotal one-way permutations.

Rabiand ShermanRS97, RS93 studyassociatie one-way functions(AOWFs) and
shav that AOWFs exist exactly if P # NP. They also presentthe notion of strong
AOWFs—AOWFsthatarehardto invertevenwhenoneof theiragumentss given. They
give protocolsdueto Rivestand Shermarfor two-partysecret-ky agreemenanddueto
Rabiand Shermarfor digital signaturesthatdependon strong,total AOWFs. They also
outline a protocolapproachor multi-party secret-ky agreementhatdependson strong,
total, commutatve AOWFs.

Therearetwo key worriesregardingthe Rabi-Shermampproach Thefirst is whether
their protocolsaresecureavenif strong,total, commutatve AOWFsexist. Thisworry has
two facets. The first facetis that, asthey note, like Diffie-Hellman[DH76, DH79 the
protocolthey describehasno currentproof of security(evenif the existenceof strong,
total, commutatve AOWFsis given),thoughRabiand Shermargive intuitively attractve
argumentsuggestingheplausibility of security In particularthey provethatcertaindirect
attacksagainstheir protocolsare precludedy thefactthatthe protocolsusestrong,total
AOWFs ashbuilding blocks. The secondfacetof the first worry is that their definition of
strong,total, commutatve AOWFsis a worst-casealefinition, asopposedo the average-
casedefinitiononedesiredor a satisfyinglystrongapproacho cryptography

The secondworry is that Rabi and Shermanprovide no evidenceat all that strong,
total, commutatve AOWFs exist, thoughthey do prove that AOWFsexist if P # NP. In
Section4.2 we completelyremove that worry by proving that strong,total, commutatve
AOWFsexistif P # NP.

In light of the above-mentionedfirst worry—and especiallyits secondfacet—we
note, asdid Rabi and Shermanthat the study of AOWFs shouldbe viewed as more of
complity-theoreticinteresthanof appliedcryptographidnterestthoughit is hopedthat
AOWFswill in thelongtermprove, probablyin average-caseersionsto be of substantial
appliedcryptographiovalue.

Phrasingour work in a slightly differentbut equivalentway, in Section4.2 we prove
thattheexistenceof AOWFs(or, indeed theexistenceof anyone-wayfunction)impliesthe
existenceof strong,total, commutatve AOWFs. Furthermorepasedon Kleenes [Kle52]
distinctionbetweenweakand completeequality of partial functions,we give a definition
of associatrity that, for partial functions,is a more naturalanalogof the standardotal-
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functiondefinitionthanthat of Rabiand Shermanandwe shawv thattheir andour results
hold evenunderthis morenaturaldefinition.

In Section4.3, we turn to the questionof whetheror not one-way permutationsexist.
First,letusbriefly digressonthequestionWhatmakesNP-completgroblemsntractable?
Onepossiblesourceof their potentialintractabilityis the factthattherearemary possible
setsof solutions:Thesearchspaceas exponentialsothe cardinalityof the setof setsof so-
lutionsis double-&ponentiain theinputsize. Anotherpossiblesourceof NP’s compleity
is thatall solutions—eenif therearejust afew of them—mayberandomin the senseof
Kolmogoros compleity andthushardto find. For bothreason®nemaytry to “remove”
the difficulty from NP by consideringsubclassesf NP that, by definition, containonly
easysetswith respecto eithertypeof difficulty. NP’s subclasseslP andFewP (definedin
Chapter2) bothimplicitly reducethe richnessof the classof potentialsolutionsto on?®,
To singleout thoseNP setsthat, for all NP machinesacceptinghem, have Kolmogorao-
easysolutionsfor all instancesn the set,we definedthe classEASYY, in Definition 3.2.1
on page20. Interestingly boththeseconceptf easyNP sets,UP andEASYY, have their
own connectionto the invertibility of certaintypesof one-way functions,asstatedin the
secondparagraptof this section.

In Section4.3, characterizationsf the existenceof varioustypesof one-way permu-
tationsaregivenin termsof compleity-theoreticconditions. In particular we introduce
the UP analogEASYY(UP) of EASYY,, which combinesthe restrictionof unambiguous
computatiorwith the constraintrequiredby EASYY. Thus, EASYY(UP) simultaneously
reduceghe solutionspaceof NP problemsto at mostonesolutionperinput andrequires
thatthis onesolution,if it exists,canbe foundin polynomialtime. We prove thatpartial
one-vay permutationgxist if andonly if P # EASYY(UP). We alsoestablisha condition
necessargandsuficientfor the existenceof total one-way permutations.

In addition,varioustypesof poly-to-oneone-way functionsarecharacterizeth terms
of classseparationsuchasP # EASY!(FenP), whereEASY, (FewP) is the FewP analog
of EASYY. Basedon anobsenrationby Selman([Sel95],seeClaim 3.3.40n page31), we
alsoshaow that the existenceof one-way permutationsand of poly-to-oneone-way func-
tions, respectiely, can be characterizedn termsof closureundercomplementatiorof
EASY{(UP) and EASY;(FenP). Moreover, we discussour resultswith respectto the
UP analogof the Borodin-Demergheorem([BD76], seeTheorem3.1.10on pagel9) and
with respecto statementsf the seeminglyunrelatedield of (finite model)logic.

This chapteris organizedasfollows. Section4.2 studiesassociatie one-way func-
tions. Section4.3 dealswith one-way permutationsSection4.4 presentsonclusionsand
describesomeopenissues.
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4.2 Creating Strong, Total, Commutative, Associatve
One-Way Functions from Any One-Way Function in
Complexity Theory

Sectiord.2is organizedasfollows. Sectiord.2.1providesdefinitionsandotherprelim-
inaries.Sectiord.2.2establishesurmainresult. Sectiord4.2.3discusseanissuerelatedto
injectivity. Sectiond.2.4provesthatif UP # NP thena constructiorof RabiandSherman
is invalid.

4.2.1 Preliminaries

ThroughoutSectiord.2, whenwe use“binary function” we mean‘tw o-aigumentunc-
tion.” Recallfrom Chapter2 thatunlessexplicitly statedasbeingtotal, all functionsmay
potentiallybe partial? i.e., “let o be ary binary function” doesnotimply thato will nec-
essarilybe total. For ary binaryfunctionos, we will interchangeablyseprefix andinfix
notation,i.e.,o(x,y) = zoy.

For concretenessye now explicitly definethenotionof one-way-nesgor binary func-
tions. Regardingpart3 of thefollowing definition,we mentionthatwe usetheterm*“one-
way function” in the sameway Rabi and Sherman[RS97 do, i.e., in the compleity-
theoretic(thatis, worst-caseysenseandwithout requiringthatthe functionnecessariljoe
injective.

Definition 4.2.1 Leto : ¥* x ¥* — X* beanybinary function.
1. We sayo is honestif and only if there exists somepolynomialp sud that for ev-

ery z € imageo) there existsa pair (z,y) € domair(c) sud that zoy = z and
2| + [yl < p(|2]).°

2. We sayo is FP-invertibleif andonly if there existsa total functiong € FP sud that
for every z € imag€o), g(z) is someelementof o~!(z) = {(z,y) € domair(o) |
zoy = z}.

3. We say o is a one-way function if and only if o is honest,polynomial-timecom-
putable andnot FP-invertible

2However, for rhetoricalreasonsywe may sometimesxplicitly mentionthata functionis partial.

3This definition of honestyfor binary functionsis that of Rabiand Shermar[RS97], andis equivalent
to requiring [{z,y)| < p(|z|), sincethereexists somepolynomialq (that dependsn the pairing function
chosenuchthatfor everyz,y € X%, [(z,y)| < ¢(|| + [y|) andlz| + [y| < q(|{z, y)])-
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Rabiand ShermarfRS97]definea notion of associatiity for binaryfunctionsasfol-
lows. Diskussior4.2.3below explainswhy we usetheterm“weakly associatie” in Defi-
nition 4.2.2to describeheir notion.

Definition 4.2.2 Leto : ¥* x ¥* — X* be any binary function. We say o is weakly
associatieif andonlyif z o (y o z) = (z o y) o z holdsfor all z,y, z € ¥* sut thateadh
of (z,v), (y,2), (z,y o 2z),and(z o y, z) is an elemenbf domair(o).

Discussiord.2.3 Associativityexpressegqualitybetweenwo functionsead of which can
be viewedas a 3-ary functionthat resultsfrom a givenbinary function. Definition 4.2.2
yieldsa notion of associativitythat is not natural for non-totalfunctions,sinceit doesnot
evaluateasbeingfalse“equations” sud1as“undefined= 1010.” Thissituationcanoccur
inzo(yoz)=(xoy)o zinvariousways,e.q, if (z,y), (z oy, 2), and(y, z) arein the
domainof o but (z, y o z) is not. It wouldseenmmore natural for a definitionof associativity
for binary functionsto require that both sidesof the above equationstandor fall together
Thatis, for ead triple of stringsz,y,z € >*, either both sidesshouldbe definedand
equal,or ead sideshouldbe undefined.

This obsenation is not new. Drawing on Kleenes careful discussionof how to de-
fine equality betweenpartial functions, our definition of associatiity—givenin Defini-
tion 4.2.4belov—achievesthis naturalbehaior. Thedistinctionin thetwo definitionsof
associatiity canbe saidto comefrom two distinctinterpretation®of “equality” between
functions,known in recursve functiontheoryasweakequalityandcompleteequality, see
Kleene[Kle52]. Kleenesuggestshe useof two differentequalitysymbols. We will use
“=," and“=." andwe have modifiedthe following quotationto usethesealso. Kleene
writes[Kle52, pp.327-328]:

We now introduce“y(zy, ... , z,) = x(z1,... ,z,)" to expressfor particu-
lar x4, ... , x,, thatif eitherof ¢(z4, ... ,z,) andx(z,... , z,) is defined so
is the otherandthe valuesarethe same(andhenceif eitherof (1, ..., z,)
andx(z,... ,z,) is undefinedsois the other). The differencein the mean-
ing of (i) “¥(x1,-..,2n) =w X(T1,...,2,)" @and (i) “¥(xq,...,2,) =
x(z1,...,z,)" comeswhenoneof ¢(z1,...,z,) andx(z,... ,z,) is un-
defined.Then(i) is undefinedwhile (ii) is trueor falseaccordingasthe other
is or is notundefined.

Completeequalityis the morenaturalof thetwo notions,andDefinition 4.2.4yieldsa
notionof associatiity for binaryfunctionsthatis basedn completeequality Nonetheless,
we will shav thatRabiandShermars resultsfRS97]andour resultshold evenunderthis
morerestrictive definition. In a similar vein, we also definecommutatity for (partial)
binaryfunctions.
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Definition 4.2.4 Leto : ¥* x ¥* — ¥* beanybinaryfunction.Definel' = ¥*U{L} and
defineanextensiors : I' x I' — I' of o asfollows:

o(a,b) ifa# Landb+# L and(a,b) € domairo)
1 otherwise

(4.2.1) 5(a,b) = {

We sayo is associatie if andonlyif, for everyz,y, z € ¥*, (zoy)oz = zo(yoz). We say
o iscommutateif andonlyif, for everyz,y € ¥*, zoy = yoz (i.e., zoy =, yox).

Every associatie functionis weakly associatie; the corverse however, is not always
true,sotheseareindeeddifferentnotions.

Proposition4.2.5 Thefollowing threestatementare true.
1. Everyassociativebinary functionis weaklyassociative
2. Everytotal binary functionis associativaf andonlyif it is weaklyassociative
3. Thee existsa binary functionthatis weaklyassociativebut notassociative

Proof. (1) and(2) areimmediatefrom the definitions.Regarding(3), notethatthefollow-
ing binaryfunctiono : ¥* x ¥* — ¥* is weaklyassociatie but not associatie:

111 if a =1andb =11
(4.2.2) o(a,b)=<¢ 0 if a =111 andb = 1111
undefined otherwise,

whereby “undefined”abore we do not meansomenew token “undefined; but ratherwe
simply meanthatfor caseandledby thatline of thedefinition(a, b) ¢ domair{c).

Definition 4.2.6 1. Abinaryfunctions : ¥* x ¥* — ¥* isan AOWF if andonlyif o
is bothassociativeanda one-wayfunction.

2. [RS97 Abinaryfunctiono : ¥* x ¥* — ¥* isan AOWF if andonlyif ¢ is both
weaklyassociativeanda one-wayfunction.

Rabi and ShermanRS97 also introducethe notion of strong one-way functions—
binary one-way functionsthat are hardto invert evenif oneof their agumentsis given.
Strongnessmpliesone-way-ness(We notethat“strongness’hereshouldnot be confused
with the propertyof strong-FP-imertibility of functionsintroducedby Allender [AlI86,
All85].) To avoid ary possibilityof ambiguitywe henceforvard,whenusingequalitysigns
with partialfunctions,will make it explicit thatby equalitywe mean=..
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Definition 4.2.7 A binaryfunctiono is saidto bestrongif andonlyif o is not FP-invertible
evenif oneofits argumentss given.More formally, binary functione is strongif andonly
if neither(a) nor (b) holds:

(a) Thee existsa total functiong; € FP sud thatfor every z € imag€o) andfor each
x € X* ifo(x,y) =, z forsomey € ¥*, theno(z, g:({x, 2))) =. z.

(b) Thee existsa total functiong, € FP sud thatfor everyz € imag€go) andfor each
y € X%, if o(z,y) =. z for somer € ¥*, theno(g2({y, 2)),vy) = 2.

4.2.2 Strong, Total, Commutative, Associatve One-Way Functions

This sectionprovesthatP # NP if andonly if strong,total, commutatve, associatie
one-way functionsexist.

RecallthatRabiandShermarfRS97 shawv that A'OWFsexist if andonly if P # NP.
However, they presenno evidencethat strong AYOWFs exist, andthey establishno struc-
tural conditionssufficient to imply thatany exist. Solvingtheseopenquestionsye shov
in Theorem4.2.8belaw thatthereexist strong,total, commutatve AYOWFs (equialently
strong,total, commutatve AOWFs)if andonly if P # NP.

Theorem 4.2.8 Thefollowing five statementare equivalent.
1. P# NP,
2. Thee exist A'OWFs.
3. Thee exist AOWFs.
4. Thee exist strong total, commutative®*OWFs.
5. Thee existstrong total, commutativeA\OWFs.

Proof. By part2 of Proposition4.2.5,(4) and (5) areequvalent. By part1 of Proposi-
tion 4.2.5,(3) implies (2). RabiandShermanfRS97 have shovn the equivalenceof (1)
and(2), by exploiting theassociatiity of theclosestommonancestorelationfor configu-
rationsin thecomputatiorireeof nondeterministi@uringmachines(5) (and,equvalently,
(4)) implies(2) and(3). Soto establistthetheoremit sufiicesto shav that(1) implies(5).

We will soondefineakey function,o. We atthatpointdescribeheintuition behindit,
andwe describghetwo-phasestratey our proofwill follow.

AssumeP # NP,andlet A beasetin NP—P. Let M beanondeterministipolynomial-
time Turing machineacceptingA. By a witnessfor “z € A” we meanastringw € X*
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thatencodesomeacceptingcomputationpathof M oninput z. Recallfrom Chapter2
thatfor eachstring z, the setof withessedor “z € A” (with respecto M) is denotecby
ACCy(z). Notethatif = ¢ A thenACCy(z) = 0. Assumewithoutlossof generality
thatfor eachz € A, every witnessw € ACCy,(z) satisfiesw| = p(|z|) > |z| for some
strictly increasingpolynomialp dependingon M.

For ary stringsu, v, w € ¥*, min(u, v) will denotethe lexicographicallysmallerof u
andv, andmin(u, v, w) will denotethelexicographicallysmallesof u, v, andw.

Definethebinaryfunctiono : ¥* x ¥* — ¥* by

(4.2.3)
(z, min(wq, wy)) if (Fz € ¥*) (Fwy, wy € ACCyy(x))
[a = (z,w1) N b= (x,ws)]
o(a,b) = ¢ (z,z) if (Jz € ¥*) (3w € ACCy(x)) [(a = (z,z) A
b= (z,w)) V (a={(x,w) A b= (z,x))]

undefined otherwise.

Veryinformally put, theintuition behindo is thatit reducegshenumberof withessedy
one,in aparticular carefulway. “Casel” below describeshis morespecifically Also very
informally put, the intuition behindwhy ¢ will prove to be hardto invertis thatinversion
requiresobtainingwitnessinformation.

Our prooftakesatwo-stepapproachln particular on our way towardsa proofthat(1)
implies(5), we will first prove that:

Claim A Thefunctiono definedabore is a strong,commutatve AOWF.
Thenwe will:
TaskB Shaw how to extendo to a strong,total, commutatve AOWF,

thusestablishind5).

We starton our proof of Claim A. Notethato is honest.Also, ¢ € FP. Thatis, given
(a, b) astheinput, it is easyto decidein polynomialtime whether(a, b) € domair{c), and
if so,whichof (z, z) or (z, w) for suitablez € ¥* andw € ACCy,(z) shouldbeoutputas
thevalueof o(a, b). Here,we needtheassumptionthatfor eache: € A, everywitnessw for
“x € A” satisfiegw| = p(|z|) > |z|. Thisassumptiorensureshatthereis noambiguityin
determiningwhethera andb areof theform (z, ) or of theform (z, PotentialVitness, and
checkingitemsof the form (xz, PotentialVitness is easybecausg J, . .. ACCy () is a set
in P. ThatJ, . 5.- ACCy (z) is asetin P alsoensureshatdomair(c) is asetin P.

Now, we shav thato cannotbeinvertedin polynomialtime, evenif oneof its alguments
is given. Assume for instance that thereexists a total function g, € FP suchthatgiven
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ary z in theimageof ¢ andary secondargumentb for which thereis somea € >* with
o(a,b) =, z, it holdsthato(g2((b, z)),b) =. z. Then,contradictingour assumptiorthat
A ¢ P, A couldbedecidedn polynomialtime asfollows:

On input z, to decidewhetheror not z € A, computeg,({(z, z), (x, z))),
interpretit asapair (d, e), andaccepif andonly if d = x ande € ACCy;(x).

An analogousgproof worksfor the caseof a fixedfirst agument. Thus,neither(a) nor (b)
of Definition4.2.7holds,soo is a strongone-way function.

We now prove thato is associatie. Let ¢ bethe extensionof o from Definition 4.2.4.
Fix ary stringsa = (a1, as), b = (b1, bs), andc = (cy, ¢2) in £*. Let k equalhow mary of
az, by, andc, arein ACCy,(ay). For example,if a; = by = ¢y € ACCy(ay), thenk = 3.
To shaw that

(4.2.4) (aob)oc = ao(boc)

holds,we distinguishthe following two cases.

Casel: [a; = by = ¢1 A {ag, by, 0} C {a1} U ACCy(ay)]. As mentionedabore, o
(andthus o) decreaseby onethe numberof witnesses.In particular o preseres
the lexicographicminimum if both algumentscontainwitnessedor “a; € A If
exactly oneof its amumentontainsawitnessfor “a; € A,” thens outputs(a,, a1).
If neitherof its agumentontainsawitnessfor “a; € A,” theno is notdefinedand
thuso hasthevalue_L. It followsthat:

o If £ €{0,1},then(acb)oc = L = ac(boc).
e If £ =2,then(acb)oc = (a1, a1) = ao(boc).

e If k = 3,then(acb)oc = (a1, min(asy, ba, ¢o)) = ac(boc).
In eachof thesethreecase€quationd.2.4is satisfied.

Case2: Not Casel. Thenit holdsthateither[a; # b; V a1 # ¢1 V by # ¢, Or
a1 = b =1 A {ag,be,c} Z {a1} UACCy(ay)]. In light of the definitionof o,
we have in bothcaseshat(aob)oc = L = ac(boc), andEquationd.2.4is satisfied.

Henceo is associatie. Furthermoreit is easyto seefrom the definitionof ¢ thato is
commutatve. Thus,o is astrong,commutatve AOWF, asclaimedearlier SoClaimA is
established.
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To completethe proof, we now shov how to extendo to a strong,total, commutatve
AOWF# Thatis, we now turn to TaskB. Informally put, we will usean appropriately
chosenstring to plug the holesin ¢. The fact that o is an AOWF ratherthan merely
an AYOWF helpsus avoid the key problem—seeSection4.2.4—in Rabi and Shermars
extensionattempt.

Fix ary stringz, ¢ A (onemustexist, sinceA ¢ P). Let ay bethepair (zy, 1z). Note
thata, is neitherof theform (z, z) for ary = € ¥*, nor of theform (z, w) for ary « € ¥*
andary witnessw € ACCy(z) (becauser, ¢ A andthusdoesnot have ary witnesses).
Notethat, by thedefinitionof o, for eachy, (ag, y) ¢ domair{c) and(y, ay) ¢ domair{c).
Definethe total functionr : ¥* x ¥* — X* asfollows: Wheneer (a,b) € domair{o),
definer(a, b) = o(a, b); otherwisedefiner(a, b) = ay.

Thefunctionr is a strong,total, commutatve AOWF. In particular 7 is honestsince
for ag, whichis theonly stringin theimageof 7 thatis notin theimageof o, it holdsthat
T(ap, ap) = ag and|ag| + |ag| < 2|ag|. Also, 7 € FP, sincec € FPanddomair{o) €
P. Thatr is strongfollows from the factsthatimage€o) C imaggr) ando is strong.
Finally, to seethat 7 is associatie, notethatif ao(boc) = L thenar(brc) = ao and
otherwiseur (brc) = ao (boc). Similarly, if (aob)oc = L then(arb)Tc = ao andotherwise
(atb)Tc = (aob)oc. Theassociatiity of 7 now follows easily giventhato is associatie.

The commutatvity of 7 is immediatefrom the definition of 7 andthe commutatvity
of o. To seewhy thisholds,recallthatourdefinitionof commutatvity is basedncomplete
equality andthus (a,b) € domair{c) if andonly if (b,a) € domair(c). Hence,r is a
strong,total, commutatve AOWF. |

Rabi and Shermanemphasizethe importanceof explicitly exhibiting strong, total
A'OWFs[RS97, sincethecryptographigrotocolsgivenin [RS97]rely ontheir existence.
RabiandShermaralsoposeasanopenissuetheproblemof whetherastrong total A"OWF
canbe constructedrom ary givenone-way function[RS93. Theproofof Theoren4.2.8
solvesboththeseopenissuesindeedthefunctionr definedin theabove proofshovs how
to constructa strongtotal, commutatve AOWF (equialently, a strong,total, commutatve
A'OWF) basedn arny clockedNP machineacceptingalanguagen NP — P. Similarly, the
proofof Theoremd.2.8showns how, given(asaprogram)ary one-way function,alongwith
its polynomialruntimeandhonestyboundsponecanobtaina clocked NP machineaccept-
ing alanguagen NP — P. Thus,asthetitle of Sectiond.2 claims,from ary givenone-way
function onecancreatea strong,total, commutatve AOWF (equialently, a strong,total,
commutatve A'OWF).

4RabiandShermar{[RS97 give a constructiorthatthey claim lifts any AOWF whosedomainis in P to
atotal AOWF. However, it is far from clearthattheir constructiomachievesthis claim. In fact,Section4.2.4
shavsthatary proofthattheir constructioris valid would immediatelyprove thatUP = NP.
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The previous paragraptshouldnot be readas suggestinghat actuallyimplementing
sucha transformationfor examplein the computedanguageC, would be thework of just
afew minutes,or would resultin avery short,simpleC program.

4.2.3 Injective, Associatve One-Way Functions

We mentionbriefly theissueof injective (i.e., one-to-one AOWFsand AYOWFs. Rabi
andShermargive no evidencethatinjective A‘OWFs might exist. In fact,they prove that
no total AYOWF canbe injective. Thus,in light of part2 of Proposition4.2.5, no total
AOWEF canbeinjective. However, asTheoremd.2.9we shav thatP # UP if andonly if
injective AYOWFs (andindeedinjective AOWFs)exist.

The lack of injectivity for total, commutatve AOWFs and AYOWFs comescloseto
following alreadyjustfrom commutatvity. Considerary commutatve functiono suchthat
thereexist elements: andb with a # b and(a, b) € domair(c). Theno(a,b) =, o(b, a),
andsoo is notinjective. Now let us generalizehe notion of injectivity soasto keepthe
generalintuition of its behaior, yet soasto notto clashso stronglywith commutatvity.
Givenary binary functiono : ¥* x ¥* — X*, we sayo is unorered-injectiveif and
only if for all a,b,¢c,d € ¥, if (a,b),(c,d) € domair{c) ando(a,b) =, o(c,d), then
{a,b} = {¢,d}. Thatis, eachelementz =. o(a,b) in theimageof ¢ hasat mostone
unorderedpair {a, b} (possiblydegeneratej.e., {a,a} = {a}) asits preimage.If o is
commutatve, thenboth orderingsof this unorderedair, (a, b) and(b, a), will mapto z; if
not,onecannotknow (i.e.,it is possiblehato(a, b) =, = yetfor somestringy # z it holds
thato (b, a) =, y).

Theorem 4.2.9 Thefollowing five statementare equivalent.
1. P# UP.
2. Thee existinjective A'OWFs.
3. Thee existinjectiveAOWFs.
4. Theee exist strong commutativeunordered-injectiveA"OWFs.
5. Thee existstrong commutativeunordered-injectiveAOWFs.

Proof. That(2) implies(1) followsimmediatelyby standardechniquegthoseof [GS88],
but for functionswith two arguments). By part 1 of Proposition4.2.5, (3) implies (2).
That (1), (4), and (5) are pairwise equvalentfollows as a corollary from the proof of
Theorem4.2.8; note, crucially, thatif the definition of o givenin that proof is basedon
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somesetA € UP — P,thenc is unordered-injectie, sinceno stringx in A canhave more
thanonewitness.Soit sufficesto prove that(1) implies(3).

AssumingA € UP— P, definethelanguaged’ = {1z |z € A}. NotethatA’ € UP—P.
Let M be someUP machineacceptingA’. Let the polynomialp and,for eachz, let the
witnesssetsACC,,(z) be definedasin the proof of Theorem4.2.8 (note that, for each
z € A, ACCy(x) now is a singleton). Without lossof generality assumehatfor each
x € A, theuniquewitnessw certifying thatz € A’ startswith a 1 asits first bit, i.e.,
w € 1X*. Definethebinaryfunctionos : ¥* x ¥* — X* asfollows:

Oa if a € A’ andACCy(a) = {b}
undefined otherwise.

(4.2.5) o(a,b) = {

Let & be the extensionof o asin Definition 4.2.4. Note thatfor all a,b,¢c € ¥*, it
holdsthat(acb)oc = L = ao(boc) by definitionof o. Thus,o is associatie accordingto
Definition4.2.4.Also, notethato is injective, andthe standargroofapproach—see.g.,
theproofof Theorem4.2.8—shwsthato is aone-way function. |

4.2.4 On aConstruction of Rabi and Sherman

As mentionedn footnote4, Rabiand ShermanRS97 give a constructionthat they
claimlifts any AYOWF whosedomainis in Pto atotal AYOWF. It is farfrom clearthattheir
constructionachievesthis claim. In fact, we shav that any proof that their construction
is valid would immediatelyprove that UP = NP. In particular we provide the following
counter@ampleto RabiandShermars assertion.

Theorem4.2.10If UP # NP, thenthere exists an AOWF &, satisfying(3a)[(a,a) ¢
domair(¢)] and havingdomainin P, sud that the constructionthat Rabi and Sherman
claim corvertsA"OWFsinto total A‘OWFsin factfails on .

Proof. The generalideabehindthis proof is thatif UP # NP thenthe Rabi-Sherman
constructiordoesnot alwayspresere weakassociatrity.

Fix asetA’ € NP — UP andan NP machineM’ acceptingd’. Let the polynomialp’
and,for eachz, let thewitnesssetsACC,,- (z) be definedanalogouslyo the definitionsof
p andACC,,(z) in the proofof Theorenm¥.2.8above.

Definethebinaryfunctions : ¥* x ¥* — ¥* by

(4.2.6)
(z,w) if (3z € £*) (3w € ACCypr(2)) [a = (z,w) = b]
5(a,b) = (z, ) if (Jz € ¥*) (3w € ACCypr(2)) [(a = (z,z) N b= (z,w))
’ V(a={z,w) A b= {x,z))]

undefined otherwise.
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It is not hardto verify thats is an AYOWF.

Let @ be a fixed string suchthat (a,a) ¢ domair(é). For the particularfunction &
definedabove, suchastringa indeedexists (e.g.,leta = (zy, 1) for ary particularfixed
xo & A’, seethediscussiorof a, in the proof of Theoremd.2.8asto why thisis right). In
contrastthe“c” of [RS97, p.242,1. 10] maynotin generakxist.

Now, usingthe Rabi-Shermarechniquegxtendés to atotal function, 7, the sameway
we obtainedthetotal extension“r” of “¢” in the proof of Theoremé4.2.8. Fix somestring
7 € A’ thathastwo distinctwitnessesv; andw, in ACCy () (suchz, wy, andws, exist,
asA’ ¢ UP),andleta = (z,w), b = (%, w,), andec = (z, ). Then,we have (a7b)7c =
a # (z,Z) = a7(bTec). ThusT is not associatie (andthus,asit is total, is not weakly
associatie).

Thereasorthat(a7b)7c = @ maynotbeclearto thereader To seewhy this holds,one
mustlook at the Rabi-Shermanechniqueof extendings to 7, which, very informally, is
to usea asa dumpingground. We mentionthat, for essentiallythe samereasong is not
associatie (andthusis notan AOWF), since(agb)oc = L # (%, &) = ad(boc), wheres
is the extensionof 6 from Definition4.2.4. |

Evenif Rabiand Shermars proof were valid, their claim would not be particularly
usefulto them,asthe A'OWFsthey construc{RS97, proofof Theorenb] donotin general
have domaingthatarein P. In contrastthe functionos of our proof of Theorem4.2.8does
have a domainthatis in P, andtheir method(correctedto remove the “¢” problem)does
presere associatity (note:we did notsayweakassociatiity), andsoprovedusefulto us.

4.3 Characterizationsof the Existenceof Partial and Total
One-Way Permutations

Section4.3is organizedasfollows. Section4.3.1definesthe classe€€ASYY (UP) and
EASY/(FewP), the UP and FevP analogsof EASYY, and characterizeshe existenceof
partial one-way permutationsand of poly-to-oneone-way functionsin termsof separa-
tions betweenP andthosetwo classes.Section4.3.2providesa conditionnecessarand
sufficientfor the existenceof total one-way permutations.

4.3.1 Partial One-Way Permutations and Poly-to-One One-Way
Functions

Recallfrom Definition 3.2.10n page20thatEASYY, is the classof all setsL for which
all NPTMsacceptinglL always(i.e.,onall inputsz € L) have easycertificates.We nowv
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definethe UP andFewP analogsof EASYY. (Thoughit is clearthata moregeneraldefi-
nition of theform EASYY/(C, F) for compleity classe€ otherthanNP, UP, or FewP and
for functionclassesF otherthanFP cananalogouslbe obtainedwe will only definethe
classe®f interesthere.)

Definition 4.3.1 For C € {NP, UP, FewP}, defineEASYY(C) to bethe classof all setsL
that either are finite, or that satisfy(a) L € C, and (b) for everyC madine N sud that
L(N) = L, there existsan FP function f sudthat,for all x € L, fy(z) € ACCy(z).

The inclusionssummarizedn Proposition4.3.2below follow immediatelyfrom the
definition. For instance the first inclusion holds by the following aguments: (a) each
EASYY set L is in P andthusin FewP, seeFigure 3.1 on page22; and (b) if every
NPTM acceptingL alwayshaseasycertificatesthensodoesevery FewnP machine Hence
EASYY C EASY!(FewP). TheinclusionEASYY(UP) C P holdsdueto EASYY,(UP) C
EASY,(UP) = EASY,, = P (seeTheorenB.2.4for thefinal equality),whereEASY; (UP)
denoteghe UP analogof EASY5,.

Proposition4.3.2 EASYY, C EASYJ(FewP) C EASYY(UP) C P C UP C FewP C NP.

Fenneret al. [FFNR9G have characterizedhe existenceof surjectve, mary-to-one
one-way functionsby the conditionP ¢ EASYY. In this sectionwe give analogoushar
acterization®f theexistenceof surjectve, one-to-onene-way functions(i.e., partialone-
way permutationsland surjectve, poly-to-oneone-way functionsby separating® from
EASY/(UP) andEASYY (FewP), respectiely.

Theorem 4.3.3 Thefollowing four statementsire equivalent.
1. EASYY(UP) # P.
2. Thee existsa partial one-waypermutation.
3. ©* ¢ EASYY(UP).
4. EASY/(UP) is notclosedundercomplementation.

Proof. (3) implies(4), sinceX* = ) asafinite setis in EASYY,(UP). (4) immediatelyim-
plies(1). Toseethat(1) implies(3), assumehereis asetL € PsuchthatL ¢ EASYY(UP).
Let N be someUP machineacceptingl. suchthatno FP function exists that outputsthe
acceptingpathof N(x) for all inputsz € L. Let M be someP machinethat acceptsL.
Considerthe following NPTM N’: Oninputz, N’ guessesvhetherz € Lorz € L. If
theguesswvas“z € L,” N' simulatesN(z); otherwisejt simulatesM (z). Then,N' is a
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UP machineaccepting*. Notethatthe acceptingcomputatiorof N'(x) for inputsz € L
containsthe acceptingcomputatiorof N(z). SinceL cannotbe empty(in fact, L cannot
befinite, for otherwisewe would have had . € EASY,,(UP)), no FP functioncanoutput,
for all inputsz € X%, theacceptingoathof N'(z). Hence X* ¢ EASYY(UP).

(3)implies(2): Assume-* ¢ EASY(UP). Let M beaUP machineaccepting”* such
thatno FPfunctioncanoutputthe acceptingoathof M (y) for all y € 3*. For ary inputy,
let comp,,(y) denotethe uniqueacceptingoath(encodedasa sequencef configurations)
of M(y). Asin [GS89, definethefunction f to be

oy if z = comp,(y)
f(@) = { undefined otherwise.

Givenz, it canbe checledin polynomialtime whetherz encodesnacceptingpathof M
(by checkingwhetherit startswith theinitial configurationof M for someinputstring,all
transitiondrom oneconfiguratiorto the next arelegal, andthefinal configurationcontains
anacceptindinal state)andif so,theinputstringy of M caneasilybedeterminedThus,
f € FP. SinceM is a UP machine,f is injective. The polynomialboundingthe running
time of M witnesseshe honestyof f. SinceL(M) = X*, f is surjectve. Finally, f ! ¢
FP, sincef!(y) = = is anacceptingcomputatiorof M (y) for eachy, andso f~! € FP
contradictour assumptiorthat A/ only hashardcertificates.To summarizef is aone-to-
oneone-way functionwith imagg f) = £*.

(2) implies(3): Let f beaone-to-onene-way functionwith imagd f) = 3*. We will
shaw thatimagd f) = ©* is notin EASYY(UP). Let p be the polynomialthat witnesses
thehonestyof f. Considerthefollowing machineM. Oninputy, M nondeterministically
guesseall stringsz of lengthatmostp(|y|), computesf (x) for eachguessed, andaccepts
y if andonly if f(z) = y. M isaUP machineaccepting-*, sincef is a p-honesbijection
(from somesubseif ©* onto ©*) computablén polynomialtime. Sincef~! ¢ FPand
theacceptingpathof M (y) containsz = f*(y), no FPfunctioncanoutput,for all 3, the
acceptingpathof M oninputy. Thus,X* ¢ EASYY(UP). |

By GrollmannandSelmans [GS88] characterizatioof the existenceof (partial) one-
way permutationswe immediatelyhave Corollary 4.3.4, which was previously proven
directly by Hartmanisand Hemaspaandré&hen Hemachandra)HH88a], using different
notation. Corollary 4.3.4saysthat the corverseof the UP analogof the Borodin-Demers
theoremholds,see[HH88a] for discussiorof this point. The original (i.e., NP) versionof
the Borodin-Demergheorem[BD76] is herestatedas Theorem3.1.10on pagel9. More-
over, notethatCorollary4.3.4holdsin everyrelativizedworld. In contrastfor thecorverse
of the original Borodin-Demergheorem thereis a relatvized countergample,seeNaor
andimpagliazzdIN88, Propositiond.2] andalsothe paperdCS93,FR94 FFNR94.



58 4. One-Way PermutationsandAssociatve One-Way Functiongn Compleity Theory

As a point of interest,we note that Corollary 4.3.4 provesthat separating® from a
certainclasscontainingP is equivalentto separatind® from a certainclasscontainedn P.

Corollary 4.3.4 [HH88a] P # UPn coUP if andonlyif EASYY(UP) # P.

A seeminglyunrelatecconnectiorcomesrom finite modeltheory Gradel[Gra94]has
shavnthatP = UPN coUP if andonly if the“weakdefinabilityprinciple” holdsfor every
first orderlogic £ onfinite structureghatcaptured®. Theweakdefinabilityprinciplesays:
Every totally definedquery(on the setof finite structuresof the relationsof a first order
logic £) thatis implicitly definablein £ is alsoexplicitly definablein £; see[Gra94 for
thosenotionsnotdefinedhere.

Corollary 4.3.5 EASYY(UP) # P if andonly if the weakdefinability principle fails for
somefirstorderlogic £ onfinite structuesthat captuesP.

Now we characterizeéhe existenceof surjectve, poly-to-oneone-way functionsby the
separatiorP # EASY, (FewP) andotherconditions.

Theorem 4.3.6 Thefollowing sevenstatementare equivalent.
1. Theee existsa surjective poly-to-oneone-wayfunction.
2. Thee existsa total, surjective poly-to-oneone-wayfunction.
3. Thee existsa total, poly-to-oneone-wayfunction f with imagd f) € P.
4. Thee existsa poly-to-oneone-wayfunction f with imagd f) € P.
5. EASYJ(FewP) # P.
6. ©* ¢ EASY!(FewP).
7. EASY!(FewP) is not closedundercomplementation.
Proof. (1) implies(3), asif f isafunctionsatisfying(1), then

{ 0f(z) if f(z)isdefined

9(x) 1z if f(z)isundefined

satisfieq3). Also, (3) trivially implies(4).

(4) implies (5): Let f be a poly-to-oneone-way function with imagd f) in P. We
will shav thatimaged f) is notin EASY{(FewP). Let p be the polynomialthatwitnesses
thehonestyof f. Considerthefollowing machineM. Oninputy, M nondeterministically
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guesseall stringsz of lengthatmostp(|y|), computesf (x) for eachguessed, andaccepts
y if andonly if f(x) =y. M is aFewP machineacceptingmagd f), sincef is ap-honest
poly-to-onefunctioncomputablen polynomialtime. Sincef is not FP-irnvertbleandeach
acceptingpathof M (y) containssomevalueof f~1(y), noFPfunctioncanoutput,for all y,
someacceptingathof M oninputy. Thus,image f) ¢ EASYY(FewP).

It is clearthat (2) implies (1). Supposg1) holds,and f is a function satisfying(1).
Then f’ is afunctionsatisfying(2), where

€ ifz=ce

f(2)0 if z = 20 and f(z) is defined
z1 if z = 20 andf(z) is undefined
z1 if z = z1.

f'e) =

The proof that conditions(5), (6), and (7) of this theoremare pairwise equvalent
goesthroughasin the proof of the correspondinglaim for EASYY or EASYY,(UP), see
Theoremd.3.3.

Finally, that(7) implies(1) canagainbeseerasin theproofof Theorem4.3.3,theonly
differencebeingthat M now is a FewP machineaccepting™* andthe function f is now
definedby f(x) = y if = is someacceptingpathof M (y), and f(z) is undefinedtherwise.
Then, f is a surjectve poly-to-oneone-way function. This completeshe proof that all
statementsf thetheoremareequvalent. |

Note thatP # FewP is implied by eachof the conditionsof Theorem4.3.6. Note
alsothatP # FewP N coFevP implies eachof the conditionsof Theorem4.3.6,though
it is not known whetherthe corverseholds. We conjecturethatit doesnot (equialently
we conjecturethatthe corverseof the FewP analogof the Borodin-Demersheoremdoes
not hold). Thus,the conditionsof Theorem4.3.6areintermediatebetweerthe conditions
P # FewP N coFevP andP # FewnP. Regardingthe conditionP # FewnP, we mention
thatAllender[All86] provedthis conditionequialentto theexistenceof somevery special
typesof poly-to-oneone-way functions,andthe paper[RH96] providessomemoresuch
characterizations.

5In particulay Allender[All86] callsa poly-to-onefunction f strongly FP-invertibleif thereis a function
g € FPsuchthatfor eachy € imagdf), g(y) printsall elementsof f~!(y), andhe provesassertionsof
theform: P = FewP if andonly if every total, honestFP functionis strongly FP-invertible. In [RH96),
a poly-to-onefunction f is calleda weakone-wayfunctionif f € FP, f is honest,and f is not strongly
FP-invertible. (Note: sincethe purposeof requiringone-way functionsto be honestis to precludethe case
thatthe FP-noniwertibility is trivial, it makessensdo requirea strongemotionof honestyhere—andhisis
thenotionof honestyadoptedn [AlI86, RHIE: f is honesif thereexistsapolynomialp suchthatfor every
y € imag€ f) andfor everyz € domair(f), if y = f(x) then|z| < p(|y|).) For notationalconveniencejn
Table4.2 below, we will saythata (poly-to-one)FP function hasthe “Allender property”if it satisfieghis
strongemefinitionof honestyandis not stronglyFP-invertible.
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Couldit bethe casethatthe conditionsof Theorem4.3.6in facteitherareequivalent
to P # FewP N coFevP, or areequialentto P # FewnP? Relatvizedcountergamplesare
known for eachof thesecases.In particular thereis a relatvized world, constructedy
Fortnav andRogergFR94], in which the conditionsof Theorenmd.3.6fail yetP # FewP
holds.Also, LanceFortnow [For97alhasinformedusthat,usingthetechnique®f Forthov
andRogerdFR94], onecanbuild arelatvizedworld in whichP = FevPN coFevP yetthe
conditionsof Theorem4.3.6hold.

4.3.2 Total One-Way Permutations

For mary typesof one-way functions,the existencequestionhasbeencharacterized
in the literature as equvalentto the separatiorof suitablecompleity classes. Sucha
characterizatiorior the existenceof total one-way permutationshowever, is still miss-
ing. To date,the result closestto this goal is the abose-mentionedcharacterizatiorof
the existenceof a partial, injective, and surjectve one-way function f by the condition
P # UPN coUP[GS88]. Sincef is nottotal, f is only a bijectionmappinga subsebf >*
ontoX*. Thus,P # UPN coUPpotentiallyis a strictly wealer conditionthanthe existence
of atotalone-way permutation Of course suchafunction f canbe madetotal [GS88],but
only atthe costof lossof surjectvity (eventhoughsuchatotal one-way functioncreated
from f still hasanimagein P). However, we will shav belown thatthe existenceof total
one-way permutationss equialentto the existenceof total, injective one-way functions
whoseimageis rankable(recall Definition 2.2.7on pagel?).

Theorem 4.3.7 Total one-waypermutationgxistif andonlyif there existtotal, one-to-one
one-wayfunctionswhoseimageis rankable

Proof. The“only if” directionis immediate sinceX* is rankable.

For the corverse,supposdhereexists a total, one-to-oneone-way function f whose
imageis rankable We will defineatotal one-way permutatior. Intuitively, theideais to
fill in theholesin theimageof f, usingits rankability Let 7" = imag€ f) berankable For
eachn, let holegn) = 2" — ||T="||. NotethatsinceT is rankableholesis in FP. Let us
introducesomeusefulnotation. For eachstring z, let k(x) bethelexicographicaposition
of z amongthe length |z| strings;e.g.,£(000) = 1 andk(111) = 8. For eachstring x
andeachj € N, let z — 5 denotethe stringthatin lexicographicalordercomes; places
beforex. For eachsetA andeachk € N, let Ay bethekth stringof A in lexicographical
order Now definethefunctionh by

z -3 1)) if k(z x
ha) = {f( 7, holeg()) if k(x) > holeg|x])

(Tn E‘“”')[k(w)] if k(x) < holeg|x|).
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SinceT isrankableand f € FP, we have h € FP. Clearly, & is honestandinjective, A is
total, andimaggh) = X*. If onecouldinvert 4 in polynomialtime, then f would alsobe
FP-irvertible,sincethe rankability of 7" allows oneto find the stringin theimageof f that
shouldbe invertedwith respecto s, andafterinvertingwe shift the inversewith respect
to h, sayz, by E‘i‘o holeg:) positionsto obtainthetrueinversewith respecto f. Hence,

K3

h is atotal one-way permutation. |

Remark 4.3.8 Notethattherankabilityof theimage of f suficesto giveusTheoem4.3.7,
andTheoem4.3.7is statedin thisway However, evenwealer notionswouldwork. With-
out going into precisedetails, we remarkthat one just needsa functionthat, from some
easilyfoundandcountablesetof places,s an honestaddresgunctionfor the complement
of theimage of f, seethepaper[GHK92].

4.4 Conclusionsand Open Problems

In Section4.2, we have shavn thatP # NP is a sufficient conditionfor strong,total,
commutatve AOWFs(equialently, for strong total, commutatve A“OWFs)to exist. Since
by standardechniquegnamely the naturalbinary-function,injectivity-not-requiredana-
log of aresultof GrollmannandSelmanGS88,Sel92],seealso[K08Y), P # NPis alsoa
necessargonditionfor theexistenceof suchfunctions,we obtainacompletecharacteriza-
tion. This characterizatiosolvesthe conjectureof RabiandShermarthatstrongA"OWFs
exist [RS97], inasfr as one cansolwe it without solving the P Z NP guestion. More-
over, our proofsshav how to constructa strong,total, commutatve AOWF (equialently,
astrong,total, commutatve AYXOWF) from ary givenone-way function,which resohesan
openproblemof RabiandShermarfRS93.

We mentionthatmostcryptographi@pplicationsreconcerneavith average-caseom-
plexity andrandomizedalgorithmsinsteadof worst-caseompleity anddeterministical-
gorithms. However, as Rabi and Shermarstressthe intriguing conceptof (weakly) as-
sociatve one-way functions, particularly whenthey are total and strongand ideally in
an average-cas@ersion, may be expectedto be usefulin mary cryptographicapplica-
tions (suchasin the key-agreemenprotocol proposedby Rivestand Shermann 1984,
see[RS97), and may eventually offer elegantsolutionsto a variety of practicalcrypto-
graphicproblems.

We mentiontwo openissuesarising from Section4.2. What formal claimscanone
prove regardingthe securityof the protocolsof Rabi, Rivest,andShermanAlso, in those
caseswhereinjectivity (i.e., one-to-one-ness$ known to be precluded,is poly-to-one-
ness—okeventwo-to-one-ness—algarecluded?
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| Partial functions| one-to-one | poly-to-one |
norestriction P # UP[GS88] P # FewP [RH96]
surjectie P # EASYJ(UP) (Thm.4.3.3) | P # EASYJ(FewP) (Thm.4.3.6)
imagein P P £ EASYY(UP) P+ EASYY(FewP) (Thm.4.3.6)
(Thm.4.3.3plus[GS88,Thm. 8])

Table4.1: Characterizationsf the existenceof varioustypesof one-way functions: the
partial-functioncase

| Totalfunctions || one-to-one | poly-to-one |
norestriction P # UP[GS89 P # FewP [AlI86]
surjectve openquestion(but noteThm.4.3.7) | P # EASY@(FeNP) (Thm.4.3.6)
imagein P P # EASY{(UP) P # EASY//(FewP) (Thm.4.3.6)

(Thm.4.3.3plus[GS88,Thm. 8])

Allenderproperty P #£ UP[GS8] P # FewP[All86]
surjectve & openqguestion P #£ FewP [RH96]
Allenderproperty (but noteThm.4.3.7)
imagein P& P # EASYJ(UP) P # FewP [RH96]
Allenderproperty || (Thm.4.3.3plus[GS88,Thm.8])

Table4.2: Characterizationsf the existenceof varioustypesof one-way functions: the
total-functioncase

In Section4.3, we provided a numberof resultsthat characterizedhe existenceof
partialandtotal one-way permutationsTables4.1 and4.2 summarizehe characterization
resultsthatareknown from theliteratureandfrom Section4.3° RegardingSectiord.3,the
ultimategoalis to find a characterizationf the existenceof total one-way permutationsn
termsof a separatiorof suitablecompleity classes.

6SeeFootnote5 for the explanationof whatis meantby “Allender property”in Table4.2. Note thatfor
one-to-ongfunctions, FP-invertibility and strongFP-invertibility (alsodefinedin Footnote5) areidentical
notions,andsotheone-to-onecolumnof Table4.2is not affectedby the“Allenderproperty”issue.



Chapter 5

Heuristics versusCompletenesdor
IndependentSetand Graph Coloring
Problems

5.1 Intr oduction

TheMaximum Independent Set problem(MIS, for short)is the problemof finding a
maximumindependensetof a givengraph,i.e.,amaximumsubset/ of verticessuchthat
notwo verticesin I areconnectedby anedge.Thedecisionversionof this problem known
asIndependent Set, is oneof thestandardNP-completgroblemssegGJ79]. Therefore,
MIS is consideredo beanintractableproblem,sincethereis no efficientalgorithmknown
to solveit. However, thereis asimpleandefficientalgorithm,theMinimum DegreeGreedy
Algorithm (MDG, for short), thatin mary casesprovides satishctory solutionsof this
problem. Givenaninput graphG, MDG choosesomevertex of minimumdegreein G,
addsthisvertex to its outputset,deleteghis vertex andall its neighbordrom GG, andrepeats
this procedurauntil anemptygraphis left.

It is known that for a numberof certainwell-behaed graphclassesMDG always
outputsamaximumindependensetof theinputgraph.Thus,MIS restrictedo thosegraph
classegs efficiently solvable. In particulay Bodlaenderet al. [BTY97] notethat MDG
indeedoutputsa maximumindependensetif the input graphis atree,a split graph,the
complemenbf a k-tree,or a completek-partitegraph,for ary k. In addition,Bodlaender
etal. mentionthatMDG alwaysoutputsa maximumindependensetwhengivena “well-
covered”graph[BTY97].}

A graphis saidto bewell-coveredif all its maximalindependensetsareof the samesize,see[TT96].

63
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Whatif the input graphdoesnot have sucha simple structure,andyet one employs
MDG to find anindependenset? Of course the algorithm,just doingits job, is still fast
andwill quickly offer a solution. However, dependingon the structureof theinput graph,
this solutionmight be far from optimal. How far? Is MDG at leastableto approximate
a maximumindependensetof the given graph,saywithin a constantfactor? Again, for
certaingraphclassege.g.,for graphsof boundedegreeor of boundedaveragedegree),it
is known thatMDG hasa goodapproximatiorratio[HR94].

In light of this, a reasonable/entureis seekingto determinewhetherMDG approx-
imatesa maximumindependensetof the input graphwithin a constantfactorof r, for
fixedr > 1. SinceMDG choosesn eachloop onevertex amongthe verticesof minimum
degree,it makessensdo look attheworst-casendthe best-casbéehaior of MDG.

BodlaenderThilikos,andYamazak{BTY97] definefor ary rationalr > 1, theclasses
A, andS,. A, is the classof graphsfor which MDG always(i.e., for ary sequencef
vertex choicesapproximates maximumindependensetwithin aconstantactorof r, and
S, is the classof graphsfor which MDG can (i.e., for somesequenc®f vertex choices)
approximatea maximumindependensetwithin a constanfactorof r.

Thequestionnvestigatedn [BTY97] is thefollowing: Whatis thecomputationatom-
plexity of therecognitionproblemsA, andS,? We notein passinghatthereexistirrational
numbers- for which the problemsS, and. A, areundecidablg¢BTY97], andthusit is rea-
sonabldgo consideitheseproblemsonly for rationalsr.

Bodlaenderet al. [BTY97] show that for eachfixed rationalr > 1, A, is CONP-
completeand S, is coNP-hard. They also provide an upperboundfor S, by proving
that, for eachfixed rationalr > 1, S, is in P\¥, i.e., S, canbe solved by a determinis-
tic polynomial-timeTuring machinethatis givenaccesgo an NP oracle. They explicitly
leave openthe questionof whetherthe recognitionproblemss,, for » > 1, canbe shavn
to be hardfor compleity classesabose NP and, optimally, whethermatchingupperand
lower boundsfor theseproblemscanbe found. For the specialcaseof r = 1, they slightly
improve their generalcoNP-hardneswwer boundby shaving that S, is DP-hard? again
leaving openthe questionof whetherthis lower boundcanbeimprovedsoasto matchthe
upperboundof ;.

In Section5.3, we completelysettleall the questiondeft openin [BTY97]. Ourmain
result(Theoremb5.3.4) pinpointsthe exact computationatomplexity of S,.: For ead ra-
tional r > 1, S, is P\F-complete whereP\” denotesthe classof setssolvable by some
P machinethat, insteadof askingits oraclequeriessequentiallyaccesseis NP oraclein
parallel.

2DP [PY84] denoteghe classof setsthatcanbe representedsthe differenceof two NP sets. Clearly,
NPU coNPC DP C PP, Kadin [Kad88 hasshawvn thatthe polynomialhierarchycollapsesf NP = DP or
coNP= DP or evenif DP wereclosedundercomplementation.
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Basedon ground-breakingvork by WagneffWag87],the cIassF"\“P hasrecentlyproven
to be very importantfor determiningthe compleity of someextremely naturalandcen-
tral problems,seethe surney [HHR97c]. HemaspaandraHemaspaandraand Rothe
[HHR97a,HHR97b] have shavn thatthe problemof determiningthe winnerin Dodgson
electiongDod76—a voting schemeroposedn 1876by Lewis Carroll, the pennameof
Charled.. Dodgson—isompletefor F"\“P. Thisresultsolvesanopenquestiorof Bartholdi
etal. [BTT89b]2 Hemaspaandrand WechsungHW97] have shavn that the problem
Minimum Equivalent Expression (MEE, for short; see[GJ79) is P"-hard,which con-
siderablyimproveson the previously knowvn coNP-hardnes®wer boundfor this problem.
It remainsopenwhetheror notMEE € P, andthuswhetheror not MEE is Pf|*-complete.
Thebestcurrentlyknown upperboundfor MEE is thetrivial one,NP'F. Variantsof theMEE
problemoriginally motivatedintroducingthepolynomialhierarchy{MS72,Sto77],andde-
terminingits precisecompleity, andthatof its variantsjs along-standingimportantopen
problem.

In Section5.4,we areconcernedvith graphcoloring. Takinga similar approachasin
Section5.3, we studythe complity of determiningwhere(i.e., for whichinputs)heuris-
tics dowell, for a numberof heuristicsdesignedor graphcoloring. Graphcoloring prob-
lems are of greatimportancein both theory and applications. The famousFour Color
Conjecturewasformulatedin the last century andit took generation®f mathematicians
to tacklethis conjecturenead-oruntil, in 1977,AppelandHaken[AH77a, AH77D] finally
wereableto proveit. Applicationsof constructinga graphcoloringwith asfew colorsas
possiblearise,for instancejn schedulingandpartitioningproblems see[GJ79]. Unfortu-
nately the (optimization)problemof finding thechromaticnumberof agivengraphis very
comple, andeventhe (decision)problemof determiningwhetheror not a givengraphis
3-colorable(i.e., the verticesof the graphcan be coloredwith threecolors suchthat no
two adjacentverticeshave the samecolor) is one of the standard\NP-completegproblems
([Kar72], seealso[Sto73 GJS76,GJ79]), thusbeing not efficiently solvable by current
methods.However, dueto therebeinga greatdealof practicalinterestin finding efficient
solutions—orat leastgood efficient approximatesolutions—fortheseproblemsiit is not
surprisingthata large body of graphcoloring heuristicshave beenproposedo date.

Suchheuristicalgorithmswereanalyzedn depthbothfrom a practicalandatheoretical
point of view; see,e.g.,the paper[MMI72] which comparesertainheuristicsby empir
ical testson randomgraphs,andthe work of Johnsor{Joh74 which provesa numberof
prominentheuristic2o have quitepoorworst-casédehaior in termsof theirapproximation

3Bartholdietal. [BTT89b] establishecdn NP-hardnestower boundfor this problem,andaskedwhether
it canbe shovn to be even NP-completej.e., whetherit canbe shavn to be containedin NP. The P‘N‘F’-
completeneseesult,however, impliesthatthis problemcannotbe NP-completaunlessthe polynomialhier-
archycollapsesiown to NP N coNP.
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ratio for the chromaticnumber In fact, FeigeandKilian [FK96] recentlyprovedthatno
deterministicpolynomial-timealgorithmcanapproximatahe chromaticnumberwithin a
factorof O(n'¢) for ary fixedconstant > 0, unlessNP = ZPP?

Johnsors results[Joh74 areto be takenasa warningthatthe succes®r failure of a
specificgraphcoloringheuristicstronglydepend®n theform of thegiveninputgraph.in
Section5.4, we studythe complity of the problem3-Colorability whenrestrictedto
thoseinput graphsfor which a givenheuristicis ableto soleit.®

In orderto formally definetheproblemswve areinterestedn, fix any heuristicalgorithm
A for graphcoloring, anddefinethe following restrictionof 3-Colorability, which we
will denoteA-3-Colorability: GivenagraphG, canA oninputG find aproper3-coloring
of G? (Again,theword “can” refersto the nondeterministichoiceshealgorithmhas,and
spellsout: “doesthereexist somesequencef choicessuchthat”)

In particular we investigatethe problemA-3-Colorability for a numberof graph
coloring heuristicsA all of which arebasedon the sequentiablgorithm(sometimesalled
“greedyalgorithm”) appliedto a certainvertex ordering,suchasthe orderby decreasing
degreeor the recursve smallest-lasorder of Matula et al. [MMI72]. Other heuristics,
for instanceWood’s algorithm [Wo069] which we also considey combinethe sequential
methodwith certainother strategjies. We prove that the problemA-3-Colorability re-
mainsNP-completdor eachheuristicA consideredn Section5.4.

This chapters organizedasfollows. Section5.2 providessomebasicgraph-theoretic
conceptsSections.3resolhesthequestionsaisedby Bodlaendeetal. [BTY97] regarding
independensetproblemsandthe MDG heuristic.Section5.4 dealswith graphcoloring.

5.2 SomeGraph-Theoretic Concepts

All graphsconsideredn this chapterare undirectedgraphswithout reflexive edges.
For ary graphG, let V(G) denotethe setof verticesof G, andlet E(G) denotethe setof
edgesf G. Forary vertex v € V(G), theneighborhoof v (denotedV (v)) is the setof
verticesin G thatareadjacento v. For ary vertex v € V(G), thedegreeof v is definedto
be||N(v)||. Forary subsetV C V(G), let G[W] denotethesubgraptof G inducedby V.

Giventwo disjointgraphsG and H, theirunionis definedto bethegraphF = G U H
with vertex setV (F') = V(G) U V(H) andedgesetE(F) = E(G) U E(H).

4ZPP[Gil77] denotegheclassof problemssolvablein zero-erroboundedprobabilisticpolynomialtime.

SUsually, NP-completeggraphproblemsarerestrictedwith respecto certain“structural” graphproperties
suchasplanarity boundedmaximumdegree,bipartitenessetc. For instancejt is known thatthe problem
3-Colorabilityisin Pwhenrestrictedo perfectgraphdGLS84], butremaindNP-completavhenrestricted
to planargraphs[Sto73. In contrast,we restrictthe problemwith respectto the usefulnesof a given
heuristic.
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For ary graphG, asubsetl C V(G) is anindependensetof G if for all v,w € I,
{v,w} ¢ E(G). An independensetis saidto bea maximunmindependensetof G if it is
of maximumsize.For ary graphG, let migG) denotethesizeof amaximumindependent
set/ of G. TheIndependent Set problem(Is, for short)is formally definedasfollows:

IS = {(G, k) | G is agraphandk apositive integersuchthatmigG) > k}.

Givena graphG, a coloring of G is a mappingfrom V(G) to the positive integers,
which representhe colors. A coloringy of G is calledproperif for any two verticesz
andy in V(Q), if {z,y} € E(G) theny(z) # 1(y). Thechromaticnumberof graphG
(denotedy(G)) is the minimum numberof colorsneededo properlycolor G. Givena
fixedconstant& > 1, graphG is saidto be k-colorableif thereexistsa propercoloring of
G usingnomorethank colors. TheproblemK-Colorability is formally definedas:

K-Colorability = {(G, k) | G isagraphandk apositiveintegersuchthatx(G) < k}.

In Section5.4, we will focus on the problem 3-Colorability (the special case of
K-Colorability with £ = 3), whichis alreadyNP-complete.

5.3 How Hard is it to Know When Greed Can Approxi-
mate Maximum IndependentSets?

Section5.3is organizedasfollows. Section5.3.1formally definesheproblemswe are
interestedn. Section5.3.2showvsthatthe proof of Bodlaendeetal. [BTY97] to establish
their upperboundof theseproblemsin fact providesa betterupperbound. Section5.3.3
presentshereductionusedto prove a matchinglower bound.

5.3.1 Preliminaries

TheMinimum DegreeGreedyAlgorithmis displayedn Figure5.1. Letmdg G) denote
themaximumsizeof theoutputsetof MDG oninputG, wherethe maximumis takenover
all the possiblesequencesf choicesamongthe verticesof minimumdegree.

For ary fixedrationalr > 1, S, is the classof graphsfor which MDG canoutputan
independerngetof sizeatleastl /r timesthesizeof amaximumindependenset. Formally,

S, ={G [ mdg @) > migG)/r}.

PP is the classof problemsthat canbe solved by someP machineaccessingin NP
oraclesequentiallywhich meanghatoraclequeriesnay dependon answergo previously
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Algorithm MDG
Input A graphG
Output An independenset! of G
Setl =10
while V(G) # 0 do

Choosea vertex v € V(G) of minimum
degree
Setl :=ITU{v}
SetG := G[V(G) — ({v} UN(v))]
endwhile

Figure5.1: The Minimum DegreeGreedyAlgorithm

asled queries. Pﬁ‘P is the classof problemssolvable by someP machinethat, insteadof
askingits oraclequeriessequentially accesse#ts NP oraclein parallel. Clearly NP U
coNPC DP C F"\“P C PP andit is widely suspectedhatPﬁ'P differsfrom P\P.

5.3.2 Improving the Upper Bound

Bodlaenderet al. have proven that for eachrationalr > 1, S, is in P [BTY97,
Lemmasb]. In this sectionwe obsenre that for eachrationalr > 1, S, in factis even
in P\". In fact,looking carefully at the proof of [BTY97, Lemmas], it is easyto seethat
thisproofalreadyestablishethe P|’\|'P upperbound.Bodlaendeetal. notethatfor ary graph

G with n vertices,G doesnot belongto S, if andonly if thereexistssomek, 1 < k < n,
suchthat

1. migG) > k,and

2. mddG) < k/r,i.e.,nooutputof MDG oninputG hassizeatleastk/r.

GivenG andk, (1) canbe answeredy the NP-completeset IS, andproperty(2) canbe
checledusingthe NP set

T, = {{(G, k) | mddG) > k/r},

since(2) holdsif andonlyif (G, k) & 7,.



5.3.3.Improving the Lower Bound: The Reduction 69

Informally, the P{" algorithmworksasfollows. Oninput G (with n = ||V (G)]), the P
basemachinequeries(G, 1), (G, 2), ... , (G, n) in parallelto both IS and7,, andaccepts
if andonly if for somek, (G, k) € IS and(G, k) & 7T..

Of course we have to ensurethatthe P basemachinequeriesonly one NP oracleset.
However, asNP is closedunderdisjoint union,we cantake thedisjointunionof IS and7,
andmodify the queriessothatthey addresshe appropriatgartof the disjointunion.

SinceP)” is closedundercomplementye have proventhefollowing proposition.

Proposition5.3.1 For ead rationalr > 1, S, € P|".

Lowering the known upperboundof S, waseasy The hardpartwill be raisingthe
known lower boundof S, soasto matchtheabove upperbound.

5.3.3 Improving the Lower Bound: The Reduction

As notedin the previous section,for eachrationalr > 1, S, € F"\“P. Thus,to prove
our mainresultthatfor eachrationalr > 1, S, is Pﬁ‘P-compIete,it remainsto shav Ph‘P-
hardnes®f S,. To establistthis lower bound,we will reducethe problemMIS.g.; t0 S,
whereMIS. .1 is definedto bethe setof all pairsof graphshaving maximumindependent
setsof thesamesize,i.e.,

MISequar = {(G, H) | G andH aregraphssuchthatmis(G) = mig(H)}.

As statedby Wagnerwithout proof, MIS.qua1 IS F"\“F’-compIete[\NagS?]f3 A full proof of
Wagnersresultcanbefoundin [HR97a].

Our reductionis givenin Theorem5.3.4belon. We will first shov thatMISqu.; re-
strictedto graphsin S; is still Ij‘\“P-hard. This result,statedasLemma5.3.3below, is the
analogof Theoremd4 from [BTY97], which shavs thatIS restrictecto graphsin S; is still
NP-hard.We will needthefollowing propertyestablishedn the proof of this theorem.

Lemma5.3.2([BTY97], proof of Theorem4)  Anygivengraph G canin polynomial
timebetransformednto a new graphG’ sud that

1. G'e S, and

2. migG') = migG) + ||E(G)]|.

%In fact, Wagnerstatecompletenestor P){”, aclassthatwaslatershavn to beequivalentto P, seethe
discussiorinéKSWS?, Footnotel]. In addition,Wagnerprovidesin [Wag9(Q quite a numberof characteri-
zationsof Ph' , shawing therobustnes®f this class.
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Thefollowing lemmaestablishethatMIS, 4.1 restrictecto graphsin S, is Pﬁ“’-hard.

Lemma5.3.3 Anytwo graphsG and H canin polynomialtime be transformednto two
new graphsG’ and H' sud that

1. G’ € §andH' € S, and
2. migG") = mig(H') if andonlyif miG) = mis(H).

Proof. Wewill firsttransformG andH into two new graphsZ” and H” in suchaway that
G" andH" have the samenumberof edgesandsuchthatmis(G"”) = mig H") if andonly
if migG) = mig H). Theresultthenfollows from applyingLemma5.3.2onG"” and H”.

Assumethat||E(G)|| > ||[E(H)|| andletk = ||E(G)|| — ||E(H)||. G" is constructed
by addingk isolatednew verticesto G, and H” is constructedy addingk isolatednew
edgedo H. Formally,

V(G") = V(G)U{zy,...,zx},
E(G") = E(G),
V(H"Y = V(H)U{yi,..., Yk 21,---,2k}, and
wherethez;’s, y;'s,andz;’s arenew vertices.Clearly, || E(G")|| = ||E(H")||, mig(G") =

mis(G) + k, andmig H") = migH) + k. Now we applyLemma5.3.2on G"” and H" to
obtaintwo new graphsG’ and H' satisfying:

1. G' andH’ botharein S;,
2. migG') = migG") + ||[E(G")|| = migG) + k + ||[E(G")||, and
3. mis(H') = mig H") + ||E(H")|| = miS(H) + k + ||[E(H")||.

It is immediatethatmis(G’') = mig(H’) if andonly if misG) = mig H). This proves
thelemma. |

Now we stateour mainresult.
Theorem5.3.4 For eadh rationalr > 1, S, is F"\“P-complete

Proof. Fix ary rationalr > 1. Suppose = £ - for integers¢ andm, where/ > m > 1. We
will deflneapolynomlal tlmecomputablefunctlonfthat glvenary pair (G, H) of graphs,
outputsagrath suchthat(G, H) € MIS.qa if andonly if G e S,. Thatis,
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mis(G) = miH) <= mdg(G) > misG)/r
— £ -mdd@) > m-misG).

Firstwe transformG and H accordingo Lemmab.3.3into two new graphsG’ and H'
suchthat

1. G' andH' arebothin S;, and
2. migG') = mis(H’) if andonly if miG) = mis(H).

Thus,it suficesto constructy from G’ and H' suchthat

mis(G') = mi(H') <= ¢-mddG) > m - migG).

subgraphM subgraphB subgraphC'
( . A ( \ A ( A
G’ H' G'"|x |H
led H a' | x | H cliqueof size
V(A + V(B
m . 20
copiesy . : : . ( copies
: : o : : o
X
AR c | x [
. / m isolatedvertices
. J/ . J/

[ooo .)

/ isolatedvertices

(. J

Figure5.2: ReducingMIS.qua; 10 S, Graph@ constructedrom thegraphsG’ and H’

Look at Figure 5.2 for the constructionof G. G consistsof 2m + 4¢ + 3 pairwise
disjoint subgraphsm + 2¢ copiesof G', m + 2¢ copiesof H', onegraphconsistingof ¢
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isolatedvertices,onegraphconsistingof m isolated\Lertices,andoneIarge cliqueof size
VA[[+[V(B)],
asshawvn in Figure5.2, wherethe symbol“ x” betweenwo subgraphslenoteghe union
of the two subgraphgmadedisjoint by renamingwhennecessaryyvith additionaledges
connectingeachvertex of thefirst subgraptwith eachvertex of the secondsubgrapH.

More formally, let G', G5, ... G}, o, Hl, Hy, ... ,H} 5, Be,Cpy, and Coigue b€
2m + 44 + 3 pairwisedisjoint graphssuchthat G! is a copy of G', H] is a copy of H',
B, consistf ¢ isolatedvertices,C,,, consistof m isolatedvertices,andCy;qq IS aclique
of size(m + 20)(||V(G")|| + ||V (H")|]) + ¢.

Definethreegraphs.A, B, andC, asfollows:

V() = Q(V(Gé)uV(Hé)),

B4) = Q(E(Gé)uE(Hé)),

vB) = v<Be>u.T_nOi(v<G;>uv<H;>>,

B(B) = fLTJi(E(G;wE(H;)U{{x,y}mev<G;> andy € V(H)}).

V(C) = V(Cn)UV(Ceuigue), and
E(C) = E(Ceuique) Y {{z,y} |z € V(Crigue) andy € V(Cp,)}.

ThenG consistof the Cartesiarproductof its subgraphsi, B, andC, i.e.,

V(G) = V(A)UV(B)UV(C), and
G) = E(A)UE(B)UE(C)
U{{a,b}|a € V(A)andbe V(B)}
U {{b,c}|b € V(B) andc € V(C)}.

This completeghe constructioranddefinesour reductionf ((G, H)) = G.

Clearly, f is computableln polynomlal time. It remainsto shov that mls(G’) =
mis(H') if andonlyif £-mdgG) > m-migG). We will first determinendg G), themaxi-
mumsizeof anoutputsetof MDG runnlngonlnputG Notethatwe have chosersubgraph

’One might be temptedto call this constructionthe “Cartesianproduct” of the two subgraphgandthe
paper[HR989 indeedusedthis term). However, the Cartesiamproductof two graphsis a standardermin
graphtheoryandis usedto denotea differentnotion.
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CinG large enoughto enforcethatMDG on input@ startschoosingverticesin subgraph
A, sincethe maximumdegreeof all verticesin A is clearlylessthan||V (A)|| + ||V (B)||
andthusis smallerthanthe degreeof ary vertex in B or C. Moreover, sinceG’ € S; and
H' € &, mdgG’) = migG') andmdg H') = mis(H'). Thus,MDG oninputG picksin
eachcopy of G’ (respectiely, H') containedn subgraphd exactly migG’) (respectrely,
mis(H')) vertices,deletingall the remainingverticesin A and also completelydeleting
subgraphB. Finally, MDG choosesll verticesin C,,, anddeletesheclique C ;.-
Hence,
mdgG) = m (Mis(G") + mis(H') +1).
Now we will determinemis(@), thesizeof amaximumindependensetof G. Notethat
mis(G) = max{migA) + mis(C), mis(B)}. Also, it is easyto seethat
mis4A) = m(migG') + misH")),
migB) = £(2-max{migG"),miH")} + 1), and
mislC) = m.
Sincel > m, we have
mis(G) = mis(B) = ¢ (2 - max{mis(G’), mis(H")} + 1) .
It followsthat
¢-mdgG) > m - mig(G)
< L-m(mMigG") +migH') +1) > m- £ (2 max{migG’), migH')} + 1)
< migG")+ migH') + 1> 2 -max{migG"), misH')} + 1
< migG") + migH') > 2 max{migG’), migH')}
<~ migG') = misgH'),

completingthe proof. |

5.4 Heuristics versusCompletenesdgor Graph Coloring

Section5.4 is organizedasfollows. Section5.4.1 presentghe reductionfrom 3-SAT
to 3-Colorability thatStockmeer ([Sto73, seealso[GJS76])constructedo shaw that
3-Colorability remainsNP-completavhenrestrictedto planargraphs. This reduction
will be usefulin Section5.4.2,which presentdNP-completenesgesultsfor a numberof
restrictionsof 3-Colorability to graphsfor which certaingraphcoloring heuristicsdo
well.

81f m = 1, C is aclique,andMDG choosesry onevertex in C.
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5.4.1 The Stockmeyer Reduction from 3-Satisfiability to 3-

Colorability
a yl
Ya
Ys
b Y2 Ys
c @ Us

Figure5.3: GraphH of the Stockmgerreduction

Stockmeer ([Sto73, seealso[GJS76])gave thefollowing <P -reductionfrom 3-SAT
to 3-Colorability. We recallthe Stockmeer reductionin the presentsection,sinceit
will becrucialto anothereductionto bepresentedn Section5.4.2.

Let ¢ beary giveninstanceof 3-SAT, i.e., ¢ is aboolearformulain conjunctve normal
form with exactly threeliterals per clause.Assumey hasn variables;zy, xo, ... , x,, and
m clauses(', Cy, ... ,C,,. Thereductionmapse to thegraphG constructedasfollows.
Thevertex setof G is definedto be

wherethe x; andz; areverticesrepresentinghe literals x; andz;. The edgesetof G is
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definedto be

E(G) = {{vi,vo}, {vs,v3}, {v1,v3}}
U{{z;, 7} |1 <i<n}
U {{vs,z;},{vs,Z;} | 1 <i<n}
U {{aj v} {6 v} e ya} |1 < <m}
U {{v2, yje}, {v3, yj6} | 1 < j <m}
U {H{ys1, Yo} {¥51, Yiad Wiz yjay | 1 < <m}
U {{yjs, yss} {vss Yists {ysss vse} [ 1 < <m}
U{{yjs, s} |1 <j <m},

wherea;, b;, ¢; € U, «;«,{zi, z:} areverticesrepresentinghe literals occuringin clause
C; = (a; Vb; Vc;). ThegraphH shavnin Figure5.3is thekey construcin thisreduction,
which usesn disjointcopiesof H (with correspondingubscripts)pnefor eachclauseC;

of ¢. Crucially, the correctnes®f the reduction(i.e., ¢ is satisfiableif andonly if G is

3-colorable)ollows from thefollowing propertiesof graphH':

(5.4.1) Any coloring of the verticesa, b, andc thatassignsolor 1 to oneof «, b,
andc canbeextendedo a proper3-coloringof H thatassignsolor 1 to ys.

(5.4.2) If 4 is a proper3-coloringof H with 1(a) = (b) = 9(c) = i, then
P(ys) = 1.

5.4.2 The Complexity of Graph Coloring When Heuristics Do Well

Numerousheuristicsfor graphcoloring problemshave beenproposed Typically, such
a heuristicconsistsof two parts: In thefirst part,a suitableorderingof the verticesof the
graphis fixed;in thesecondpart,theactualcoloringalgorithmis appliedto the verticesin
thefixedorderto colorthegraph.A very basiccoloringproceduras the so-calledsequen-
tial algorithm (sometimesalledgreedyalgorithm), which proceedsasfollows. Assume
the verticesof the grapharegivenin the orderv,, v, ... ,v,. Assigncolor 1 to v;. For
eachof the remainingverticesv; in order assignto v; the minimum color available,i.e.,
the smallestcolor that, so far, hasnot beenassignedo ary vertex adjacentto v;. The
sequentiaalgorithmwill bedenotedoy SEQ.

Thoughthe local action of the sequentialalgorithm appeardo be quite reasonable,
globally it mayfail miserably dependingon the vertex orderingchosen.Johnsor{Joh74
hasexhibiteda sequencérs, ... ,G,,, ... of graphssuchthateachG,, is 2-colorablethe
sizeof G, is linearin m, andyet the numberof colorsusedby the sequentiablgorithm
oninputG,, is atleastm for some(unfortunate)ertex ordering.Thus,for someordering,
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thesequentiadlgorithmachiezestheworstapproximatiorratio (of thechromaticnumber)
possible JohnsorjJoh74 provedsimilarresultsfor anumberof prominentgraphcoloring
heuristicanostof whichapplythesequentiatoloringalgorithmto variousvertex orderings
thatareobtainedoy seeminglyreasonabl@rocedures.

Onesuchorderfinding procedures to orderthe verticesby deceasingdegree How-
ever, thisis a ratherstaticapproachsincethe placeof ary vertex in this orderingis inde-
pendenbf previously orderedvertices.A moreflexible way of obtainingavertex ordering
is therecursve smallest-lasbrderingproposedy Matulaetal. [MMI72], which dynami-
cally proceedasfollows. GivenagraphG with n verticeschooseary vertex of minimum
degreeto bethelastvertex, v,. Fori > 1, letw,, ... , v, bethoseverticesthathave already
beenordered. Chooseary vertex of minimum degreein the subgraphof G inducedby
V(G) = {vi, ... ,v,} to bethenext vertex, v;_1, andproceednductively backwardsuntil
all verticesareordered.Notethat,in bothorderingstherearenondeterministichoicesto
be madewhene&ertherearemoreverticesthanoneof minimumdegreeatary pointof the
procedure.

We write DD to denote(the obviousnondeterministiprocedurdo obtain)ary ordering
by decreasinglegree,andwe write SL to denote(the abose nondeterministigprocedure
to obtain) ary smallest-lasbrdering. Combiningthe orderingand coloring algorithms
to one algorithm, A, will then specify the meta-problema-3-Colorability definedin
the introduction. For instance,combiningthe smallest-lasbrderingwith the sequential
algorithm,gives:

DecisionProblem: SL-SEQ-3-Colorability

Instance A graphG.

Question Doesthereexist a sequenc®f nondeterministichoices(between
verticesof minimumdegree)in thesmallest-lasbrderingof V (G) suchthatthe
sequentiahlgorithmtraversingV’ (G) in thatorderproperly3-colorsgraphG?

First we shawv thatthe 3-Colorability problem,restrictedto thoseinput graphson
which the sequentiablgorithmappliedto someDD vertex orderingwill find a solution,is
no easierto solve thanthe generalproblem?

Proposition5.4.1 DD-SEQ-3-Colorability is NP-complete

Proof. To reduce3-Colorability to its restrictionDD-SEQ-3-Colorability, fix ary
graphG andavertex of largestdegree sayw, in G. W.l.o.g.,assumeley(w) > 1. Foreach
vertex v € V(G) — {w}, adddeg(w) — deg(v) new verticesz, 1, Ty.2; - - - , Lo, day(w)—dey(v)

9Proposition5.4.1 clearly holdsfor the moregeneralproblemk-Colorability with & > 3 aswell; we
focuson 3-Colorability for simplicity.
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to G, andconnectv with eachz,,; by anedge.Call theresultinggraphG’. Then,all ver

ticesin G’ thatarealsoverticesof G have thesamedegree,deg(w), in G'. All new vertices
Z,,; In G" have degreel. AssumingG € 3-Colorability, fix someproper3-coloring,y,

of G anddefinethethreecolor classed; = {v € V(G) | ¢¥(v) = i}, for i € {1, 2, 3}, that
correspondo . LetV, = V(G') — V(G) bethe new verticesof G'. Sinceall vertices
in V1 U V5, U V3 have the samedegreein G' andsinceall verticesin V; have degreel,

V(G") canbe DD-orderedsuchthatthe verticesof V; comebeforethoseof V; wheneer
i < j. This propertyensureghatthe sequentiablgorithm,appliedto the verticesof G’ in

this order properly3-colorsG’. Corverselyif G is not 3-colorablethen,by construction,
G' is not3-colorable Hence G’ ¢ DD-SEQ-3-Colorability. |

The constructiongivenin the proof of Proposition5.4.1fails for the smallest-lasor-
dering,sincethenew verticesz,, ;, which areaddedn orderto suitablyincreasehedegree
of ary givenvertex v relative to otherverticesin G', themseleshave only degreel. Thus,
they will in generaloccurafter v in any smallest-lasbrderingand, assoonasthey are
SL-orderedwill be deletedfrom the graphandno longerincreasdahe degreeof v relatve
to otherverticesstill to beordered.

A0

u

Figure5.4: GraphD,, 4 for Lemma5.4.2



78 5. HeuristicsversusCompletenestr IndependenSetandGraphColoring Problems

Thekey constructo avoid this difficulty is givenin Lemmab.4.2andis illustratedfor
aspecialcaseby graphD,, » shavn in Figure5.4. Considerary graph£’ andsupposéhat
somesL orderingof V(E') is currentlybeingcomputed £ is the subgraphof £ induced
by the verticesstill to be ordered,andthattwo verticesu,v € V(FE) have adegreein E
suchthat,say « would berankedabove v in ary SL ordering.Thepurposeof Lemma5.4.2
is to shawv how to flip » andv in the SL ordering,assuminghatthe structureof E’ requires
suchaflip for thesequentiahlgorithmto find a proper3-coloringof E’ (if oneexists).

Lemma5.4.2 Let E beanygivengraph. Letu, v € V(E) beverticessud thatdeg(v) >
degg(u) > 0in E, andlets = dgy(v). TheeexistsagraphD, s withV (E)NV (D, ) = {u}
andsud that

(i) deg(u) > deg(v) in EU D, g,

(i) V(Dy,;s) U {v} canbesL-orderedsud thatead elemenof V (D, ) — {u} isranked
abovev andbelowu, and

(iii) algorithmsEQ appliedto this order properly 3-colors D,, ,, regardlessof which color
i € {1,2,3} it startswith to color u.

Proof. DefinegraphD,, ; by thevertex set
V(Dys) ={u}U{dyi|1 <i<2(s—1)}
andtheedgeset

E(Dyy) = {{u, du} |1 <0 < 2(s — 1)} U {{dusi, dus} | i  j mod 2}.

Note thatthe degreeof v (relative to v) hasincreasedn £ U D, ; by 2(s — 1). Since
dg(v) = s > 1, this provesProperty(i). Property(ii) follows from Property(i) andthe
factthatfor eachd, ; in D, ,, d&g(d,;) = s in EU D, : thevertex setV (D, ;) U {v}
canbesL-orderedasu, dy, 1, du2, - - - , du2(s—1),v IN E'U D, ,. In particulayr the sequential
algorithmtraversingV’ (D, ) in thisorderwill properly3-colorD,, ;, nomatterwhichcolor
it startswith to coloru. If colori € {1, 2, 3} is assignedo u, thencolor1 + (i mod 3) will
be assignedo all verticesd,, ; with odd j, andcolor2 + (i mod 3) will beassignedo all
verticesd,, ; with evenj. This establishe®roperty(iii) andprovesthelemma. |

Theorem5.4.3 SL-SEQ-3-Colorability is NP-complete

Proof. Insteadof directly reducing3-Colorability to SL-SEQ-3-Colorability as
in Proposition5.4.1, it is useful to baseour reductionon one “generic” instanceof
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3-Colorability, namely on the graph G constructedby Stockmeer ([Sto73], see
also[GJS76])to reduce3-SAT to 3-Colorability. Simplifying the technicalproof de-
tails, this approactwill provide areductionfrom 3-SAT to SL-SEQ-3-Colorability.

TheStockmegerreductioncall it , waspresented Section5.4.1above. Let ¢ beary
giveninstanceof 3-SAT with n variablesandm clausesandlet G = r(¢) betheresulting
graph.WetransformG into anew graphF suchthat F' € SL-SEQ-3-Colorability if and
onlyif G € 3-Colorability (if andonlyif ¢ € 3-SAT). Recallthat

V(G) ={v1,v9,v3} U{z;, Z; | 1 < i <n}U{yx|1 <j<m A 1<k <6}

Foreachvertexu € V(G) —{y;s| 1 < j < m}, wedefineagraphD, s associategith
u asin Lemmab.4.2,for somesuitables. Lemma5.4.2merelyexplainsonelocal partof
the overall constructionglobally, the sizeof graphD,, ; may affectthe sizeof someother
graphD,, . The respectre valuesof s for the variousgraphsD,, ; are chosenso asto
“guide” the SL algorithmsothatanorderingcanbe obtainedfor which the SEQ algorithm
will properly3-color F', assumingF' is 3-colorable.

Thevertex setof graphF’ is givenby

V(F) = V(Dy128) UV (Dyyea) UV (Dyg128)
Ul VDes2)U | V(Ds,z2)
1<i<n 1<i<n
U | VDye) U | V(D) U | V(Dyyus)
1<j<m 1<j<m 1<j<m
U |J VD) U | V(Dyua) Udyss| 1 <5 <m}.
1<j<m 1<j<m

NotethatV (G) C V(F'). Theedgesetof graphF' is givenby

E(F) = E(G) U E(Dv1,128) U E(Dv2,64) U E(Dvs’lgg)
U |J E@es)u | E(Ds, )
1<i<n 1<i<n
U |J EDy10)U | EDyui6)U | E(Dy.s)
1<j<m 1<j<m 1<j<m
U U E(Dyj3,4)u U E(Dyj5,4)'
1<j<m 1<j<m

Thisconstructioryieldsonly alinearblow-upin thesizeof graphF (relativeto thesize
of ), andthereductionis polynomial-timecomputable.
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We now argue that the constructionis correct. Supposep is satisfiable(andthus G
is 3-colorable). Fix somesatisfyingassignmenti = («, o, - .. ,ay), Wherea; = 1 if
variablez; is setto true underthis assignmentanda; = 0 otherwise.For ary literal /, let
d(¢) denotethe valueassignedo ¢ by &, i.e., d(¢) = «; if £ = z;, and@(¢) = 1 — o if
Z = j‘i.

By constructiorandby Propertieqi) and(ii) of Lemmab.4.2,the vertex setof F' can
be SL-orderedaccordingo Conditions(a) to (d) belown. For corveniencewe write ﬁu,s to
denotethevertex setof graphD,, ; givenin theorderu, dy 1, dy,2, - - - , dy2(s—1)-

(@) V(F) isorderedn threeblocks: Thefirst block containghevertices
V(Dy;,198) UV (Dyy6a) UV (Dyy,108)
in theorderspecifiedoy (b); the secondlock containghe vertices

U (V(Day52) UV (Dsy 52))

1<i<n

in the orderspecifiedby (c); andthethird block containsall the remainingvertices
of F' in theorderspecifiedby (d).

(b) Thefirstblockis orderedas D, 125, Dy, 128, Doy 64-

(c) For eachi, 1 < i < n, thevertex setV (D, 32) U V (D3, 32) canbe SL-orderedas
le 32, Dz, 32 If @; = 1, andcanbeSL- orderedasDw 32, D%32 if a; =0.

(d) Foreachj, 1 < j < m,letC; = (a; V b; V ¢;) bethe jth clauseof ¢, with literals
aj, bj, ¢j € Uicicn{mi Ti}. Letd(C;) beashorthandor (d(a;), d(b;), d(c;)). Note
thatsinced satisfiesp, a(C;) # (0,0, 0) for eachj. Recallthattheliteralsin C; are
identifiedwith the correspondingerticesof GG. For eachy, the vertex setassociated
with C]’ Y; V( y]1;16) U V(Dyjz,lﬁ) U V(Dyj3,4) U V(Dyj4,8) U V(Dyj5,4) U {yjﬁ}’
canbesL-orderedasfollows:

(d1) If &(C)) € {(1,1,1),(1,1,0),(0,1,1),(0,1,0)}, thenY; is orderedas D, 16,
Dy;»16) Dyja8s Dyja a0 Dy;s.45 Yje-

(d2) If &(Cy) € {(1,0,1),(1,0,0)}, thenY; is orderedas Dy, 15, Dy,.16, Dy;q.s,
Dyj3,4! Dyj5,4l ij

(d3) If @(C;) € {(0,0,1)}, then; is orderedas Dy, 16, Dy;,.16, Dyju80 Do,
Dy 4, Yjs-
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The relative orderbetweenverticesnot specifiedby Conditions(a) through(d) is ir-
relevant for the agumentand may be fixed arbitrarily (consistentwith the rules of the
SL-ordering). The following propertyis similar to Property(5.4.1)in Section5.4.1and,
besidesis suitablytailoredto the specificsof the SEQ algorithm:

(5.4.3) Forfixedj, 1 < j < m, letthevertex setY; associatedvith clauseC; be
orderedasin (d) abosre. Assumethatthe verticesrepresentinghe literals
of C; are coloredsuchthat only colors2 and 3 are assignecand color 2
Is assignedo at leastoneof thesethreevertices. Then,the SEQ algorithm
properly3-colorsthe subgraptof F' inducedby Y; suchthatcolor 2 is as-
signedto y;e.

This propertystraightforvardly follows from Property(iii) of Lemmab.4.2andthe vertex
orderof Y} givenin (d).

Whenappliedto ary vertex orderingof F' satisfyingConditions(a) through(d), the
SEQ algorithmproperly3-colorsF'. In particular it computesa coloring,, of F' suchthat
W(v3) =1, Y(v1) = 2, ¥(ve) = 3, ¥(x;) = 2 andy(z;) = 3if o; = 1, andy(z;) = 3 and
¥(z;) = 2if a; = 0, for eachi with 1 < 7 < n. Sinced is a satisfyingassignmenbf ¢,
coloring+ assignscolor 2 to at leastone (vertex representing) literal of C;, for eachy,
1 < j < m. By Property(5.4.3),for eachj, v is a proper3-coloringof the subgraptof
F inducedby Y; andsatisfies)(y,s) = 2. Property(iii) of Lemma5.4.2impliesthaty (as
specifiedsofar) canbe extendedo a proper3-coloringof F'.

Corversely suppose is notsatisfiablgandthusG is not3-colorable) By construction
of F andby Property(5.4.2)in Section5.4.1, this suppositionimplies that F' is not 3-
colorable.Thus,F ¢ SL-SEQ-3-Colorability. |

Both Matulaetal. [MMI72] andJohnsorjJoh74 have proposedjeneralizationsf the
sequentiadlgorithmwhich allow the occasionainterchange of two colors(in thecoloring
beingcomputed)subjectto certainsetsof conditions. Johnsors algorithm,heredenoted
SEQINT,, is somavhatmoregenerathanthe oneof Matulaetal., denotedBEQINT,, Since
thesetof conditionsunderwhich aninterchanges allowedin SEQINT, is slightly morere-
strictive thanthe setof conditionsrequiredin SEQINT,; for aninterchangeo be performed.
Both sequential-with-interchangdgorithmsmay be combinedwith ary vertex ordering;
we focuson theDD andSL orderings.Matulaetal. [MMI72] providedempiricalevidence
thattheSL-SEQINT, algorithmrequiressignificantlyfewer colorsthanvariousotherheuris-
tic algorithmson randomgraphs.

The problemsDD-SEQINT;-3-Colorability and SL-SEQINT;-3-Colorability, for
i € {1,2}, eacharein NP. It shouldbe notedthatthe nondeterminisninerenot only un-
derliesthe orderfinding procedureywheremorethanonevertex of minimumdegreemay
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exist, but alsooccursin the coloring algorithm, wheremore than one bichromaticinter-
changemaybepossible Sincethe SEQINT; algorithmsincludethe sequentiaélgorithmas
aspecialcase(in which no interchanges performed) we immediatelyhave thefollowing
corollariesfrom respectrely Propositions.4.1andTheorenb.4.3.

Corollary 5.4.4 Both DD-SEQINT;-3-Colorability and DD-SEQINT,-3-Colorability
are NP-complete

Corollary 5.4.5 Both SL-SEQINT;-3-Colorability and SL-SEQINT,-3-Colorability
are NP-complete

Thelastheuristicconsideredn this sectionis the algorithmof Wood [Woo069 which,
givenaninputgraphG with n vertices proceedsn two stagessfollows. In thefirst stage,
all n(n — 1)/2 pairsof distinct verticesare orderedby decreasingsimilarity, wherethe
similarity of two distinctverticesz andy is definedto be

_ (o0 if {z,y} € E(G)
sim(z,y) = { [|N(z) N N(y)| other\:/yvise.

Giventhis order G will be partially coloredin the first stageby executingthe following
stepsfor eachpair {z, y} in turn. In whatfollows, let ¢ beavariablewhosevaluegivesthe
numberof colorsusedsofar.

(1) If sim(z,y) = 0 thenhalt.
(2) If bothz andy arecolored,thengo to next pair.
(3) If onevertex, sayz, is colored,andtheotherone,y, is uncoloredthendothefollowing:

(3a) If dgg(y) < ¢, thengoto next pair;
(3b) if somevertex adjacento y hasthe samecolor asz, thengoto next pair;

(3c) otherwisegassignto y thecolorassignedo .
(4) If bothz andy areuncoloredthendo thefollowing:

(4a) If bothdgy(z) < c anddgy(y) < ¢, thengoto next pair;

(4b) otherwiseassigrto bothz andy theminimumcoloravailable(i.e.,thesmallest
colorj > 1 suchthatneitherz nory is adjacento avertex coloredy).
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After thefirst stage theremay remainsomeuncoloredvertices. If so,the coloringof G
will becompletedn the secondstageusingtheDD-SEQ algorithm. Wood’s algorithmwill
be denotedby WOOD. Note that both stagesof Wood’s algorithm containsomeamount
of nondeterminismtn thefirst stage we may choosebetweerdifferentvertex pairsof the
samesimilarity (whentherearemorethanone);in thesecondtage we maychooseamong
severalverticesof minimumdegree.

Theorem 5.4.6 WOOD-3-Colorability is NP-complete

Proof. The proof is similar to the proof of Proposition5.4.1, the differencebeing that
now we have to equalizethe similarity betweenpairs of verticesinsteadof the degree
of vertices. Let G be ary given graph. We transformG into a newvw graph H such
that G is 3-colorableif and only if H can be 3-coloredby Wood’s algorithm. Let
s = max{simz,y) | z,y € V(GQ)withz # y} bethe maximumsimilarity of all ver
tex pairsin G, andlet s = max{3, s'}.

Thevertex setof H is givenby

VH) = V(G)U{'|ve V(G U{zw|veV(G) Al1<i<s),

wherethe ||V (G)|| verticesv’ andthes||V (G)|| verticese, ; arenew. Theedgesetof H is
givenby

EH) = EG)U{{v,z,:}|veV(G) N1<i<s}
U{{z;,v'} v e V(G) A 1<i<s}

This reductionis polynomial-timecomputablegincethe similarity of all vertex pairsin G

(andhences) canbe computedn time polynomialin the sizeof (theencodingof) G. By

constructionsim(v, v') = s for all verticesv € V(G), andthesimilarity of all othervertex

pairsof H is at mosts. Thus,all vertex pairsof the form {v,v'}, for v € V(G), canbe

rankedabove all othervertex pairsof H in thefirst stageof Wood’s algorithm. Suppose&~

is 3-colorable Let vy beary fixedproper3-coloringof G, anddefinethethreecolor classes
Vi={v e V(G) | ¥(v) =i}, fori € {1,2, 3}, thatcorrespondo v. Let vy, vy, ... ,v, be

anorderingof V (G) suchthatall verticesfrom V; comefirst, followedby all verticesfrom

Vs, which in turn arefollowed by all verticesfrom V3. Considerthe correspondingrder
{v1,v1}, {va, v}, . .., {vn, v} of thefirst n vertex pairsof H. Sincedegy(v) > s > 3 for

allv € V(G) andsincedeg(v') = s > 3 for thecorrespondingerticesy’, line (4b) of the

first stageof Wood's algorithmwill beexecutedn timesandwill assigncolory(v) in G to

bothv andv’ in H. Theonly verticesof H asyetuncoloredarethoseof theform z,, ;. It

is thennot hardto seethatv canbe extendedby Wood's algorithmto a proper3-coloring
of H.
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Corversely if G is not 3-colorablethen H is not 3-colorable andconsequenthHd ¢
WOOD-3-Colorability. |

Finally, we mentionsomeobvious openquestions.Whatis the compleity of there-
latedproblemof recognizinghosegraphsonwhich afixedheuristiccanfind thechromatic
numberof the graph(not just decidewhethery(G) < k aswith K-Colorability)? What
abouttherecognitionproblemfor approximatingy (G) within afixedfactorr > 1 (r ratio-
nal) of optimal?Section5.3did successfullyesole thesequestiondor the Independent
Set problemw.r.t. thegreedyheuristicMDG, seeTheorenb.3.4in Section5.3. However,
lowerbounddor graphcoloringproblemsn generatendto beharderto achierethanthose
for independensetproblems.(But notethatF"\“P alsois anupperboundfor thesechromatic
numberproblems—justike P\" is anupperboundfor theproblemss,.) Theresultsof the
presensectionmaybeseemsalfirst steptowardsresolvingthemoredemandingjuestions
raisedabove. In fact,theconstructiorgivenin theproofof Theorenb.3.4is cruciallybased
on the NP-completenesesultof Bodlaendeet al. [BTY97, proof of Theoremd] (stated
hereasLemma5.3.2): Therestrictionof Independent Set tographan §; is NP-complete.



Chapter 6

A SecondStep Towards
Complexity-Theoretic Analogsof Rice’s
Theorem

6.1 Intr oduction

The mother of complity theory is recursve function theory One of the most
beautiful and importantresultsof recursve function theoryis Rice’s Theorem. Rice’s
Theorem([Ric53, Ric56], see[BS97]) statesthat every nontrivial languageproperty of
therecursvely enumerableetsis eitherRE-hardor coRE-hard—andhusis certainlyun-
decidablea corollarythatitself is oftenreferredto asRice’s Theorem.

Theorem6.1.1(Rice’s Theorem, Versionl)  Let. A bea nonemptypropersubsebfthe
classof recursivelyenumeable sets. Theneither the halting problemor its complement
many-ongeducego the problem: Givena Turing madiine M, is L(M) € A?

Corollary 6.1.2(Rice’s Theorem, Versionll)  Let.4 be a nonemptyproper subsetof
theclassof recuisivelyenumeablesets.Thenthefollowing problemis undecidable Given
a Turing madine M, is L(M) € A?

Rice’s Theoremcorveys quite a bit of informationaboutthe natureof programsand
their semantics. Programsare completelynontransparentOne can (in general)decide
nothing—emptinesspnonemptinessanfiniteness etc.—abouthe language®f given pro-
gramsotherthanthetrivial factthateachacceptsomelanguageandthatlanguages are-
cursively enumerabléanguagée. Recently Kari [Kar94] hasproven,for cellularautomata,

lOnemuststresghatRice’s Theorenrefersto thelanguagesacceptedby the programgTuring machines)
ratherthanto machine-baseedctionsof the programs(Turing machines)—suchswhetherthey run for at
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ananalogof Rice’s Theorem:All nontriial propertief limit setsof cellularautomatare
undecidable.

A bold andexciting paperof Borchertand Stephar{BS97] proposesandinitiatesthe
searchfor compleity-theoetic analogsof Rice’'s Theorem. Borchertand Stephamote
that Rice’s Theoremdealswith propertiesof programsandthey suggestsa promising
compleity-theoreticanalogpropertiesof Booleancircuits. In particular they focuson
countingpropertieof circuits,andthey pointoutthatthe parallelis acloseone.Programs
areconcreteobjectsthatcorrespondn a mary-to-oneway with the semanticobjects Jan-
guages Circuits (encodednto ¥*) areconcreteobjectsthat correspondn a mary-to-one
way with the semantiobjects Booleanfunctions.

Recallthatfor ary arity n circuit C, #(C) denotesunderhow mary of the 2™ possible
input patterng”' evaluatedo 1.

Definition 6.1.3 1. [BS97] Ead A C N is a countingpropertyof circuits If A # 0,
wesayit is a nonemptyproperty andif A # N, wesayit is a properproperty

2. [BS97 Let A be a countingproperty of circuits. The countingproblemfor A,
Counting(A), isthesetof all circuitsC sud that#(C) € A.

3. (followingusageof[BS97]) LetA beacountingpropertyandlet C bea compleity
class. By corvention,we say that countingproperty A is C-hard if the counting
problemfor A, Counting(A), is C- <%.-hard. (Notein particular that by this wedo
notmeanC C P*—weare speakingust of the compleity of A’s countingproblem.
Notealsothatthis corventionis valid only within this chapter)

For succinctnesand naturalnessandasit introducesno ambiguity here,throughout
this chapterwe use*“counting” to referto what Borchertand Stepharoriginally referred
to as “absolutecounting: For completenesswe mentionthat their setsCounting(A)
are not entirely nev: For eachA, Counting(A) is easily seen(in light of the fact that
circuits can be parsimoniouslysimulatedby Turing machineswhich themseles, asper

leastsevenstepsoninput 1776(whichis decidablepr whetherfor someinputthey do not halt (whichis not
decidableput Rice’s Theoremdoesnot speakdirectly to thisissue thatis, Rice’s Theoremdoesnotaddress
thecomputabilityof theset{ M | thereis someinputz onwhich M (z) doesnothalt}).

We mentionin passingarelatedresearchine about‘independenceesultsin computersciencé. Thatline
startedwith work of Hartmanisand Hopcroft[HH76] basedon the nontransparerncof machinesandhas
now reachedhepointwhereit hasbeenshavn, by Regan,thatfor eachfixedrecursvely axiomatizablgroof
systemthereis alanguage with certainpropertieghatthe systemcannotprove, no matterhow thelanguage
is representeth the system(say by a Turing machineacceptingt). For instancefor eachfixedrecursvely
axiomatizableproof systemthereis a low-compleity languagethatis infinite, but for no Turing machine
acceptingthe languagecan the proof systemprove that that Turing machineacceptsan infinite language.
See[Reg96 Reg88 andthereferencesherein.
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the reference<ited in the proof of Theorem6.3.1, can be parsimoniouslytransformed
into Booleanformulas)to be mary-one equivalentto the set, known in the literatureas
SAT 4 or A-SAT, {f | the numberof satisfyingassignmentso Booleanformula f is an
integercontainedn thesetA} [GW87,CGH"89]. Thus,Counting(A) inheritsthevarious
propertieghatthe earlierpaperson SAT 4 establishedor SAT 4, suchascompletenestor
certaincountingclassesWe will attimesdrawv onthis earlierwork to gaininsightinto the
propertiesof Counting(A).

Theresultsof Borchertand Stepharthatled to the researchreportedon in the present
chapterarethe following. Notethat Theorem6.1.4is a partial analogof Theorem6.1.12
andCorollary6.1.5is a partialanalogof Corollary6.1.2.

Theorem6.1.4 ([BS97], seealsothecommentsatthestartof the proofof Theorem6.3.1)
Let A bea nonemptypropersubsef N. Thenoneof the following threeclassess <P -
reducibleto Counting(A): NP, coNP, or UP& coUP.

Corollary 6.1.5 ([BS97], seealsothecommentsatthestartof theproofof Theoren6.3.1)
Everynonemptypropercountingpropertyof circuitsis UP-hard.

Borchertand Stephars paperprovesa numberof otherresults—rgardingan artifi-
cial existentiallyquantifiedcircuit typeyielding NP-hardnesgjefinitionsandresultsabout
countingpropertiesover rational numbersand over Z, and so on—andwe highly com-
mendtheir paperto the reader They alsogive a very interestingmotivation. They shav
that,in light of thework of ValiantandVazirani[VV86], ary nontrivial countingproperty
of circuitsis hardfor either NP or coNR with respectto randomizedeductions Their
paperandthe presenthapterof this thesisseekto find to whatextentor in whatform this
behaior carriesoverto deterministiceductions.

The presentchaptermakes the following contrikutions. First, we extendthe above-
statedresultsof Borchertand Stephan,Theorem6.1.4 and Corollary 6.1.5. Regarding
the latter, from the samehypothesisastheir Corollary 6.1.5we derive a strongerlower
bound—UR1)-hardnessThatis, we raisetheir lower boundfrom unambiguousonde-
terminismto low-ambiguitynondeterminism.Secondwe shav that our improved lower
boundcannotbefurtherstrengthenetb SPP-hardneamlessanunlikely compleity class
containment—SPR. PN"—occurs.Third, we nonethelesanderavery naturalhypothesis
raisethelower boundon the hardnes®f countingpropertieso SPP-hardnes3.henatural

2Passingon acommentrom ananorymousrefereeof thejournalpapefHR], we mentionthatthereader
may wantto alsocomparethe UP & coUP occurrenceén Borchertand Stephan{BS97 with the so-called
Rice-Shapirarheoremseee.g.,[Rog67 Reg96. We mentionthatin makingsucha comparisoroneshould
keepin mind that the Rice-Shapirolrheoremdealswith shaving non-membeshipin RE andcoRE,rather
thanwith shaving mary-onehardnesdor thoseclasses.
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hypothesisstrengthenshe conditionon the countingpropertyto requirenot merely that
it is nonemptyand proper but alsothatit is infinite and coinfinite in a way that canbe
certifiedby polynomial-timemachines.

6.2 Preliminaries

The classedJP andFewP limit the ambiguityof solutionsthatary instanceof an NP
problempotentiallymayhave. Therearevariousotherimportantambiguity-limitedclasses,
andwe will now definethem,in auniformway via countingfunctions.To do this, we will
takethestandard #” operator—seeDefinition 2.2.2on pagel5—andwill malkeit flexible
enoughto describea variety of typesof countingfunctionsthat are well-motivated by
existing languageclassesin particular we will adda generakestrictionon the maximum
valueit cantake on. For the specificcaseof a polynomialrestrictionsuchan operatoy
#tew, Wasalreadyintroducedoy HemaspaandrandVollmer [HV95], seebelow.

Definition 6.2.1 For ead functiong : N — N andead languageclassC, define#, - C to
betheclassof functionsf : ¥* — N for which there exista setL € C anda polynomials
sud thatfor each z € 3%,

f(x) < g(lz) and [[{y| [yl = s(lz|) and(z,y) € L}|| = f(z).

Note thatfor the very specialcaseof C = P, which is the caseof importancen the
presenthapterthis definitionsimply yieldsclasseshatspeakaboutthenumberof accept-
ing pathsof Turingmachineshatobey someconstrainbontheirnumberof acceptingaths.
In particular thefollowing clearly holdsfor eachg:

#,-P={f:%* = N|(INPTMN) (Vz € ¥*) [f(z) < ¢(|z|)] and acey(z) = f(z)}.

In using Definition 6.2.1,in the caseof a constanfunctiong(n) = k for somek € N
astheambiguity-limitingbound,we will make useof thecommon®\ notation”andwrite
#,..1 (@ndwill notusethesimpler thoughslightly informal, notation“#,").3

Wewill now definesomeversionsof the#, operatothatfocusoncollectionsof bounds
of interestto us.

Definition 6.2.2 For eadt language classC, definethefollowing two classef functions.

3Thereasorwe stickto this perhaps bit cumbersomeyetformally correct,notationis to avoid notational
confusion:ln upcomingChapte8, we will provide Valiant's[Val798 definitionof the“tally” versionof #P
which he denotedby #P;, andwe will alsointroducethe correspondingperatorwhich we will denotejn
respecof thetraditionalterminology by #; .
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1. #const -C={f: ¥ = N| (3k € N) [f € #ns - C]}.
2. [HV95]  #ew - C = {f : ¥* — N| (3 polynomials) [f € #; - C]}.
As mentionedabove, the classedJP andFewnP canbewritten in thisterminologyas:
UP = {L|(3f €#m1-P)(VzeX*) [z €L < f(z)>0]},and
FewP = {L|(3f € #tew-P) (Vz € £*) [z € L <= f(z) > 0]}

Now, we definea numberof relatedambiguity-limitedclasseshatarewell known from
theliterature.

Definition 6.2.3 1. ([Bei89], seealso[Wat88]) Foreah k € N — {0}, define
UP<, ={L|(3f € #axi-P)(Vz € %) [z € L <= f(z) > 0]}.

2. ([HZ93], seealso[Bei89]) UPp(1) = [Js; UP<4.

(EquivalentlyUPyp1y = {L | (3f € #const TP) (Vzx e ¥*)[x € L <= f(z) > 0]}.)
3. [CH90] Few = PF#eew P,
4. Const= Plconst PIOW)] 4

It iswell knownthatUP = UP<; C UP<, C --- C UPy() € FewP C Few C SPP(the
final containments dueto Kobleretal. [KSTT92], seealso[FFK94] for a moregeneral
result),andclearly UPy;y € ConstC Few. Regardingrelationshipswith the polynomial
hierarchy P C UP C FewP C NP, andFew C P™" (soFew C PYP). It is widely
suspectethatSPPZ PH,thoughthis is anopenresearclguestion.

Intuitively, UP captureghenotionof unambiguousondeterminisnk-enP allows poly-
nomially ambiguousnondeterminismand, mostrelevant for the purposesof the present
chapterUPy ;) allows constant-ambiguitpondeterminismWatanabgWat8g hasshowvn
thatP = UPif andonly if P = UPy(y.

6.3 The Complexity of Counting Propertiesof Cir cuits

Now we turnto theissueof improving the known lowerboundgor countingproperties
of circuits. Corollary 6.3.2 below raisesthe UP lower bound of Borchertand Stephan
(Corollary 6.1.5)to a UPy(;y lower bound. This is obtainedvia the even strongerbound
providedby Theorem6.3.1,whichitself extendsTheoren6.1.4.

4As we will notein the proof of Theoremg.3.1,P#<ens PIOM] = pl#eonse P Thys, the definition of
Constis moreanalogouso the definitionof Few thanonemightrealizeatfirst glance.
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Theorem6.3.1 Let A bea nonemptypropersubsef N. Thenoneof the following three
classess <P -reducibleto Counting(A): NP, coNP, or Const

Corollary 6.3.2 Everynonemptyproper countingpropertyof circuitsis UPy;)-hard (in-
deed s evenUPq(;)- <, -hardd.

Our proofappliesaconstant-settingechniquehatCaiandHemaspaandif&€H90] used
to prove thatFewP C &P, andthatKobleretal. [KSTT92] extendedto shawv thatFen C
SPP Borchert,Hemaspaandrand Rothe[BHR99] have usedthe methodto studythe
compleity of equivalenceproblemsfor OBDDs (orderedbinary decisiondiagrams)and
otherstructures.

Proof of Theorem 6.3.1. Let A beanonemptypropersubsebf N. The paperof Borchert
and Stephan[BS97] (see Theorem6.1.4 above) and—usingdifferent nomenclature—
earlier papers[GW87, CGH"89] have showvn that (a) if A is finite and nonempty then
Counting(A) is <P -hardfor coNR and(b) if A is cofiniteanda propersubsebf N, then
Counting(A) is <P -hardfor NP,

We will now shaw thatif A is infinite and coinfinite,thenCounting(A) is <P -hard
for Const.Actually, it is not hardto seethat P#const-PIOM] — pl#eonst-PI1 gndsowe need
dealjust with P#eonst-PlIl - This is a propertythat seemso be deeplydependenbn the
“const”-nessFor example,it is notknown whetheP#ll = P#P2l andindeedit is known
thatif this seeminglyunlikely equalityholdsthentwo complity classesssociatedvith
self-specifyingmachinesareequalHHW97].

The reasonthe equality P{#eonst-PIOM] — pl#eonse- Pl Ko|ds is the following. Since
eachof theconstanhumberof questionssaywv, hasat mosta constanhumberof possible
answerssay w, one can by brute force accepteachP#v P!l languagevia DPTMs that
make at mostu = %_1;1 queriesin atruth-tablefashionto a function—infact,the same
function—from+#,, - P. Notethatu alsois a constant. Cai and HemaspaandrfCH90]
(seealso[PZ83]) useda clever encodingto showv that bounded-truth-tableccesdo ary
#P functioncanbereplacedy onequeryto a #P function. Thesameencodingargument
shavs thattheseu truth-tablequeriesto the #,, - P functioncanbereplacedoy onequery
to a #,u_1 - P function. Again, w* — 1 is a constant.HenceConst= P#conse PO —
P(Fconst-P)[1]

Let B beanarbitrarysetin P#eonstP)ll andlet B € P#eonst Pl hewitnessedy some
DPTM M thatmakesat mostonequery(andwithoutlossof generalitywe assumehaton
eachinputz it in factmakesexactlyonequery)to somefunctionh € #.o.s: - P. Let N’ be
someNPTM andlet £ besomeconstansuchthatfor eachstringz € ¥*, N'(z) hasexactly
h(z) acceptingpathsandh(z) < k. Sucha machineexists by the equalitymentionedust

SWhere <}_,, asis standardienotegpolynomial-timel-truth-tablereductiongLLS75].
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after Definition 6.2.1. For eachinputz to M, let g, bethesinglequeryto A in therun of

We will callanonngativeinteger/ suchthat/ € A and/+1 ¢ A aboundaryevent(of
A), andwewill in suchcasegall / + 1 aboundaryshadowcf. the paperdGol89, GJY87,
GHJY9]. Since A is infinite and coinfinite, note that it hasinfinitely mary boundary
events.We now defineafunctiong € #P suchthat

(6.3.1) (Vr € *)[M"(z) accepts < ¢(z) € A].

Wewill dosoby mappingz for which A" (z) acceptgo boundaryevents,andby mapping
x for which M"(x) rejectsto boundaryshadavs. To defineg, we now describeanNPTM
N thatwitnesseg € #P.

Oninputz, N first computeghe oraclequeryq, of M(x). ThenN(z) chooses + 1
constantsy, ¢y, . . . , ¢, asfollows.

M**(z) € {0,1} denotegheresultof the computatiorof M (x) assumingheanswer
of theoraclewash(q,) = j, whereour corventionis that M*#7 (z) = 0 standor “reject”
andM**J(z) = 1 standdor “accept’ Let ay betheleastboundaryeventof A (recallthat
boundaryeventsarenonngative integers,andthusit doesmake sensdo speakof theleast
boundaryevent). Initially, choose

. ao if M)‘Z'O(QS) =1
T L ag+1 if M*O(z) =0.

Successely, fori =1, ... , k, dothefollowing:

e Letc,...,c_1 bethe constantghat have alreadybeenchosen. For eachi € N,
(\) = lasisstandardLetd; = ()co + (Her + (3)ea + -+ (1) e

e Leta; betheleastboundaryeventof A suchthatb; < a;.

e Settheconstant
o = a; — bz if M)‘ZZ(.I) =1

After having chosentheseconstants$, N(z) guessesnintegerj € {0,1,....k}, and
immediatelysplitsinto ¢, acceptingpathsif theguessvas; = 0. For eachj > 0 guessed,

SNotethatas2**! is alsoa constanive couldalternatiely simply build into the machineN atablethat,
for eachof the 2¥+! behavior patternsM canhave on aninput (in termsof whetherit acceptsor rejects
for eachgivenpossibleanswerfrom the oracle),statesvhatconstants,, . . . , ¢x to use. The procedurgust
givenwould be usedto decidethevaluesof this table,which would thenbe hardwiredinto N.
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N(z) nondeterministicallygpuessegachj-tuple of distinctpathsof N'(¢,). Oneachsuch
pathof N(z), wherethe j-tuple (o, as, ... , «;) of pathsof N'(¢,) hasbeenguessed,
N(z) splitsinto exactly ¢; acceptingoathsif eacha,,, 1 < m < j, is anacceptingpath
of N'(g;). If, however, for somel < m < j, a,, is arejectingpathof N'(g,), thenN (x)
simply rejects(alongthe currentpath). This completeghe descriptionof V.

Recallthath(q,) € {0,1,...,k} is thetrueanswerof the oracle. Then,by theabose
constructionthenumberof acceptingpathsof N (z) is

= (s (5o 52 Yo ()

However, ¢;(,,) hasbeenchosersuchthat g(z) = byq,) + Ch(e,) = an,) € A if M"(x)
acceptsand g(z) = bp(g,) + Chige) = n(e) + 1 & A if M"(z) rejects. Sinceeacha;,
0 < i < k, isaboundaryeventandeacha; + 1, 0 < i < k, is a boundaryshadav, this
completesur proofof Equation6.3.1.

By thewell-known obsenation (mentionedoy Garey andJohnsor{GJ79 p. 169], see
alsotheprimarysourcegSim75 Val79) thatthemany-onereductionf the Cook-Karp-
Levin Theorem canbe alteredso asto be “parsimonious, thereis a <P -reductionthat
oninputz (N is not aninput to this <P -reduction,but ratheris hardwiredinto the re-
duction)outputsa Booleanformula ¢, (y1, -, y»), wheren is polynomialin |z|, suchthat
the numberof satisfyingassignmentsf ¢, (vi, . .. ,y,) equalsg(z). Let Cy, (y1, ... ,Yn)
denote(the representationf) a circuit for thatformula. Thereis a DPTM implementing
this formula-to-circuittransformation.Our reductionfrom B to Counting(A) is defined
by f(z) = Cg,(v1,...,yn). Clearly f is polynomial-timecomputablewhich together
with Equation6.3.1limplies B <P Counting(A) via f. |

Corollary 6.3.2 raisedthe lower boundof Corollary 6.1.5from UP to UPy(y). It is
naturalto wonderwhetherthe lower boundcanberaisedio SPP.Thisis especiallytruein
light of thefactthatBorchertandStepharobtainedSPP-hardnessgsultsfor theirnotionsof
“countingproblemsoverZ” and“countingproblemsovertherationals”;their UP-hardness
resultfor standaratountingproblemg(i.e.,overN) is theshortleg of their paper However,
we notethatextendingthe hardnessower boundto SPPunderthe samehypothesiseems
unlikely. Let BH denotethe Booleanhierarchy[CGH*8§]. It is well-known thatNP C
BH C PNP C PH.

Proposition6.3.3 If A C Nis finite or cofinite thenCounting(A4) € BH.

This resultneedsno proof, asit follows easilyfrom Lemma3.1andTheorem3.1.1(a)
of [CGH'89 (thoseresultsexcludethe case) € A but their proofsclearly apply alsoto
thatcase)or from [GW87, Theoreml5], in light of therelationshipbetweerCounting(A)
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and SAT 4 mentionedearlier in the presentchapter Similarly, from earlier work one
can concludethat, thoughfor all finite and cofinite A it holds that Counting(A) is in
the Booleanhierarchy theseproblemsare not good candidatedor completesetsfor that
hierarchys higher levels—orevenits secondlevel. In particular from the approachof
the theoremand proof of [CGH*89, Theorem3.1.2] (seealso [GW87, Theorem15]) it
is not too hardto seethat (3B) [(V finite A) [Counting(A) is not <P:Z-hardfor NP?] A
(V cofinite A) [Counting(A) is not <2 -hardfor coNP?]].

In light of the factthat SPP-hardnesmeansSPP<Y. -hardnessthe boundof Proposi-
tion 6.3.3yieldsthefollowing result(onecanequallywell statethe strongerclaim thatno
finite or cofinite countingpropertyof circuitsis SPR <P -hardunlessSPPC BH).

Corollary 6.3.4 No finite or cofinite counting property of circuits is SPRhard unless
SPPC PP,

Thoughwe do not in this thesisdiscussmodelsof relativized circuits andrelatvized
formulasto allow this work to relativize cleanly(andwe do not view this asanimportant
issue)we mentionin passinghatthereis arelatvizationin which SPPis notcontainedn
PP (indeed relative to which SPPstrictly containsthe polynomialhierarchy)For97b].

Corollary 6.3.4malkesit clearthatif we seekto prove the SPP-hardnessf counting
propertieswe mustfocusonly on countingpropertieshataresimultaneouslynfinite and
coinfinite. Eventhis doesnot seemsuficient. The problemis thatthereareinfinite, coin-
finite setshaving “gaps” so hugeasto malke the setshave seeminglyno interestinguse-
fulnessatmary lengths(considere.g.,theset{: | (3j) [i = AckermannFunction(7j, j)|}).
Of coursejn arecursion-theoreticontext this would be no problem,asa Turing machine
in the recursion-theoretigvorld is free from time constraintsand cansimply run until it
findsthedesiredstructure(which we will seeis a boundaryevent). However, in the world
of compleity theorywe operatewithin (polynomial)time constraints.Thus,we consider
it naturalto adda hypothesisjn our searchfor an SPP-hardnes®sult,requiringthatin-
finitenessandcoinfinitenes®f a countingpropertybe constructiblen a polynomial-time
manner

Recallthata setof nonngative integersis infinite exactly if it hasno largestelement.
We will saythatasetis P-constructiblyinfinite if thereis a polynomial-timefunctionthat
yieldselementof the setatleastaslong aseachgiveninput.

Definition 6.3.5 1. Let B C ¥*. We saythat B is P-constructiblyinfinite if
(3f € FP) (Vz € X7) [f(z) € BA|f(z)| > |z]].
2. Recallfrom Chapter2 the standad bijectionbetweert:* andN. If A C N, wesay

that A is P-constructiblyinfinite if A, viewedasa subsef ¥* via this bijection, is
P-constructiblyinfinite accoding to Part 1 of this definition.
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3. If AC ¥*andA (or A C N andN — A) are P-constructiblyinfinite, wewill saythat
A is P-constructiblybi-infinite.

Notethatsomelanguageshatareinfinite (respecttely, bi-infinite) arenot P-construc-
tibly infinite (respectrely, bi-infinite), e.g.,languagesvith hugegapsbetweensuccessie
elements.

Borchertand StephanBS97] also study “counting problemsover the rationals, and
in this studythey usea root-finding-searclapproacho establishindower bounds.In the
following proof, we applythistypeof approact{by whichwe meanthesuccessieinterval
contractionof the sameflavor usedwhentrying to capturetheroot of a functionon [a, b]
whenoneknowsinitially that,say f(a) > 0 andf(b) < 0) to countingproblemgoverN).
In particular we usethe P-constructiblybi-infinite hypothesido “trap” a boundaryevent
of A.

Theorem 6.3.6 EveryP-constructiblybi-infinite countingpropertyof circuitsis SPRhard.

Proof. Let A C N beary P-constructiblybi-infinite countingpropertyof circuits.Let L be
ary setin SPP. SinceL € SPR therearefunctionsf € #P andg € FPsuchthat,for each
reX (1€ L f(x) =290 + ) A (z € L < f(z) = 29@)I). Let h andh beFP
functionscertifying that A and A are P-constructiblyinfinite, in the exact senseof Part 2
of Definition 6.3.5. We will describea DPTM N that <f.-reducesL to Counting(A).
For clarity, let w henceforttdenotethe naturalnumberthatin the above bijectionbetween
N andX* correspondso the stringw. For corveniencewe will sometimewiew A asa
subsebf N andsometimessa subsebf ¥* (andin thelattercasewe implicitly meanthe
transformatiorof A to stringsunderthe abore-mentionedbijection).

Since clearly A <P Counting(A),” we for corveniencewill sometimesinformally
speakasif the set A (viewed via the bijection asa subsetof >*) is an oracleof the re-
duction. Formally, whenwe do so, this shouldbe viewed asa shorthandor the complete
<!.-reductionthat consistsof the <%.-reductionbetweenL and A followed by the <P -
reductionbetweend andCounting(A).

We now describethemachineN. Oninputz, |z| = n, N proceedsn threesteps.(As
ashorthandye will consider: fixedandwill write N ratherthan Nuntina(4) (g

(1) N runsh andh on suitableinputsto find certainsufiiciently large stringsin A
andA. In particular let A(09@®+1) = . Sowe havey ¢ A and|y| > |g(z)| + 1, andthus

"Either one canencodea string n (correspondindo the number in binary) directly into a circuit C,,
suchthat#(C,) = n (whichis easyto do), or onecannotethe following indirecttransformation:.Let N’
beanNPTM thaton input n producesexactly n acceptingpaths. Using a parsimoniousCook-Karp-Lein
reduction(asdescribecearlier),we easilyobtaina family of circuits {C,, }, .y suchthat,for eachn € ¥,
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7 > 209@)+1 1 > 2ls(@)l Recallthat|z| = n. Sincebothh andg arein FP, thereexistsa
polynomialp suchthat |y| < p(n), andthuscertainlyy < 2P(™+1, Solet h(0P(M+2) = ¢,
whichimpliesz € A and|z| > p(n) + 2. Thus,z > 2°(W+2 _ 1 > 2¢(W+1 5 5 Since
h € FP, thereclearlyexistsa polynomialg suchthatz < 24, Tosummarize N hasfound
in time polynomialin |z| two stringsy ¢ A andz € A suchthat2¥(®)| < 77 < 2 < 24(),
(2) N performsa searchon theinterval [y, z] € N to find someu € N thatis a
boundaryeventof A. Thatis, 7 will satisfy:(a)y <4 <z, (b)u &€ A, and(c)u + 1 € A.
Sincez < 2™, the searchwill terminatein time polynomialin |z|. For completenesae
mentionthe very standardalgorithmto searchto find a boundaryevent of A (recall the

commentabove regardingaccesso A beingin effectavailableto thealgorithm):

Input  yandz satisfyingy < 2,y ¢ A, andz € A.
Output @, aboundaryeventof A satisfyingy < 4 < Z.

~

u:=1;
while Z >4 +1do

a:=|"=]if a¢ Athen i:=Gdelsez:=a
endwhile

(3) Now considerthe #P functione({(m, z)) = m + f(x) andtheunderlyingNPTM
E witnessinghate € #P. Let dg betheparsimoniouook-Karp-L&in reductionthaton
eachinput(m, z) outputsacircuit (representation),, » suchthat#(Cn.r) = e((m, z)).
Recallthat N hasalreadycomputed: (whichitself depend®nz andtheoracle). N, using
dg to build its query now queriesits oracle,Counting(A), asto WhetherC(a,z\gw,w) €
Counting(A), andN acceptsts inputz if andonly if theanswelis “yes!” Thiscompletes
thedescriptionof V.

As amguedabove, N runsin polynomialtime. We have to show thatit correctly <f.-
reduced. to Counting(A). Assumer ¢ L. Thenf(z) = 219 andthus

e((@—29@) ) =7T ¢ A

This impliesthatthe answerto thequery“ém_m(m”,wﬁ € Counting(A)?”is“no,” andso
N rejectsz. Analogouslyif = € L, thenf(z) = 219®) + 1, andthus

e((i—29 z))=1u+1¢€ A4,

andso N accepts:. i

Finally, thoughwe have stressedvaysin which hypotheseshat we feel are natural
yield hardnessesults,we mentionthatfor a large variety of compleity classegamongst
them SPR BPR PR and FewP) one can statesomeavhat artificial hypothesedor A that
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ensurethat Counting(A) is mary-onehardfor the givenclass. For example,if A is ary
setsuchthateither{i | 7 is a boundaryeventof A} is P-constructiblyinfinite or {i | i is a
boundaryeventof A} is P-constructiblyinfinite, thenCounting(A) is SPR<P -hard.



Chapter 7

Immunity and Simplicity for Exact
Counting and Other Counting Classes

7.1 Intr oduction

A fundamentataskin complity theoryis to prove separationgr collapsesf com-
plexity classesUnfortunatelyresultsof this kind fall shortfor the mostimportantclasses
betweerpolynomialtime andpolynomialspace.ln anattemptto find the reasongor this
frustratingfailure over mary years,andto gainmoreinsightinto why thesequestionsare
beyondcurrenttechniquestesearcherbave studiedthe problemof separatingompleity
classesn relativized settings. Baker, Gill, and Solovay, in their seminalpaper[BGS75,
gave for examplerelativizationsA and B suchthatP? # NP* andP? = NP?, settingthe
stagefor ahostof subsequentlativizationresults.

Separationsire also evaluatedwith regardto their quality. A simplesepaation such
asP* # NP* merelyclaimsthe existenceof asetS in NP* thatis notrecognizedy ary
P4 machine This canbeaccomplishedby a simplediagonalizatiorensuringhatevery P4
machinefails to recognizeS by justonestring,whichis putinto the symmetricdifference
of S andthemachines languagelt maywell bethe case however, thatsomeP* machine
nonethelesacceptsan infinite subsetf S, thus“approximatingfrom the inside” the set
witnessinghe separationThus,onemight arguethatthe differencebetweerP* andNP4,
aswitnessedy S, is negligible. In contrastastrongsepaationof P* andNP4 is witnessed
by a PA-immunesetin NP*. Recallfrom Definition 2.2.50n pagel6 that, for ary classC
of sets,asetis C-immunéif it is aninfinite sethaving noinfinite subsein C.

A relatvizationin which NP andP are strongly separatedavasfirst given by Bennett
andGill [BG81]. In fact,they prove astrongerresult. Technicallyspeakingthey shaw that
relative to arandomoracle R, NP containsa P? bi-immunesetwith probability 1. This

97
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was recentlystrengthenedby Hemaspaandrand Zimand [HZ96] to the strongestresult
possible: Relative to a randomoracle R, NP? containsa P? balancedimmunesetwith
probabilityl. Seethesereferencegor the notionsnot definednhere.

Marny moreimmunity resultsareknown—see e.g.,the papergdHM83, SB84 Bal85,
BR88 TvEB89,BJY90, K090, Lis, Bru92, EHTY92, BCS93. Most importantfor this
chapterarethe resultsand(circuit-based}echniquef Ko [K0o9( andBruschi[Bru92].
In particular both papersprovide relatvizationsin which the levels of the polynomialhi-
erarchy(PH) separatavith immunity, Bruschisresultsbeingsomevhatstrongerandmore
refined,asthey refernotonly to the X2, but alsoto the A levelsof PH. Also, bothauthors
independentlybtainthe resultthat thereexists a PH-immunesetin PSRACE, relative to
anoracle. SinceKo’s proofis only briefly sketched Bruschiincludesa detailedproof of
this result. This proof, however, is flawed?

Using Ko’s approachit is not difficult to give a valid andcompleteproof of this result
(andindeedthe presentchapterprovidessucha full proof—noteCorollary 7.3.6). How-
ever, the purposeof this chaptergoesbeyond that: We study separationsvith immunity
for countingclassesnside PSRACE with respecto the polynomialhierarchyandamong
eachother Countingclasseghat have proven particularlyinterestingand powerful with
regardto the polynomialhierarchyarePP, GP,andgP. GP is sometimegalledthe“exact
countingclass’ NotethatthePSRACE? setthatis shavn by Ko [Ko9(] (cf. [Bru92]) to be
PH*-immunein factis containedn @P*. Ko’stechniqugKo09( is centralto all resultsof
thepresenthapter

TherelationshipbetweerthesecountingclassesandPH still is a majoropenproblem
in complity theory althoughsurprisingadvanceshave beenmadeshawving the hardness
of counting. In particular Toda[Tod91§ andTodaandOgihara|[TO92] have shavn that
eachclassC chosenamongPP, GP, and ®P is hardfor the polynomial hierarchy(and,
in fact, is hard for CP") with respectto polynomial-timebounded-errorandomreduc-
tions. Toda[Tod91H shoved that PPis hardfor PH even with respectto deterministic
polynomial-timeTuring reductions. However, it is widely suspectedhat PH is not con-

LIn particular looking into the proof of [Bru92, Thm. 8.3], the existenceof the desiredoracleextension,
W, in Case(e) of the constructioris not guaranteedby the circuit lower boundused.In Case(e) of Stagel,
W is requiredto have anoddnumberof lengthh (1) stringssuchthatall circuitsassociatedvith alist of still
unsatisfiedequirementsejecttheir inputssimultaneousk~aninput correspondso the W chosensoonce
W is fixed, every circuit hasthe sameinput, xw (0%®)) - - - xw (1)), The usedcircuit lower boundfor the
parity function merely ensureghatfor eachcircuit C on thatlist, C' computesparity correctlyfor at most
20% of the “odd” inputsof lengthh(l). Thus,the extension’ mustbe choseraccordingto the remaining
80% of suchinputsto malke that circuit reject. However, if thereare sufficiently mary circuits on the list
whosecorrectinput regionshappento cover all “odd” inputsof lengthh(l) (for instance whenthereare
5 circuits eachbeingcorrecton a different20% of suchinputs),thenthereis no room left to choosea set
W C {0,1}"" of odd cardinalitythatmakesall circuitsrejectsimultaneously
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tainedin, anddoesnot contain,ary of thesecountingclasses.Thereare oraclesknown
relative to which eachsuchcontainmenfails, and similarly thereare oraclesrelative to
which eachpossiblecontainmenfor ary pair of thesecountingclassedails (exceptthe
known containmentGP C PP [Sim75 Wag864, which holds relative to every oracle),
see[BGS75 Tor88 Tor91, Bei91,Gre91,Beid4].

Regarding relatvized strong separationshowever, the only resultsknown are the
aboe-mentionedresult that for some A, @P* containsa PH*-immune set [K09(
(cf. [Bru92]), and that for someB, NP? (andthus PH? and PP?) hasa @P?-immune
set[BCS93. In this chapterwe strengtherto relatvized strongseparationsll the other
simpleseparationthatarepossibleamongpairsof classeshoserfrom {PH, PP, &P, GP}.
JustasBalcazarandRussBal85, BR8g exhaustvely settled(in suitablerelatvizations)
all possibleimmunity and simplicity questionsamongthe probabilisticclassesBPR R,
ZPR andPPandamongtheseclasseandP andNP, we do sofor the countingclasse$=P,
PP, andeP amongeachotherandwith respecto the polynomialhierarchy

Ko’s proof of theresultthat®P* containsa PH*-immunesetexploits the circuit lower
bounddfor the parity functionprovidedby Yao[Yao85]andHastadHas89]. Noticing that
HastadHas89]provedanequallystronglower boundfor the majority function,onecould
aswell shav thatPP* containsa PH*-immunesetfor someoracleA. We prove astronger
result: By derving from Razbore’s [Raz87]circuit lower boundfor the majority func-
tion a sufliciently stronglower boundfor the Booleanfunctionthatcorresponds$o “exact
counting; we constructanoraclerelative to which evenin GP (whichis containedn PP)
thereexists a setthatis immuneeven to the classBPP?" (which containsPH by Todas
result[Tod91H). This implies a numberof nenv immunity results,including relatvized
@P-immunity andPH-immunity of GP.

Corversely we shov that, in some relatvized world, NP (and thus PH and PP)
containsa GP-immuneset, which strengthensToran’s simple separationof NP and
GP [Tor88, Tor9]]. As a corollary of this result,we obtainthat, in the samerelatviza-
tion, GP hasa simpleset,i.e., a coinfinite GP setwhosecomplements GP-immune.Just
like immunity, the notion of simplicity originatesfrom recursve functiontheoryandhas
laterprovedusefulalsoin compleity theory Theexistenceof asimplesetin aclassC pro-
videsstrongevidencethatC separateBom thecorrespondinglasscoC. Ourresultthat,for
someoracleB, GP? hasa simplesetextendsBalcazars resultthat, for some4, NP has
asimpleset[Bal85]. We alsostrengtherto a strongseparatiorGreens simpleseparation
that, relative to someoracle,®P ¢ PP [Gre91]. Similarly, the relatvized simple sepa-
rationof thelevels of the PP’ hierarchy[BU] alsocanbeturnedinto a strongseparation.
As a specialcase this includesthe existenceof a PRimmunesetin P¥" (andthusin PH)
relative to someoracle, whichimprovesuponasimpleseparatiorof Beigel[Bei94].

This chapteris organizedasfollows. Section7.2 recallsa useful characterizatiorof
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thepolynomialhierarchyandprovidessomebasicfactsanddefinitionsfrom circuit theory
seealso Section2.3. Section7.3 presentour main resultand a numberof relatedim-
munity results. Section7.4 establisheshe remainingimmunity resultsneededo provide
strongrelativized separation®f ary pair of classeshosenamongPH, PP, &P, and GP.
Section7.5 presentsomeopenquestions.

7.2 Preliminaries

As mentionedn Chapter2, it is well-known thatthelevelsof thepolynomialhierarchy
canbe characterizedia alternatingpolynomially boundedexistentialanduniversalquan-
tifiers appliedto someP predicate andthis characterizatiomoldsin the presencef ary
givenoracle.We recalltherelatvizedversionof this characterizatiomasthe following fact
to motivatethe upcomingDefinition 7.3.4.

Fact7.2.1 [MS72, Sto77 Wra77] LetA beanyoracleset. Foreah k > 0, asetL is
in EQ’A if andonly if there existsa polynomialp anda predicates computablén P* sud
thatfor all stringsz,

rel — (Qlwl) (Q2w2) T (Qk:wk) [U(x’wl,w% s ,wk) = 1]’

wheethew, range over thelengthp(|z|) strings,andfor eachi, 1 <i < k, Q; = Jif i is
odd,andQ; = Vif i is even.

Someof themostimportantBooleanfunctionsarethe parity functionandthe majority
function. Let usdefinethosefunctionsthatwill beconsideredn this work:

PAR, (z) = 1 if andonly if thenumberof bits of z thatarel is odd.

MAJ,(z) = 1if andonly if atleast[ %] bitsof = arel.

EQuF (x) = 1if andonly if exactly & bits of = are1, where0 < k < n.

e EQu!™(z) = 1if andonly if exactly [2] bitsof z arel.

Unlessstatedotherwise throughouthis chaptemwe will consideronly constandepth,
unboundedanincircuitswith AND, OR, andPARITY gates.Since{AND, OR, PARITY }
(andindeed,{AND, PARITY }) forms a completebasis,we do not neednegationgates.
Note that switchingfrom one completebasisto anotherincreaseghe size of a circuit at
mostby a constant.

Sinceadjacentevels of gatesof the sametype canbe collapsedo onelevel of gates
of this type, we view a circuit to consistof alternatinglevels of respectrely AND, OR,
andPARITY gateswherethe sequencef theseoperationss arbitrary—thedepthof the
circuit thusalsomeasureghe numberof alternations.
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7.3 Immunity and Simplicity Resultsfor Exact Counting

In this sectionwe prove the mainresultof this chapter:
Theorem 7.3.1 Ther existssomeoracle A sud that GP4 containsa BPP*™ -immuneset.

Beforeturningto the actualproof, sometechnicaldetailsneedbe discussedFirst, we
needasuficiently stronglowerboundonthesizeof the“exactcounting”function, EQuha!,
when computedby circuits as describedn the previous section. Razbore proved the
following exponentialower boundon the sizeof the majority functionwhencomputedy
suchcircuits;seeSmolensk [Smo87]for ageneralizatiomf thisresultanda simplification
of its proof.

Theorem7.3.2 [Raz87] For everyk, anydepthk circuit with AND, OR, and PARITY
gatesthatcomputedvAJ, hassizeat least22(/ ),

Using this lower boundfor majority, we could (by essentiallythe sameproof asthat
of Theorem?7.3.1)directly establishBPFﬁPA-immunity of PP!. However, to obtainthe
strongerresultof Theorem7.3.1,we now derive from the above lower boundfor majority
a slightly wealer lower boundfor the EQu!@!f function, still being sufficiently strongto
establishTheorem7.3.1.

Lemma 7.3.3 For everyk, there existsa constanty, > 0 andann,; € N sud thatfor all
n > ng, everydepthk circuit with AND, OR, and PARITY gatesthat computesEQu™?
hassizeat leastn ! - 20xn'/***4

Proof. Fix a sufficiently large n. Clearly, the majority function can be expressedas
MAL(z) = Vi(a EQU! (r). Eachfunction EQU’, 0 < i < n, is a subfunctionof
Equbaf, sincefor eachz € {0,1}", EQU! (z) = EQUL (£0'1"*). Thus,thecircuit com-
plexity of EQU! is at mostthatof EQuL for eachi. Now let size.(EQut®f) denotethe
sizeof asmallestlepthk circuitwith AND, OR,andPARITY gateghatcomputesEqQula!’,
By theabove obseration,we canrealizeMAJr=1 with lessthann - sizg,(EQuM@l) gatesn

depthk + 1. Hence by Theorem?.3.2,

size,(EQUEM) > n~! . sizg.i(MAJay) = n ! - 2own /Y

for somesuitableconstanty, > 0 thatdepend®n k. |

For technicalreasonssincewe want to apply the above circuit lower boundto ob-
tain relativized BPPPP-immunity, we will now give an equivalentdefinition of the class
BPP®P in termsof a hierarchydenotedPH®. As explainedlater, PH® will only sene asa
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tool in the upcomingproof of Theorem7.3.1. PH® generalizeshe polynomialhierarchy
by allowing—in additionto existentialanduniversalquantifiers—theparity quantifier,
where( w) meansfor anoddnumberof stringsw.”

Definition 7.3.4 Let A beanyoracleset.

1. Foreahk > 0, asetL isin PHf’A if andonly if there existsa polynomialp anda
predicates computablén P* sud thatfor all stringsz,

€Ll = (Qui)(Quws) - (Quuy)lo(x,wr,ws, ... ,wy) = 1],

whee thew; range overthelengthp(|z|) stringsandthe quantifies Q; are chosen
from{3,V,P}.

2. DefinePH>* = (5, PH™".
3. Wewrite PH® for PH>? and PH® for PH®,

We stressthat PH® is not a new compleity classor hierarchy sinceit is just an-
othernamefor the classBPPPP, ascanbe proven by an easyinductionfrom the results
of Toda[Tod91H and Reganand Royer [RR95] that &PPP%", NPBPF" | and coNPPF*"
eacharecontainedn BPP?" 2 Rathery the purposeof PH® is merelyto simplify the proof
of Theoreni7.3.1.In particular whenusingPH?® in placeof BPP®®, we do nothave to deal
with thepromisenatureof BPPand,moreimportantly we canstraightforvardly transform
circuit lower boundsfor constandepthcircuits over the basis{ AND, OR, PARITY } into
computation®f PHY oracleTuring machines.

Furst,Saxe,andSipse[FSS84 discoreredtheconnectiorbetweercomputationsf or-
acleTuring machinesandcircuitsthatallows oneto transformlower boundson the circuit
complity of Booleanfunctionssuchas parity into separation®f relatvized PSRACE
from the relativized polynomial hierarchy (We adoptthe corventionthatfor relativizing
PSRACE, the spaceboundof the oraclemachinebe alsoa boundon thelengthof queries
it may ask, for without that corventionthe problemof separating®SRACE* from PH*
becomedrivial, see[FSS84.) Sufficiently strong(i.e., exponential)lowerboundsfor par
ity werethenprovided by Yao [Yao83 and Hastad[Has89, andwere usedto separate
PSRACE” from PH*. They alsoproved lower boundsfor variationsof the Sipserfunc-
tions[Sip83a]to separatall levelsof PH* from eachother seealso[K089].

2In particular dueto theseresults,PH® in fact consistsof only four levels not known to be the same:
PHY = P,PH® = NPU coNPU @P, ..., andPH® = PH® = BPF®P. Notealsothatin [Tod91H, Toda
preferredthe operatotbasechotation,which dueto the closureof &P underTuring reductionds equialent,
i.e.,BP - ®P = BPP?P,
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A technicalprerequisitdor this transformatiorto work is thatthe computatiorof ary
Ef’A machinecanbe simulatedoy azfﬁ machinethathasthe propertythaton all compu-
tationpathsatmostonequeryis asledandthis queryis asledattheendof thepath,seethe
paperlFSS84 Cor. 2.2]. An oraclemachinehaving this propertyis saidto beweak Simi-
larly, the computatiorof arny PH?’A machinecanbe simulatedby aweakPI—lj??;{1 machine.
The computationof a weak oraclemachineM# on someinput z canthenbe associated
with a circuit whosegatescorrespondo the nodesof the computatiortreeof M4 (z), and
whoseinputsarethevaluesy 4 (z) for all stringsz € X* thatcanbequeriedby M4 (x). This
correspondenceanstraightforvardly be extendedto the caseof weak PH®# oraclema-
chinesandis formally statedn Proposition7.3.5below. The proofof Proposition7.3.5is
standard—see.g.,[FSS84 Lemma2.3] and[K089 Lemmaz2.1] for analogousesults—
andthusomitted.Let CZR (i, t) denotethecollectionof all depth: + 1 circuitswith AND,
OR,andPARITY gatespottomfaninatmostt, andfaninatmost2 atall remaininglevels.

Proposition7.3.5 Let A be any oracle and let M be any weak PI—?’A oracle madine
runningin time p for somepolynomialp. Then,for eadh x € ¥* of lengthn, there exists
acircuit Cyy, in CIR (i, p(n)) whoseinputsare the valuesof x 4 (z) for all stringsz € £*
with |z| < p(n) sud that Cy,, outputsl if andonly if M# acceptsz. In particular, it
follows from the boundeddepthand fanin of the circuitsin CZR (i, p(n)) that the sizeof
circuit Cy, . is boundedoy 2°# (™ for somepolynomials,, dependingon M.

Now we arereadyto prove our mainresult.

Proof of Theorem 7.3.1. For ary setS, let
Ls = {0 | N > 1 andthenumberof length N stringsin S equal2V—1}.

Clearly, for eachS, Lg isin GP°.

We will constructhesetA suchthatL, € GP* is PH>“-immune,i.e., L, is infinite
andno infinite subsebf L , is containedn PH®*. SinceBPP?P = PH® holdstruein the
presencef ary fixedoracle thiswill provethetheorem Also, sinceevery PHff’A machine
canbetransformednto aweakPI—ﬁ;fl‘ machinejt sufficesto ensuran the constructiorof
A that

(&) L4 isinfinite,and

(b) for eachweakPH®* oraclemachineM for which L(M#) is aninfinite subsedf L 4,
it holdsthat 74 doesnotrecognizel 4.

Fix an enumeratiom/”, M{?, ... of all weak PH*() oraclemachineswe assume
the machinedo be clocked sothatfor each:, the runtimeof machineMi(') is boundedby
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p;(n) = ni+i for inputsof lengthn. In particularif i = (d, ), theith machineM” in this
enumeratioris the jth weakPH; "’ oraclemachine M, . , in theunderlyingenumeration
of WeakPH;e’(') oraclemachinesSatisfyingProperty(b) above thenmeando satisfyin the

constructiorthefollowing requirement?; for eachi > 1 for which M/ acceptaninfinite
subsedf L 4:

Ri: L(M*NLy#0.

We saythatRequiremeng; is satisfiedf, atsomepointin theconstructiorof A, L(M#)N
L, # 0 canbeenforced.

As atechnicaldetailthatis often usedin immunity constructionsye requireour enu-
merationof machinego satisfythatfor infinitely mary indicesi it holdsthat A/;* accepts
theemptysetfor everyoracleX, which canbeassumedvithoutlossof generality We will
needthis propertyin orderto establish(a).

Now we give the constructiorof A, which proceedsn stagesin Stagei, themember
shipin A of all stringsup to lengtht; will be decidedandthe previousinitial segmentof
the oracleis extendedto A;. Stringsof length< ¢; thatarenot explicitly addedto A; are
never addedto the oracle. We define A to be( ., A;. Initially, A, is setto theemptyset
andt, = 0. Also, throughoutheconstructionyve keepalist £ of unsatisfiedequirements.
Stagei > 0 is asfollows.

Stage:. Add i to £. Considerall machinesM(l'), e ,Mér'j correspondingo indices/,
that at this pointarein £. Let k = max{d, | ¢, = (d.,jr) andl < r < m} be
the maximumlevel of the PH®() hierarchyto which thesemachinesbelong (not
taking into accountthe collapseof PH® = BPP®® mentionedin Footnote2). Let
a2 > 0 betheconstantandn,., € N bethe numberthatexist for depthk + 2
circuitsaccordingto Lemma7.3.3. ChooseN = N; > max{t;_1,logn,,} to be

thesmallesintegersuchthat

Qpyo - 2V/@RH) S N g4 ZSET(N)a
r=1
wherethe polynomialss,, = sy, correspondo the machineswith indicesin £
accordingo Proposition7.3.5.

Distinguishtwo cases.

Casel: Thereexistsanr, 1 < r < m, andanextensionE C ¥V of 4, _; suchthat
0N ¢ L andyet MZHUE accept®)”. Let 7 bethesmallesisuchr. Cancel/;
from £, setA; to A;_; U E, andsett; to p;(N). NotethatRequiremenf?,, has
beensatisfiedat this stage.
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Case2: Forall r, 1 < r < m, andfor all extensionst C ¥V of A;_;, 0V ¢ Lg
impIiesthatMZi‘IUE rejects0”. In thiscasenorequirementanbesatisfiecat
this stage However, to achiere Property(a), we will force0” into L,. Choose
someextensionE C XV of 4; ; suchthat (i) the numberof length N strings
in £ equals2"~", and(ii) for eachr, 1 < r < m, M,* " rejects0™. We
will arguelater (in Claim 1 belaw) that suchan extensionE exists. SetA4; to
A;_, U E andsett; to p;(N).

End of Stages.

Notethatby thedefinitionof t; andby our choiceof N;, the oracleextensionin Stagei
doesnotinjure the computationgonsideredn earlierstagesThus,

(7.3.1) (Vi>1) [0MieL, <= 0V elL,,and
(7.3.2) (Vi,j > 1)  [M;" accept®™ < M acceptd™i.

Thecorrectnessf the constructiorwill now follow from thefollowing claims.

Claim 1. For each; > 1, thereexistsanoracleextensionF satisfying(i) and(ii) in Case2
of Stagei.

Proof of Claim 1. ConsiderStagei. Foreachr € {1,... ,m}, letCy, o~ bethecircuit
that, accordingto Proposition7.3.5, correspondgo the computationof M, runningon
input 0. Fix all inputsto thesecircuits exceptthoseof length NV consistentlywith A4, ;.
Thatis, for eachr € {1,... ,m}, substituten Cy;, o~ thevaluex,,_,(z) for all inputs
correspondingdo stringsz with |z| < t;_;, andsubstitutethe value O for all inputscor-
respondingto stringsz with ¢, ; < |z| < t; and|z| # N. Call the resultingcircuits
Cp 0%y -+ »Cy,, v By Proposition7.3.5,for eachr, Cy, o~ isin CIR(k, py, (N)), its 2V
inputscorrespondo thelength NV strings,andfor eachE C X7, it holdsthat

i—1UE

(7.3.3)5£T,ON oninputxz(0Y) -+ - xg(1Y) outputsl <+ M2 accept9)”.

Createanew circuit Con = ORT:@MZT o~ Whose2” inputscorrespondo thelengthV

stringsandwhoseoutputgateis anOR gateover thesubcircuitsCy, ov, . .. , Cy,, ov. Thus,
Cy~ isadepthk + 2 circuit with AND, OR, and® gateswvhosesizeis boundedoy

m
1 + Z 2517‘ (N) S 2i+E:ﬂn=I Str (N)
r=1

(notethatm < 7). By ourchoiceof N, we have 2" > n,_, and

ity 56, (N) o 9= N | gagg2(2V)H/CF+8)
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Thus,by Lemma7.3.3,circuit C,v cannotcomputethe function EQuEa correctlyfor all
inputs. Sinceby the condition statedin Case2 andby Equivalence(7.3.3) above, Cyn
behaescorrectlyfor all inputscorrespondingo ary setE of length NV stringswith 0V ¢
Lg, it followsthatC,~ mustbeincorrectonaninputcorrespondingo somesetFE of length
N stringswith 0V € L, i.e., Con oninput xz(0V) - - - x(1V) outputsO. SinceCyn is
the OR of its subcircuitseachsubcircuitoutputsO onthisinput. Thus,Equivalence(7.3.3)
impliesthatfor eachr, 1 < r < m, MZ‘"‘IUE rejectso”. B cuim

Claim 2. L4 is aninfinite set.

Proof of Claim 2. Recallour assumptiorthat the index setof the emptysetis infinite.
Sinceno requirementR; for which ¢ is anindex of the empty setcan ever be satisfied
and since, by construction,somerequirements satisfiedwheneer Casel occurs,this
assumptionmpliesthat Case2 musthapperninfinitely often. By constructionsomestring
is forcedinto L, whene&er Case2 occurs. Hence,L 4 is aninfinite set. This provesthe
claimandestablishe®roperty(a). B cuimo

Claim 3. Forevery: > 1, MiA doesnotacceptaninfinite subsebdf L 4.

Proof of Claim 3. For eachi, RequirementR; eitheris satisfiedat somestageof the
construction,or is never satisfied. If R; is satisfiedat Stagej, then Casel happensn
Stagej, andso0"i € L(M{‘f)mL—Aj. By Equivalenceg7.3.1)and(7.3.2),0% € L(M{*)N
L4, soL(M?) ¢ L. Now supposehatRequirement; is never satisfied We will argue
that L(M7) N L4 thenis afinite set. By constructionsincewe addedo A only stringsof
lengthsN;, wherej > 1 andN; is theintegerchosenn Stagej, L 4 containsonly strings
of theform 07 for somej > 1. Notethat: is addedto £ in Stage; andwill staythere
forever. For each; > i, if 0V € L, (andthus0?i ¢ Ly, by (7.3.1)),thenCase2 must
have occurredin Stagej. ConsequentlyMiAj (andthus M7 by (7.3.2)) rejects0™i for
every;j > i. It followsthatfor eachi, L(M#) N L 4, hasatmost; — 1 elementsproving the
claim. I cuims

Hence,L 4 is aBPPPP" -immunesetin GP". |

In particular Theorem7.3.1limmediatelygivesthefollowing corollary All strongsep-
arationsin Corollary7.3.6arenew, exceptthe PH-immunity of PSRCE* (andof P?*",
since(VB) [®P? C P°™)), whichis alsostated(or is implicit) in [K090 Bru9Z, andex-
cepttheBPF -immunity of PP (andits superclassegrovenin [BR88]. We alsomention
thatBovetetal. [BCS99 notedthatPP® stronglyseparatefom E’;’D for someoracleD.

Corollary 7.3.6 LetC; beanyclasschosenamongGP, PP, P<F, P°P and PSRACE, and
let C, be any classchosenamongBPP?P, BPP, PH, and @P. Thee existssomeoracle A
suc thatC;* containsa C'-immuneset.
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Whataboutthe corversedirection? DoesBPPPP, or evensomesmallerclass,contain
a GP-immune,or evena PP-immunesetrelative to someoracle?Notethat Toran[Tor88,
Tor91] providedasimpleseparatiorf thiskind: ThereexistsanoracleA suchthatNP* ¢
CP*; see[Bei91] for a simplification of the proof of Toran’s result. We strengtherthis
resultby shoving thattheseparations witnessedy a GP?-immunesetin NP? for another
oracleset B. Indeed,the only propertyof GP neededo obtaina relatvized separation
from NP with immunity is that GP is closedunderfinite unions? andthis closureproperty
relatvizes.

Lemma 7.3.7 For every oracle A, GP* is closedunderfinite unions. Thatis, givena
finite collection Ny, N, ... , N, of NPOTMs, there existsan NPOTM N sud thatfor eadh
inputz, N4 acceptsr (in the senseof GP) if andonly if for somey, NJ.A acceptse (in the
sensef GP), i.e,, foreath = € ¥*,

acGya(z) = rejya(z) <= (3j:1 <j <k)[accya(z) = rejya(z)].
Theorem 7.3.8 Thee existssomeoracle B sud that NP? containsa GP”-immuneset.
Proof. Thewitnesssetherewill be Lz, wherefor ary setS,
Ls ={0" | n > 1 andthereexistsastringof lengthn in S}

is asetin NP°. Fix anenumeratioer('), NQ('), ... of all NPOTMs, againhaving the prop-
erty that for infinitely mary indicesthe machinewith that index acceptsthe empty set
regardlesof the oracle.(Throughouthis proof, “acceptancemeans'G acceptanceas
in Lemma7.3.7.) As in the proof of Theorem7.3.1,we try to satisfyfor eachi > 1 for
which NP acceptaninfinite subsebf L, therequirement

Ri: L(NP)nLg#0.

Again,thestage-wiseonstructiorof B = ., B; is initialized by settingB, to theempty
setandtherestraintfunctiont, to 0, andwe keepal list £ of currentlyunsatisfiedequire-
ments.Stage; > 0 is asfollows.

Stagei. Add i to £. Considerall machinesN,’, ..., N\’ correspondingo indices¢,

thatat this pointarein £. Let NY bethe machinethatexistsfor Ny, ... , N\’ by
Lemma7.3.7,i.e.,for every oracleZ andfor eachinputz,

(7.3.4) N7 acceptsy <= (3r:1<r < m)[N; accepts].

31t is known thatGP is closedevenunderpolynomial-time‘positive” Turing reductionssee[LLS75] for
the definition. The proof of this closurepropertyof G is implicit in the methodsof [GNW9I(], ashasbeen
notedin [Rot93 for the positive truth-tablecase;the sameresultwasnotedindependentlyn [BC0O93. We
referto thosesourcedor a proofof Lemma7.3.7.
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Let p. bethe polynomialboundingthe runtimeof Ng). Choosen = n; > t; ; tobe
the smallestintegersuchthat2™ > 2p.(n). ChooseanoracleextensionE C %" of
B;_1 suchthat

(7.3.5) E=0 < N acceptd".

It hasbeenshawn in [Bei91] thatanoracleextensionE satisfying(7.3.5)existsif n
is choserasabove. SetB; to B; ; U E andsett; to p.(n). If theextensionE chosen
is theemptyset,thenby (7.3.5)and(7.3.4),thereexistsanr, 1 < r < m, suchthat

N;* acceptd)". Let 7 bethesmallessuchr, andcancelt; from L.

T

End of Stages.

Notethatif we have chosent’ = ) in Stagei, then0™ ¢ Ly andRequiremenR,, has
beensatisfied.On the otherhand,if E # (), thenby (7.3.5)and(7.3.4),we have ensured
that(i) 0™ € Lg, and(ii) for eachr, 1 < r < m, NfHUE rejects0”. Now, anargument
analogouso Claims2 and3 in theproofof Theoreni.3.1shavsthatL 5 is aGPP-immune
setin NP?, completingthe proof. |

Similarly, thereexistssomeoracleC suchthatNP® (andthusPH® andPP”) hasa®P°-
immuneset—thisresultwas obtainedby Bovet et al. [BCS93, basedon their sufiicient
conditionfor proving relatvized strongseparationsgnd on Toran’s simple separatiorof
NP and®P [Tor91].

Sincethe inclusionsNP C PPandcoNP C GP hold relative to every fixed oracle,
Theorem7.3.8immediatelygivesthefollowing corollaries.

Corollary 7.3.9 Thee existssomeoracle B sud that PP? containsa GP?-immuneset.

Recallfrom the introductionthat for ary compleity classC, a setis saidto be sim-
ple for C (or C-simplg if it belongsto C andits complemenis C-immune. Homerand
MaasgHM83] provedtheexistenceof arecursiely enumerableetA suchthatNP4 con-
tainsa simpleset,andBalcazar[Bal85] improvedthis resultby making A recursve via a
novel andvery eleganttrick: his constructiorstartswith a full oracleinsteadof anempty
oracleandthen proceeddy deletingstringsfrom it. Balcazars resultin turn was gen-
eralizedby Torervliet andvan EmdeBoas[Tor86 TvEB89] to the secondevel and by
Bruschi[Bru92] to all levelsof the polynomialhierarchy BalcazarandRussdBR88§] also
proved (relative to someoracle)the existenceof a simplesetin the one-sidecerror prob-
abilistic classR, whichis containedn NP N BPP. Our resultbelon that GP hasa simple
setin somerelativization (all our oraclesarerecursve) extendsthoseprevious simplicity
resultsthateacharerestrictedo classesontainedn the polynomialhierarchy Sinceof the
classewe considen(PH, PR &P, andGP), all classesxceptCP areknown to be closed
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undercomplementEP is theonly classfor whichit makessensedo askabouttheexistence
of simplesets.

Corollary 7.3.10 Thee existssomeoracle B sud that GP® containsa simpleset.

Proof. Let B bethe oracleconstructedn the proof of Theorem7.3.8andlet Lz bethe
witnesssetof this proof. Considerthe complement z of Ly in ¥*. SinceLg € NP2, Lg
is in coNP? andthusin GP?. It hasbeenshown in the proof of Theorem7.3.8that L,
the complemenbf Lz, is aninfinite sethaving no infinite subsein GP?. Thatis, Lg is

CPB-simple. 1

7.4 Immunity Results for Other Counting Classesand
Hierar chies

Thelastsectionin particularshavedthat,in suitablerelativizations,GP (andthusPP
isimmuneto bothPHand&P (Corollary7.3.6),andNP (andthusPHandPP)is immuneto
GP (Theorenmv.3.8andCorollary7.3.9)andto P [BCS93. In thissectionwewill prove
the existenceof oraclesrelative to which PN (andthusPH) is immuneto PP, andrelative
to which @P is immuneto PP . Thelatter resultstrengthenshe previously known rela-
tivized strongseparatiorof &P from PH[K09(Q (cf. [Bru92]), andit alsoimpliesthe new
relatvizedstrongseparatiomof &P from PP.NoticingthatGP C PPholdsin all relatviza-
tions,wethushave settledall possiblerelatvizedstrongseparatiommuestionsnvolving ary
pair of classexhoseramongPH, PP, $P, andGP, asclaimedearlier

We shav theseremainingresultsby improving known relatvizedsimpleseparation$o
strongones. The simpleseparatior(34) [P* ¢ PP'] [Tor88, Tor91] (seealso[Bei91])
wasstrengthenetly Green[Gre91]to (3B) [6P? ¢ PPFH’].

Sincethe analogof Lemma7.3.7 aswell holdsfor PP (in fact, PPis closedunder
polynomial-timetruth-tablereductiongFR91], and this proof relativizes), the following
theoremcan be shovn by the techniqueusedto prove Theorem7.3.8. First, we state
the analogof Lemma7.3.7 in termsof weak PP oracle machines. The proof of this
lemmasimply follows from the relativized versionof the proof that PP is closedunder
finite unions,whichis a specialcaseof its closureundertruth-tablereductiondFR91].

Lemma7.4.1 Let A beanyoracleandd > 0 beanyinteger. Givenanyfinite collection
Ny, N, ..., N, of weakPP" oracle madines,there existsa weakPP" oracle madine
N sud that for ead input 2z, N4 acceptse if andonly if for somej, 1 < j < k, NJA
acceptse.
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Theorem 7.4.2 Theke existssomeoracle D sud that®P” (andthusP”™ andPSRACEP)
containsa PP -immuneset.

Proof. Sincethe proof is very similar to that of Theorem7.3.8, we only mentionthe
differencesThewitnesssetherewill be L, wherefor ary setS,

Lgs = {0" | n > 1 andthereexistsanoddnumberof lengthn stringsin S}

is asetin ®PS. Now, N, N, ... is anenumeratiorof all weakPP""” oraclemachines,
and“acceptancetefersto suchmachinesin Stage of theconstructionye againconsider
all machinesNél'), . ,N,g correspondingo indices/, thatatthis pointarein thelist £ of
currentlyunsatisfiedequirementsandthe machineNg) (with polynomialtime boundp,)

thatexistsfor themby Lemma7.4.1. AssumeNg) isa PP machineandlet ¢, bethe
constantthat exists for suchmachinesby [Gre91, Thm. 5]. Then,asshowvn in [Gre91,
Thm. 7], choosingr = n; > t;_; to bethesmallestintegersuchthat

2pc(n) < min{(2") V%, c2M@0/E _ 1}

implies thatthereexists an extensionE' C X" of the oracleasconstructedso far, D;_1,
suchthat0” e Ly if andonly if N/-*"" rejects)™. |

Corollary 7.4.3 Thee existssomeoracle D sud that®P” containsa setimmuneto PP’
andto PHP.

By essentiallfhesameargumentsalsotheveryrecentresultof Berg andUlfberg [BU]
that thereis an oraclerelative to which the levels of the PP" = | J ., PP* hierarchy
separate&anbe strengthenedb level-wise strongseparationsf this hierarchy Note that
this result generalizesBeigel's [Bei94] result that (3A) [F’\'PA ¢ PPY. The proof of
Theorem?7.4.4is omitted, sinceit is very similar to the previous proofs, the only differ-
encebeingthatit is basedon the constructiongivenin [BU]. The interestedreaderis
referredto [Rot98c]for a completeproof of thisresult.

Theorem7.4.4 For anyd > 1, there exists someoracle F' sud that P%" containsa
PP Z-1-immuneset.In particular, PP (andthusPH") hasa PP -immuneset.

7.5 Conclusionsand Open Problems

In this chapter we have shawvn that all possiblerelatvized separationsnvolving the
polynomial hierarchyandthe countingclasse<=P, PP,and &P canbe madestrong. In
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particular we have extendedo thesecountingclassegreviously known strongseparations
of Ko [Ko9( andBruschi[Bru92], andwe have strengthenedio strongseparationpre-
viously known simpleseparationef Toran[Tor88, Tor91], Green[Gre9]], andBerg and
Ulfberg [BU]. We have alsoshown that GP containsa simplesetrelatve to someoracle,
complementinghe correspondingesultsof Balcazarand Russo[Bal85, BR8g for NP
andR, andof Torervliet andvan EmdeBoas[Tor86, TVvEB89] and Bruschi[Bru92] for
¥4, k > 1. However, mary questiongemainopen. The mostobvious questionis whether
theseimmunity resultscanbe strengthenetb bi-immunity or evento balancedmmunity;
seee.g.,thepapefHZ96].

Regardingthe existenceof simple setsin GP?, notethat our constructionof B can
easily be interleaved with otherimmunity oracle constructiondo shaw resultssuchas:
There exists an oracle A suchthat GP* containsa simple set and anotherset that is
PA-immune; see[Bal85] for the analogousresult for NP. Torervliet and van Emde
Boas[Tor86, TVEB89] have even constructedan oraclerelative to which NP containsa
languagethat simultaneouslys simple and P-immune. Canthis also be shovn to hold
for GP?

Our main resultthat thereexists some A suchthat GP* containsa BPP?P" -immune
setis optimalin the sensehatfor all oraclesB, GP? clearlyis containedn PP? andthus
in PPPP’ . However, it is alsoknown thatBPPPP C Almost®P] [TO92,RR95],wherefor
ary relatvizedclassC, AlImostC] denotegheclassof languaged. suchthatfor almostall
oraclesetsX, L isin CX [NW94]. It is anopenproblemwhetherBPP*® = Almost{@P],
seethepape{RR95]. Soit is possiblehatAlmost@P) is astrictly largerclassthanBP P,
It is unlikely thatGP is containedn Almost&P). Is thereanoraclerelative to whichGPis
evenimmuneto Almost®P|? We conjecturehatthisis the case Relatedly canary of the
immunity resultsof this chapterbe shavn to hold with probability 1 relative to arandom
oracle?
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Chapter 8

Tally NP Setsand EasyCensus
Functions

8.1 Intr oduction

Doesevery P sethave an easy(i.e., polynomial-timecomputable)censusfunction?
Many importantpropertiessimilar to this onewerestudiedduringthe pastdecadeso gain
insightinto the natureof feasiblecomputation Amongthe questionghatwerepreviously
studiedare the questionof whetheror not every P set hasan easy-to-computeanking
function[GS91,HR90],whetherevery P setis P-isomorphido somerankableset{ GH96],
whetherevery sparsesetin Pis P-printabldHY 84, AR88, RRN94], whethereveryinfinite
setin P hasan infinite P-printablesubsefAR88] (note alsothe resultsof Chapter3, in
particularTheorem3.3.3),whetherevery P-printablesetis P-isomorphido sometally set
in P [AR88], andwhetherevery P setadmitseasycertificateschemegseeChapter3), to
namejust a few. Someof thosequestionsarisein the field of datacompressiorandare
relatedto Kolmogorov compleity, someare linked to the questionof whetherone-way
functionsexist.

Extendingthis line of researchthe presentchapterstudiesthe compleity of comput-
ing the censudunctionsof setsin P. Censudunctionshave provento be a particularly
importantandusefulnotionin compleity theory andtheir usehashada profoundimpact
uponalmostevery areaof thefield. In particular considerthe extensve literaturerelated
to thelsomorphisnConjectureof BermanandHartmanige.g.,[BH77,Mah82],andmary
other papers),the work on the existenceof Turing-hardsparsesets(or of polynomial-
size circuits) for variouscompleity classeqe.g., [KL80, KS85, BBS86 HR97h]), the
resultsrelating the computationtimes for NP setsto their densitiesand the resultson
P-printability [HY84, AR88, RRW94, GH96], the upward separationtechnique(e.g.,

113
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[Har83b,HIS85,All91, RRW94,HJ95, segfHHH99] for morerecentadvanceghatarenot
basedn censusunctions)theresultson positiverelatvizationandrelatiizationto sparse
oracles(e.g.,[Lon85, LS86,BBS84), the unexpectedcollapseof the strongexponential-
time hierarchyfHem89, andapplicationgo extendedownesgHJRW98].

Valiant,in his seminalpaperqVal79a,Val79H, introduced#P, the classof functions
thatcountthe solutionsof NP problemsandits tally version#P, for which theinputsare
givenin unary Although#P, hasnot becomeasprominentas#hPp, it containsa number
of quite interestingand importantproblemssuchas the problemSelf-Avoiding Walk
(see[Wel93]): Givenanintegern in unary computethe numberof self-avoiding walks
on the squarelattice having lengthn androotedat the origin. Self-Avoiding Walk is
awell-known classicalproblemof statisticalphysicsand polymerchemistry andit is an
intriguing openquestionwhetherSelf-Avoiding Walk is #P,-complete,see[Wel93].
Known problemscompletefor #P, [Val79 have the form: Givenanintegern in unary
computethe numberof graphshaving n verticesandsatisfyinga fixedgraphpropertyr.

In Section8.3, we will characterizeéhe questionof whetherevery P sethasan easy
censugunctionin termsof collapse®f languagendfunctionclasseshatareconsideredo
beunlikely. In particular every P sethasaneasycensudunctionif andonly if #P, C FP.
The main technicalcontribution in Section8.3 is Theorem8.3.7: #P,"" is containedin
FPP™ - An immediateconsequencef this result are upward collapseresultsof the
form: Thecollapse#, - P C FPimpliesthe collapse#, - PH C FP. Thus,every P set
hasaneasycensugunctionif andonly if every setin thepolynomialhierarchyhasaneasy
censusunction. Notethatthecorrespondingipwardcollapsefor the# operatoappliedto
thelevelsof PHfollowsimmediatelyfrom the upwardcollapsepropertyof the polynomial
hierarchyitself: # - P C FPimpliesNP = PandthusPH = P;so,# - PH= # - P C FP.
However, for the#, operatotthisis notsoclear sincetheassumptio; - P C FPmerely
implies that all tally NP setsarein P (equivalently NE = E), from which one cannot
immediatelyconcludethat#, - PHor even#, - NP is containedn FP.In fact,Hartmanis,
Immerman and Sewvelson[HIS85] shav thatin somerelatvizedworld, NE = E andyet
the (weak)exponential-timehierarchydoesnot collapse.In light of this result,it is quite
possiblethattheassumptiorof all tally NP setsbeingin P doesnotforceall tally setsfrom
higherlevelsof the polynomialhierarchyinto P.

We shaw thatthe assumption#P, C FPimpliesbothP = BPPandPH C MOD,P
for eachk > 2 (Theorem8.3.6). We alsorelatea set’s propertyof having an easycensus
functionto otherwell-studiedpropertiesof sets,suchasrankability[GS91]andscalabil-
ity [GH96]. In particular thoughevery rankablesethasan easycensugunction,we shav
that (evenwhenrestrictedto the setsin P) the converseis not true unlessP = PP. This
expandsthe resultof Hemaspaandrand Rudichthatevery P setis rankableif andonly
if P = PP[HR90] by shaving thatP = PPis alreadyimplied by the apparentlywealer
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hypothesighatevery P setwith an easycensugunctionis rankable.

Cai and HemaspaandrgCH89] introducedthe notion of enumeratie countingas a
way of approximatingthe value of a #P function deterministicallyin polynomialtime.
HemaspaandrandRudich[HR90] shawv thatevery P setis k-enumeratiely rankablefor
somefixed &£ in polynomialtime if andonly if #P = FP. They concludethatit is no
morelik ely thatonecanenumeratiely rankall setsin P thanthatonecanexactly compute
their rankingfunctionsin polynomialtime. In Section8.4, we similarly characterizehe
questionof whetherevery P sethasa censugunction that is n*-enumerablén time n®
for fixedconstantsy and 3 (equivalently, whetherevery #P, functionis n®-enumerablén
time n®). We shaw thatthis hypothesismplies#P, C FP, andwe concludethatit is no
morelik ely thatonecann®-enumeratéhe censugunction of every P setin time n® than
thatonecanpreciselycomputets censugunctionin polynomialtime.

Finally, Section8.5 providesa numberof relatvizationresults.

8.2 Notation and Definitions
For ary setL, thecensudunctionof L, censug : ¥* — N, is definedby
censug(1™) = ||[L7"||-

We notethatthe censugunctionof L atn is oftendefinedasthenumberof elementsn L
of lengthupto » in theliterature.This definitionandour definitionarecompatibleaslong
asour computabilityadmitssubtraction.We alsonotethatwe let censug mapstrings1™
(asopposedo numbers: in binary notation)to || L="|| to emphasizehattheinputto the
transducecomputingcensus is givenin unary

The definitionsof sparsesetsandtally setsaregivenin Chapter2 on pagel7. Recall
that FP is the classof polynomial-timecomputablefunctions. We write FP, to denote
the classof functionscomputablen polynomialtime by deterministictransducersvith a
unaryinput alphabet. Recallthat an unambiguoud'uring machineis a nondeterministic
Turing machinethat on eachinput hasat mostoneacceptingoath. UE, the exponential-
time analogof theclassUP (definedin Chapter2), is theclassof all languagesicceptedy
someunambiguouduring machinerunningin in time 2°" for someconstant.

Recallthatfor ary nondeterministi@uringmachineM andary inputz € ¥*, acc, ()
denoteghe numberof acceptingpathsof M (z). A spanPmadine[KST89]is anNP ma-
chinethathasa specialoutputdevice on which someoutputis printedfor eachaccepting
path.For ary spanPmachine)M andary inputz € ¥*, span,(z) is definedto bethenum-
ber of distinctoutputsof M (z) if M(z) hasatleastoneacceptingpath,and0 otherwise.
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A tally NP madine (respectiely, atally spanPmadine) is an NP (respectrely, a spanP)
machinewith a unaryinputalphabet.
Recallfrom Chapter2 thedefinitionof thefunctionclass

#P = {acqg, | M isanNP maching.
A numberof relatedfunctionclassesredefinedasfollows.
Definition 8.2.1 1. [Val79] #P, = {acq, | M is atally NP madine}.
2. [KST89] spanP= {span, | M is a spanPmadine}.
3. spanR = {span, | M is atally spanPmadine}.
4. #E = {acq, | M is an NE madine}.

Recallthe notion of the “#” operatorprovided by Definition 2.2.2 on pagel5 that
generalizesheclass#P. Thefollowing definitiongivesthe“tally” analogof this operator
which generalizeshe class#P,; .

Definition 8.2.2 For any language classC, define#; - C to be the class of functions
f:¥* = N for which there exista set A € C and a polynomialp sud that for eath
neN,

f(") = 1{y |yl = p(n) and(1",y) € A}|l.

As statedbelow, bothoperators# and+;, aremonotonic.Sincethis propertyfollows
immediatelyfrom thedefinitions,we omit the proof of thefollowing proposition.

Proposition8.2.3 LetC andD beanyclasse®f sets.
1. IfC CD,then# -C C #-D.
2. fC CD,then#,-C C #,-D.

Next, we gathersome easy obsenations regarding equivalent formulations of the
classeg4P™H and#P,™ to beusedin Section8.3. Analogsof PropositiorB.2.4for classes
otherthan PH asthe oracleclasscould be statedaswell; we focus hereon the classof
interestto us.

Recallthat, for ary languageclassC, we write PIYl to indicatethaton every inputin
the P° computationat mostonecall to theC oracleis allowed. Similarly, for ary function
classF, we write P”"! to indicatethaton every inputin the P* computatiorat mostone
call to thefunctionoraclefrom F is allowed.
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Proposition 8.2.4 Thefollowing threestatementare true.
1. PPH = pPHIL
2. 4 -PPH=#, . PPHU = . pPH=#P Ml = 4pPH.
3. #.-PPH=4 . PPHU =4 . PH= #pPH[l} = #PM,

Proof. Part 1 follows immediatelyfrom thefactthatPH is closedunderpolynomial-time
TuringreductionsThatis,
PP C PHC PPHU C PP,

I

so,theaboveinclusionsareequalities.

Part2: Fromthe proof of part1l andthe monotonicityof the #, operator(seeProposi-
tion 8.2.3),we have thefirst two equalities:#; - PPH = #, - PPH1 = 4, . PH.

To seethat#; - PH C #P,"HY let f € #, - PHbewitnessedy aset4 € PHanda
polynomialp; i.e.,for eachn € N,

") =[{y [ ly| = p(n) and(1",y) € A}|].

Considetthefollowing tally NP oraclemachineM . Oninput1”, M with oracleA guesses
astringy of lengthp(n), andfor eachy guessed) acceptsf andonly if (1",y) € A.
Hence,f e #P,FH1,

Since#P,PH C #PPH it remainsto show that#P,"H C #, - PH. Let f € #PH
be witnesseduy atally NP oraclemachineM with oracleA € PH; i.e., f = acG 4. We
assumehatall computationpathsof M on input 1* are encodedas stringsin {0, 1}
for somepolynomial p, wherethe oraclequeriesthat are asled on sucha path andthe
correspondingnswerarepartof theencodingstring. Define B to bethesetof all strings
(1™, y) suchthat

e n N,

e y € {0,1}*™ encodesnacceptingcomputatiorpathof A4 (1) with oraclequeries
91,92, - - - 5 4k, and

e for eachi with 1 < i < k, M“(1") on pathy proceedsn the “yes” stateif andonly
if ¢; € A.

It followsthat B € PH andthatfor eachn € N,

") =[H{y [ ly| = p(n) and(1",y) € A}|].
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Hence,f € #, - PH, completingthe proof of part2.
Theproofof part3 is analogougo the proof of part2. |

Recallthe notion of P-isomorphisnfrom Definition 2.2.6on pagel6. We now define
two specialtypesof P-isomorphismsthe length-preservingnd the orderpreservingP-
isomorphisms.

Definition 8.2.5
1. AP-isomorphismy is length-preserving for all z € ¥*, |¢(z)| = |z|.

2. AP-isomorphismp mappingsetA C ¥* tosetB C X* is orderpreservingf for any
twostringsz andy satisfyingeitherz,y € Aorz,y € A, if z < ytheng(z) < ¢(y).

The notion of rankability is given in Definition 2.2.7 on pagel7. Goldsmithand
Homer[GH96] introducedhe propertyof scalability a moreflexible notionthanrankabil-
ity in which the rank of somegiven elementwithin the setis not necessarilydetermined
with respecto thelexicographicorderof *, but ratherwith respecto anywell-orderingof
>* thatcanbe “scaled” by a polynomial-timecomputableand polynomial-timeinvertible
bijectionbetweenN and¥*. Equialently GoldsmithandHomer[GH96] provedthatthe
scalablesetsarepreciselythosethatareP-isomorphido somerankableset. The definition
below is basedn this characterization.

Definition 8.2.6 [GH96] A language A is scalableif it is P-isomorphicto a rankable
set. For anyoracle X, the X -scalablesetsare thosethat are P* -isomorphicto someset
rankablein FPX.

8.3 DoesP Have EasyCensusFunctions?

We startby exploring the relationshipdetweerthe propertiesof a setbeingrankable,
beingscalableandhaving aneasycensugunction. Let A beary set(notnecessarilyn P).
Considerthefollowing conditions:

(i) Aisrankable.

(i) A hasaneasycensugunction.

(i) A is P-isomorphido somerankableset(i.e., A is scalable).

(iv) AisP-isomorphido somerankablesetvia somelength-preservingsomorphism.

(v) AisP-isomorphido somerankablesetvia someorderpreservingsomorphism.
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easycensugunction scalable

ﬂ

P-isomorphido somerankableset
via somelength-preservingsomorphism

rankable

Figure8.1: Inclusionstructureof thesetsin P satisfyingPropertiegi) through(iv)

It is immediatelyclearthatfor ary setA, (i) implieseachof (ii), (iv), and(v), andeach
of (iv) and(v) implies (iii). Thenext propositionshovs thatthe rankablesetsare closed
underorderpreserving?-isomorphismsgthus,conditions(i) and(v) in factareequvalent)
andthatthe classof setshaving aneasycensudunctionis closedunderlength-preserving
P-isomorphismsThe latter factimmediatelygivesthat (iv) implies(ii), sinceevery rank-
able sethasan easycensudunction. The inclusionstructureof the setsin P satisfying
Propertiegi) through(iv) is givenin Figure8.1.

Proposition 8.3.1 Thefollowing two statementare true.

1. Theclassof all rankablesetsis closedunderorder-preservingP-isomorphisms.

2. Theclassof setshavingan FP-computablecensugunctionis closedunderlength-
preservingP-isomorphisms.

Proof. (1) Let A be P-isomorphicto a rankableset, B, via someorderpreservingiso-
morphism,¢. SinceB is rankable,B is rankable.Let respectiely r andr betheranking
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functionsfor B and B. For ary stringz € X%, let lex(z) denotethe lexicographicorder
of x; i.e.,thenumberof stringsw € X* with w < z. Definethefunction

| r(e(x)) ifzeA
r(z) = { lex(z) — 7(b(x)) if = & A.

Clearly, " is computablen polynomialtime andr’ is therankingfunctionfor A.

(2) Let A be P-isomorphido a setB with censug € FP via somelength-preserving
isomorphismg. Then,for eachn, ¢(A=") = B=". Thus,census = censusg, wWhich
impliescensug € FP. i

Sowe areleft with only thefour conditions(i) to (iv). Sincetherearenonrecursie sets
with anFP-computableensugunction,but any setsatisfyingoneof (i), (iii), or (iv) isin R,
condition(ii) in generakannotmply ary of the otherthreeconditions.On theotherhand,
whenwe restrictour attentionto the setsin P having easycensugunctions,we canshow
that(ii) implies(i) if andonly if P = PP. Thus,evenwhenrestrictedo P sets,it is unlikely
that(ii) is equivalentto (i).

Theorem 8.3.2 All P setswith an easycensugunctionare rankableif andonlyif P = PP.

Proof. HemaspaandrandRudich[HR90] shawv thatP*P = Pif andonly if every P setis
rankable.Noticing thatP = PPis equivalentto P*F = P, this resultin particularimplies
thatevery P setwith aneasycensudgunctionis rankablaf P = PP,

Corversely assumehatevery P setwith aneasycensudunctionis rankable We shov
thatthis assumptionmpliesP = PP. Let L beary setin PP, andlet A beasetin Pandp
beapolynomialsuchthatfor all z € >*,

zel < |{y|ly| = p(|z|) andz#y € A}|| > 2¢(=D-1,
Define
T = {btta#ty |2,y € 5, [y = p(ll), b€ {0,1}, andxa(v#y) = b}.

Clearly T € P. Also, the censudunction of 7" is easyto compute: Givenn in unary
computethelargestinteger: suchthati + p(z) + 3 < n. Then,

200 if i+ p(i)+3=n

censug(1”) = { 0 ifi+p(i)+3<n.

SinceT € Pandcensus € FP, our hypothesismpliesthatT is rankable.Let r bethe
rankingfunctionfor 7. For eachz € X1, let 7 denotethe lexicographicpredecessaof x.
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Notethat,for eachr € S+, r(0#241702D) — r(142417(2)) givesthe numberof strings
y of lengthp(|z|) suchthatz#y ¢ A. Hencefor eachz € X7,

pel — r(0#z#1705D) — p(14541703D) < 9p(eD 1,

Sincethe predicateontheright-handsideof theabove equivalencecanbe decidedn poly-
nomialtime, it followsthatL € P. |

Corollary 8.3.3 All P setsare rankableif and only if all setsin P with an easycensus
functionare rankable

Onemight askwhetheror not all P setsoutrighthave aneasycensudunction (which,
if true,wouldmalke Corollary8.3.3trivial). Thefollowing characterizationf thisquestion
in termsof unlikely collapsesof certainfunction andlanguageclassesuggestshat this
probablyis nottrue. Thus,Corollary8.3.3is nontrivial with the samecertaintywith which
we believe thatfor instancenotall #P, functionsarein FP?

Theorem 8.3.4 Thefollowing five statementare equivalent.

1. EveryP sethasan FP-computableeensudunction.

2. #P, CFP
3. #E = FE
4. PP = P,

5. For everylanguage L acceptedy alogspace-uniforndepth2 AND-OR circuit fam-
ily of bottomfan-in2, censug isin FP.

Proof. Toshaw that(1) implies(2), let f beary functionin #P,. Let M besometally NP
machinewith acg, = f. Assumethat M runsin time n*, for someconstant. Define

A = {z | |z| = n for somen andz encodesnacceptingpathof M (1")}.

Clearly A isin P (notethatn canbefoundin polynomialtime, sincecomputingthe £th
root of someintegercanbedonein polynomialtime). Now from our hypothesist follows
thatcensug is in FP, andsincecensug = acg,, wehave f € FP.

L1t is not difficult to construct—bystandardechniques—amraclerelative to which #P, ¢ FP. Onthe
otherhand,we will shov in Section8.5 that, relative to someoracle,#P, C FP,yet#P # FP (andthus
PP# P).
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Corverselylet A beanarbitrarysetin P. Define M to bethetally NP machinethat,on
input 1™, guessesanx € {0,1}", andfor eachz guessedacceptsalongthe pathfor z if
andonly if z € A. Then,acG, = censug. Sinceby hypothesisacg, € FP, it followsthat
censug € FP.

The equialenceof (2) and(3) canbe provenby meansf standardranslation—thiss
essentiallythefunctionanalogof Book's resultthateverytally NP setis in P if andonly if
NE = E [Boo74; seethe paperdHar83b,HIS85] for the extensionof this resultto sparse
sets.

Theequvalenceof (2) and(4) is straightforvard.

It is easyto seethat (2) implies (5). In orderto prove that (5) implies (2), notethat
computingthenumberof satisfyingassignmentfor monotone2 CNFformulasis complete
for #P [Val79 underlogspaceeductions.Now, givena function f in #P,, thereexist
logspace-computabfanctionsR, S, andp suchthatfor all n, R(1") is amonoton€2CNF
formulawith p(1™) variables,and f(1™) equalsthe numberof satisfyingassignmentor
R(1™) dividedby S(1™). ThereductionR canbe modifiedsothatfor everyn, p(1"*!) >
p(1™). Now let C,,, bethecircuit definedasfollows: (a)if m = p(1™) for somen, thenC,,
is adepth2 AND-OR circuit thattestswhetheran assignmentgivenastheinput, satisfies
R(1™), and (b) if not, C,, is a depthl AND circuit that rejectsall inputs. This circuit
family F' = {C,,} is logspace-uniformNow let A bethelanguageacceptedy F'. Then,
for everyn, f(1") = censug(1°("))/S(1™). Thus,(5) impliesthat f € FP. |

TheoremB.3.4canaswell be statedfor moregeneralclasseshan#P;, = #, - P. In
particulay thiscommenippliesto #; - C, wherefor instance& = NP or C = PH. Noticing
that spanR = #; - NP andfocusingon the first two conditionsof Theorem8.3.4, this
obsenationis exemplifiedasfollows.

Theorem 8.3.5 Thefollowing two statementare true.
1. EveryNP sethasan FP-computableeensudunctionif andonlyif spanR C FP.
2. Everysetin PHhasan FP-computableensugunctionif andonlyif #; - PHC FP.

Wewill shaw laterthattheconditionsof Theoren8.3.4in factareequvalentto thetwo
conditionsstatedn eitherpartof TheorenB.3.5.
We now give two moreconsequenceas theassumptio#P, C FP.

Theorem 8.3.6 If #P, C FP, thenthefollowing two statementare true.
1. For anyfixedk > 2, PH C MOD,P, and
2. P=BPP
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Proof. Suppose#P, C FP. In orderto prove thefirst part, notethatif a naturalnumber
k > 2 hasprime factorizationof the form pf* - - - pi*, thenMOD,P = {Li N ---N L, |
L, € MOD,,P,...,L, € MOD,,P} [Her90,BG92]. Thusit sufiicesto shav that for
everyprimek > 2, PH C MOD,P.

We claim that for every prime £ > 2, eachlanguagen PH belongsto MOD,P/poly
with an advicefunctionin FP#P!l. To prove the claim, let L be ary languagen PH and
k > 2 beary primenumber TodaandOgihara[TO92] prove thatsomeA € MOD,P
witnesseghat . € MOD,P/polytogethemwith somepolynomiallylength-bounde@dvice
function. Fix suchan A anddefine

B ={(1",w) | n > 1 andfor everyz, |z| = n, z € L if andonlyif (z,w) € A}.

Define f to bethefunctionthat,for eachn, mapsl” to thelexicographicallysmallesstring
w suchthat (1", w) € B. SinceL € PHandA € MOD,P, B belongsto coNP"HMOP«P
which is includedin PH"CP:P. Then f is totaland f € FP** ¢ FPH*"*”*". Todaand
Ogiharashow thatPH'CPxP € BPPOP+P A partof the proofof Toda’s Theoren|Tod914
shavs BPP2P C P#FIL. By following thesameargumentonecanshaw thatfor every prime
k > 2, BPP'OPP C p#Pll | completingthe proof of the claim.

Sincef canbecomputedn FP#P! | theset

{(1",i,b) | n > 1,b € {0, 1}, andthesth bit of f(1") isb}

canbedecidedn polynomialtime with onequeryto a suitablefunction in #P. Let gy, ;
bethestringthatis queriedoninput (17, 4, b). Definea #P, functiong by

g(ln) = <h’(QH,1)a h’(Qn,Q)a tet 7h(qn,p(n))>a

wherep is apolynomialboundingthelengthof theadviceandthevalueof ¢(1™) is viewed
asanumbenwrittenin binary Onequeryto g will allow ustocomputef;i.e., f € FP#M[l,

Applying our supposition#P, C FP, we concludethat f canbe computedn polyno-
mial time. SinceL is in MOD,P/polywith polynomial-timecomputableadvice,it follows
that L € MOD,P.HencePH C MOD,P.

In orderto prove the secondpart, notethat BPP C P/poly [AdI78] andBPP C PH
[Sip83b,Lau83]. By following the proof of the first partwith P in placeof MOD,P we
obtainthatBPPC P. i

Now we shaw thatthe conditionsof Theorem8.3.4in factareequvalentto the two
conditionsstatedin either part of Theorem8.3.5. To this end, we establishthe follow-
ing theorem,which is interestingin its own right. Theorem8.3.7is the main technical
contrikbutionin this section.
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Theorem8.3.7 #P,°" c Fp#P™

Beforewe turn to the proof of Theorem8.3.7,we discusssomeissuesrelatedto this
result.

First, we stresghatTheorem8.3.7is a novel insightanddoesnot trivially follow from
known results.In particular Todas resultthatPH C P#P!l doesnotimply Theorem8.3.7
in ary obviousway. Notethat Todas Theoremdoesimply thefollowing two inclusions?

(8.3.1) #PPH C #pP#™ and

(8.3.2) #P°H C #p#Pl,

Obsenre, however, that the oracleson the right-handsidesof the inclusions(8.3.1) and
(8.3.2)are#P functions. In contrast Theorem8.3.7 establishesontainmenbf #P,"" in
a classin which only #P, oraclesoccur Although our proof alsoappliesthe techniques
of Toda[Tod91 andTodaandOgihara TO97, ourresultseemdo beincomparablavith
theabove consequencE.3.1)of Todas Theorem.

SecondcanTheorem8.3.7be strengthenetb FP or even#P"H beingcontainedn
FP*P*™ 2 We notethatthe containmenEP" € FP#*P*™ appeargo be unlikely, sinceit
would imply that FPH C FP/poly. In turn, the assumptiorFP"" C FP/poly impliesthat
the polynomial hierarchyhaspolynomial-sizecircuits andthus collapseduy the resultof
Karp andLipton [KL80]. In contrasttheinclusionFP™ C FP,/poly, which indeeddoes
follow from Theorem8.3.7, merelyimpliesthatall tally setsin PH have polynomial-size
circuits, a true statementhat hasno unlikely consequencedndeed,P/polyis known to
containall tally setsandeventhe Turing closureof the sparsesets.

Third, we mentionthat Theorem8.3.7 nonethelesgan be strengthened.Note that
our proof below will make useof TodaandOgiharas [TO92 resultthatPH C &P/poly.
SinceTodaandOgihara[T0O92] alsoshavedthat&PH/poly = @P/poly, andso@P™H C
@®P/poly, TheorenB.3.7andits corollariescouldbestatedevenwith PHreplacedy aP~H.
However, we focuson the PH case asthis is amorenaturalandmorecentralclass.

Now, we turnto theproof of TheorenB.3.7.

2Frompart1 of Propositior8.2.4andfrom Toda’s Theoremwe have:
pPH — pPHI] ¢ pPEI _ p#Pl]

Theinclusions(8.3.1)and(8.3.2)now follow from Proposition8.2.3,the equalities#; - PPH = #PIPH and

# - PPH = 4P from parts2 and3 of Proposition8.2.4,andthe similar obsenationsthat #; - P! =
2P P angl . pEP] — gupit Pl
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Proof of Theorem 8.3.7. Let f beary functionin #P,"". By part2 of Propositior8.2.4,
we have #P,"" = #, - PH. Thus,thereexist asetL € PHanda polynomialp suchthatfor
eachlengthn, f(17) = ||{y € {0,1}7™) | 1"#y € L}||.

Before we proceedwith the proof, a technicalpoint needbe discussed.For the cal-
culationsin the final paragraphof this proof, it would be usefulto have a polynomialp
satisfyingthatfor eachn, log 5(n) is aninteger, i.e., p(n) is apowerof two. Sincethatcan-
not beassumedn generalwe defineafunctionp : N — N asfollows. For eachn, p(n)
is the smallestpower of 2 suchthatp(n) < p(n). Sincefor every integerthereis a power
of 2 thatis at mostdoublethatinteger, we have p(n) < 2p(n); so,p still is polynomially
boundedn n. Definea paddedversionL of L by

It followsthat L € PHandfor eachlengthn, f(17) = ||{y € {0,1}*™ | 1"#y € L}||.

By TodaandOgiharasresultthatPH C ©P/poly [TO92],thereexistasetA € @P, an
advicefunctionh : ¥* — ¥*, andapolynomialg suchthatfor eachlengthm andeachz
of lengthm, it holdsthat|h(1™)| = ¢(m), andz € L if andonly if (z,h(1™)) € A. By
theamumentgivenin the proof of Theorem8.3.6,% is computablén FP#P1 Let M be
amachinewitnessinghat A € P, i.e.,for everystringz, z € A if andonly if acc,(z) is
odd.

Toda[Tod91H definedinductiely the following sequencef polynomials: For each
j € N, definesy(j) = 7, andfor eachj € N andi > 0, define

si(7) = 3(si- 1(]))4 +4(5i71(]-))3'

Onevery usefulpropertyof this sequencef polynomialsis thatfor all 7,5 € N, it holds
thats;(j) = ¢, - 2% for somec; € Niif j is even,ands;(j) = d; - 2% — 1 for somed; € N
if j isodd;seeToda[Tod91h for theinductionproof.

We describeapolynomial-timeoracletransducef” that,oninput1”, invokesits #P, "™
function oracleg on 1", recevesthe numberg(1™) written in binary, andthenprintsin
binarythenumberf(1™). Formally, functiong is definedby

g1 = D" (se.(aca((1"#y, h(1™H170)))))*,
y€{0,1}p(n)
where/,, = logp(n).
Intuitively, thefactthatg is in #P,#™ follows from the propertiesof the Todapolyno-
mials,from theclosureof #P (henceof #P,) understrongsumandproduct® andfrom the
factthatadvicefunctionh is computablén FP#™ (1,

SThat#Pis cIosedunderstrongsumandproductmeans[hefollowing: If f € #Pandq is apolynomial,

thenthe functionssun(z) = -, <. f((2,9)) andprod(z) = [lo<, <4z f((z;y)) botharein #P.
We referto thework of Fennereta‘ [FFK94] for aproofof thisclaim. ~
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More formally, to shav thatg € #P,#™, we describeatally NP oraclemachineG and
a#P, oracleg for G suchthat,for every n, the numberof acceptingoathsof G oninput
1™ with oracleg equalsg(1™).

Oninput1®, G first getstheadvicestringa,, = h(1"1+7() of lengthg(n + 1 + p(n))
via onecall to someappropriate#P, oracle,sayg. Thisis possibleby theargumentgiven
in the proof of Theorem8.3.6, which shavs how to constructg. Then, G guessesll
stringsy of lengthp(n) andfor eachy guessegroceedsasfollows. For fixedn andy of
lengthp(n), let j,, bea shorthandor acg,((1"#y, a,)). Notethat, for givenn andy
of lengthp(n), (s¢, (jny))? is a polynomialin j, , of degree2?*! which is polynomial
in n. Also, thecoeficientsof the polynomial(s,, (j.,))? aredeterministicallycomputable
in time polynomialin n; seeToda[Tod91. Sinceaccg, € #P and+#P is closedunder
strongsumandproduct(seeFootnote3), the functionmapping(1"#y, a,) t0 (se, (jny))?
is in #P. Let G be an NP machinewitnessingthat this functionis in #P. Then,G on
input1™ canfor eachguessed produceexactly (s, (jn,))? acceptingpathsby simulating
G oninput (1"#y, a,). Again usingthe closureof #P understrongsum, it follows that
g € #P#P asclaimed.

By theabove propertieof the Todapolynomialsjt followsthatfor eachn andfor each
y of lengthp(n), if j,, is eventhens, (jn,) = ¢;,, - 22" for somec;, , € N, andif j, , is
oddthensy, (jny) = d;, , - 22" — 1 for somed,, , € N.

Thus,recallingthat2® = p(n), we have

jn,y iseven — (Sgn (]n,y))2 = (cjn,yZ . 2p(n)71)2p(n)+1’ and
g 5000 =5 (50, (ing)? = (dy, 2+ 20—y )20+ 11

B In,y In,y

Definingtheintegervaluedfunctions

én,y) = ¢,,% 2™ and
Cz(’n” y) = djn,y2 ' 2p(n)_1 - djn,y’
we obtain:
é(n,y) - 2P(W+1 if jny IS even

s

(s G = {

(n,y) - 2P+t 41 if 4, is odd,

thatis, thevalueof (s, (jn,,))? is amultiple of either2e(®+1 or 2¢(+1 + 1, dependingon
the parity of j,,. Sincef(1") < 2°™ andsincej,, is oddif andonly if 1"#y € L, the
rightmostp(n) + 1 bits of the binary representationf ¢(1") representhevalueof f(1").
Hence afterthevalueg(1™) hasbeernreturnedoy theoracle, I’ canoutputf(1™) by printing
thep(n) + 1 rightmostbits of g(1™). This completeghe proof. |
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#P1

Since#P, C FPimplies FP*™
corollary,

C FP,we have from Theorem8.3.7the following

Corollary 8.3.8 #P, C FPif andonlyif #P,"" C FP, andin particular, #P, C FPif and
onlyif spanR C FP.

Corollary 8.3.8togetherwith the equvalencesof Theorems3.3.4and8.3.5givesthe
following.

Corollary 8.3.9 EveryP sethasan easycensudunctionif andonly if everysetin PHhas
an easycensugunction.

Kobleretal. [KST89] provedthatspanP= #P if andonly if NP = UP. Their proof
alsoestablishetheanalogousesultfor tally sets:

Lemma 8.3.10 (implicit in [KST89]) spank = #P, if andonlyif everytally NP setis
in UP.

Using Lemma8.3.10,we now shav thatspanR and#P; aredifferentclassesinless
NE = UE, or unlessevery sparsesetin NP is low for SPP A setS is saidto beC-low for
someclassC if C° = C; seee.qg.,thepaperdSch83,KS85,Sch87 KSTT92 for anumber
of importantlownessresults.In particulay it is known thatevery sparseNP setis low for
PNP [KS85] andfor PP[KSTT92], but it is not known whetherall sparseNP setsarelow
for SPP Toran's resultthatin somerelatvizedworld thereexists somesparseNP setthat
is not containedin &P [Tor88], andthusnotin SPR may be taken as evidencethat not
all sparseNP setsare SPP-lav. SinceCorollary 8.3.11relatvizes,spank # #P, holds
relative to thesameoracle.

Corollary 8.3.11 If spanR = #P,, thenthefollowing two statementare true.
1. NE= UE.
2. EverysparseNP setis low for SPR

Proof. Thefirst partfollows from a standardupward translationagument(asmentioned
in the proof of TheorenB.3.4).

For the secondpart, assumespanR = #P,, andlet S be ary sparsesetin NP. By
the resultof Hartmanis,Immerman,and Sevelson[Har83b,HIS85], S polynomial-time
truth-tablereducedo sometally NP set7’. By Lemma8.3.10,0ur assumptionmpliesthat
T € UP, andthusT € SPP SinceP’"" = SPP we have S € SPP Theresultnow follows
from the self-lovnessof SPP[FFK94], i.e., from theequalitySPP" = SPP [
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8.4 Enumerative Approximation of CensusFunctions

CaiandHemaspaandif&H89] introducedhenotionof enumeratie countingasaway
of approximatinghevalueof a #P functiondeterministicallyin polynomialtime.

Definition 8.4.1 [CH89] Letf:¥* — ¥*andg : N — N betwo functions.A Turing
transducerE is a g(n)-enumeratoof f if for all n € Nandz € ¥,

1. E oninputz printsa list £, with at mostg(n) elementsand

2. f(x) isamembeoflist L,.

Afunctionf is g(n)-enumerablén timet(n) if there existsa g(n)-enumeator of f that
runsin timet(n).

A setis g(n)-enumeratiely rankablein time ¢(n) if its ranking functionis g(n)-
enumeablein timet(n).

Recallfrom theintroductionHemaspaandr@andRudichs[HR90] resultthatevery P set
is k-enumeratiely rankablefor somefixed & (andindeed,even O(n'/2=¢)-enumeratiely
rankablefor somee > 0) in polynomialtime if andonly if #P = FP. They conclude
thatit is no morelikely that one canenumeratiely rank all setsin P thanthat onecan
exactly computetheir rankingfunctionsin polynomialtime. We similarly characteriz¢he
questionof whetherevery P sethasa censugfunction that is n®-enumerablén time n®
for fixed constantsy and3. By the agumentgivenin the proof of Theorem8.3.4,this
questionis equivalentto askingwhetherevery #P, functionis n®-enumerablén time n”.
We shaw thatthisassumptionmplies#P, C FP, andwe concludehatit is no morelikely
thatonecann®-enumeratehe censugunction of every P setin time n? thanthatonecan
preciselycomputeits censugunctionin polynomialtime. It would beinterestingto know
if thisresultcanbeimprovedto hold for polynomialtime insteadof time ¢ for somefixed
polynomialt(n) = nf.

Theorem8.4.2 Leta, 5 > 0 beconstantslf every#P, functionis n®-enumeablein time
nP, then#P, C FP.

Proof. Cai and HemaspaandrfCH91] shav that for ary fixed &, if #SAT (the func-
tion mappingary booleanformula f to the numberof satisfyingassignmentsf f) is n*-
enumerablethen#P C FP. In orderto provethis, they developthefollowing protocolfor
computingthe permanenbf anm x m matrix A,* givenasparametergthe encodingof)

“Denotingthe (4, j) entry of anm x m integer matrix A by a;;, the permanenof A is definedto be
perm(A) = > IIiv; ais(;) SUmmedoverall permutationsr on {1,2,... ,m}. Valiant[Val794 shaved
thatcomputingthe permanenis #P-completei.e., perme #P and#P C FPP®'™ wherepermis usedasa
functionoracle.
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a polynomial-timetransducel®’ (the enumeratofor #SAT), anda prime numberp: Set
Ay = A totheinputmatrixandrepeathefollowing stepsfori = 1,... ,m — 1:

1. Construcfrom A4;_; an(m — i) x (m — i) matrix B;(X) overanindeterminateX,
definedby

wheree,(X) is adegree(m — i) polynomialin X suchthate,(X) = 1if X =k
and 0 otherwise,ay, is the (1, k) entry of 4;_;, and A" is the (1, k)-minor of
A; 1. Eachmatrix is viewed asa matrix over Z /pZ[ X |, thatis, the matrix entries
are polynomialsin X whoseinteger coeficientsare reducedmodulop. Thenthe
following conditionshold.

e Eachentryof B;(X) is adegree(m — i) polynomialin X with coeficientsin
{0,...,p— 1}, soperm(B;(X)) is adegree(m — 7)? polynomialin X.

o Y 1L, perm(B;(k)) = perm(A;_,).

2. EncodeB;(X) into a binary string specifyingin binaryp, m, andthe coeficientsof
B;(X). Thereis somefixed constant > 0 suchthatthe encodingengthis at most
c(m — i)®logp. Define@;(X) = perm B;(X)). Then,Q; is apolynomialof degree
atmost(m — 4)%, whosecoeficientsareeachlength-boundetby a fixed polynomial
in p andm. Thus,thereis a#P functionG thatmapsB; (X ) to anumberfrom which
the coeficientsof ; canbedecodedn polynomialtime.

3. Use F asanenumeratofor G to obtaincandidategy, . .. , g;. Theseareall degree
(m — 4)? polynomialsthatare pairwisedistinct. Sincetwo distinctdegree(m — 7)?
polynomialscan agreeat no morethan (m — 7)? — 1 points, thereare fewer than
t?(m —4)? < t*m? — 1 points X at which ary two candidatepolynomialsagree.
Thus,if p > ¢*m?, thenthereis anr € {0,...,p — 1} suchthatg;(r) # gx(r)
for all j # k. Take thesmallestsuchr andsetA; to B;(r) with the entriesreduced
modulop. Now, perm(4;) modulop specifieswvhich g; is correct,sowe canrecover
perm(A;_;) modulop in polynomialtime.

At the endof thisloop, A4,, isal x 1 matrix, soits permanents easyto compute.Now
working backwardsagain,we canrecover perm(A) modulop. If we do this for polyno-
mially (in theencodingengthof A) mary distinctprimes,thenby the ChineseRemainder
Theoremwe canrecover the exactvalueof perm(A).
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Valiant[Val79a]shavedthatthe permanenbf matriceswvhoseentriesarefrom the set
{-1,0,1,2} is completefor #P. Analogously we canshawv thatthereexists an infinite
sequencef matriceg My, M, .. .| suchthat(i) themappingl™ — perm(A/,) is complete
for #P,, (ii) themappingl™ — M, is polynomial-timecomputableand(iii) for everyn,
M, isann x n matrixwhoseentriesarefrom {—1, 0, 1, 2}. Becausef (iii), perm(1/,,) <
227 for all n. So, by the ChineseRemainderTheorem,for every n, the exact value of
permM,,) canbe computedrom perm(A/,,) modulop for 2n arbitrarydistinct primesp.
Define polynomialsq and s by ¢(n) = (n,n,n,2n) ands(n) = g(n)**n®. Definethe
function f from thetally stringsto the setof naturalnumbersasfollows.

e If m = (H,n,i,j) forsomeH, i < n,andj < 2n, thenf(1™) is G(B;(X)), where
thefunctionG andthematrix B;(X') aredefinedasin theabove protocol,exceptthat
now we simulatethe protocolsubjectto thefollowing constraints:

— Thejth smallesiprime > s(n) is usedin placeof p.
— M, is usedin placeof theinputmatrix Ag.

— H isviewedas(theencodingof) a Turingtransduceandis usedin placeof the
enumerato. Here,for eachk with 1 < £ < i — 1, theinputgivento H in the
kth roundof theprotocolis (H, n, k, j), notthematrix A;. Also, H is supposed
to runin ¢(n)? stepsandto generateat mostg(n)® candidatesn eachround.
If H doesnot haltin q(n)” stepsor generatesnorethang(n)® candidatest
ary pointof thesimulation thenthe simulationis immediatelyabortedandthe
value f(1™) is setto 0.

e If m is notof theaboveform, f(1™) is 0.

This function f is in #P,. First, thereareonly : < m roundsto be simulatedandeach
roundrequiresm® stepsfor candidategeneratiorandsomepolynomial(in n) numberof
stepdor othercomputationsSecondby the PrimeNumberTheoremthefirst 2n smallest
primes> n arein O(n). (Remembethatm is thelengthof theinputandm is boundedy
somepolynomialin n; so,in time polynomialin n onecanfind theseprimesusingsimple
methodssuchasthe Sieve of Erastosthenes$ince;j ands(n) arepolynomiallybounded,
findingthe jth smallestprime > s(n) requiresonly a polynomialnumberof steps.

Now, by our assumptionthereis an me-enumerator® for f thatrunsin time m?®.
Sincethe numberof candidateshat £ generatess at mostm® andthe dimensionof the
matrix M, is n, we haveaprime > m2*n2. Thisimpliesthatwith E astheenumeratqrfor
everyn > E, everyj,1 < j < 2n, andeveryi, 1 < ¢ < n, we successfullyfind anr for
distinguishingthe candidatesSo, with E asthe enumeratarfor all n > E, perm(M,,) is
polynomial-timecomputableHence#P, C FP. |
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8.5 Oracle Results

In this section,we provide a numberof relativized resultson the existenceor non-
existenceof P setssimultaneouslgatisfyingpairsof conditionschoseramongthe proper
ties(i), (ii), and(iii) from Section8.3. For instance,Theorem3.5.1andits Corollary8.5.2
belov exhibit arelatvizedworld in which every P sethasan easycensudunction (Prop-
erty (ii)), yetthereexistssomesetin P thatis notrankable(Property(i)).

Theorem 8.5.1 Thee existsan oracle D sud that#P,” C FPP # #P”.

From the relatvized versionsof Theorem8.3.4 and of Hemaspaandrand Rudich’s
resultin [HR90] thatevery P setis rankableif andonly if P = P (which is equivalent
with FP = #P, andthis equvalenceitself alsorelatvizes), we immediatelyobtain the
following corollary.

Corollary 8.5.2 Thee existsan oracle D sud that all setsin P” havea censugunction
computableén FPP, yetthere exists somesetin PP that is not rankableby any function

in FPP.

Proof of Theorem 8.5.1. Balcazaret al. [BBS86 andLong and Selman[LS86] proved
that the polynomial hierarchydoesnot collapseif andonly if it doesnot collapserela-
tive to every sparseoracle. Sincetheir proof relatvizes(i.e., it appliesto the relativized
polynomialhierarchyaswell), we have thefollowing claim:

Claim 8.5.3 [BBS86, LS86] For everysetB, PH? doesnot collapseif and only if for
everyspaiseoracle S, (PH?) doesnot collapse

Note that (PH?)S = PHP®S, Fix anoracleA suchthat PH* doesnot collapse(such
oracleswvereconstructedby Yao[Yao84, HastadHas89],andKo [Ko89 who built onthe
work of Furstetal. [FSS84). Then,by Claim 8.5.3above, for every sparsesetS, PHA®?
doesnotcollapse.So,in particular PA®S £ NPA®S for every sparsesetS. Sincefor every
oracleB, #P? = FP? impliesNP? = P?, we have that#P*®° £ FP'®5 for every sparse
sets.

Soit remainsto prove that thereexists a sparseset’ suchthat #P*®" C FPAeT,
Then,settingD = A & T completeghe proof.

Recallthatourpairingfunction(-, -, - is non-decreasinij eachargumentpolynomial-
time computablendinvertible,andis one-to-onendonto. LetNl('), N2('), ... beastandard
enumeratiorof all tally NP oraclemachinesFor each; > 1, let p; bethe polynomialtime
boundof N{”. Then,thefunction f) definedoy

FO@GEm) = {ac%;->(1”) if pi(n) < j

0 otherwise
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is a canonicalfunction completefor the class#P,().> In particular for every fixedset S,
f(A495) is completefor #P,A5.

TheoraclesetT is definedn suchawaythat,for ary givenm = (i, n, j) in unary some
polynomial-timeoracletransducercan retrieve the value of f(4®7)(1™) from its oracle
A @ T by askingat mostm queries.More formally, we constructl” in stagesuchthatfor
eachm = (i, n, j):

0™k 4h € T = 1 < k < |fAeT)(1™)] andthe kth bit of fAST)(1m) is b,

By the above definition, | f(4¢7)(1™)| < m andcodinginformationinto the oracleis un-
necessarywhen NA%T(1) queriesstringsof length> m. So thereis no interference
betweerthe stage®f theconstructiorof 7'. It is easyto seethatT is a sparsesetsatisfying
#PAST C FpAOT i

Now we constructanoraclerelative to which thereexistssomescalablesetin P whose
censugunctionis noteasyto compute.

Theorem 8.5.4 Thee existsan oracle A sud thatthere existsan A-scalableset B whose
censugunctionis notin FP*.

Proof. We will constructd and B in suchaway that B is P*-isomorphicto the setR =

{0z| x € ¥*}, which is rankablein FP (andthusin FP*). For eachn > 1, we have
censug(1®) = 2"~!. Socensug is easyto compute,but we want B to have a hard
censudfunction. In light of part2 of Proposition8.3.1, we thus needthe isomorphism,
f, betweenB and R to be non-length-preservingn particular we will define f soasto

satisfy|f(z)| < |z| + 1 and|f~'(y)| < |y| for all z,y € ¥*. When is definedwe let B

bethesetf ' (R). To have f andits inversecomputablén FP*, we encodef andf ! into

A= A; @ Ap-1 asfollows. Forall z € ¥*,4 > 1, andb € {0, 1}, we ensurehat

(8.5.3) (z,i,b) € A;. <= theithbit of f*(z) isb,

wheref* standdor either f or f~'. At the sametime we diagonalizeagainstFP* soasto
ensurecensug ¢ FPA,

Let Tl('), TZ('), ... beastandare&enumeratiorf all deterministigpolynomial-timeoracle
transducersandlet p, po, . .. beasequencef strictly increasingpolynomialssuchthatp;
boundgherunningtimeof 7; (independendf theoracleused) By (8.5.3)above,implicit in
thedefinitionof f andf~! is thedefinitionof A, soit sufficesto constructheisomorphism.
Theconstructiorof f andf ! is in stagesBy theendof stagei, f will have beendefined
for all stringsof lengthupto r(:), wherer will bedeterminedelow. Initially, we startwith
r(0) = 0, andwe definef(¢) = e. Stage; > 0 of theconstructioris asfollows.

SSee[Val794 for natural #P, -completefunctions.
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Stagei: Choosen; to bethesmallestintegersuchthatn; > r(i — 1) andp;(n;) < 2%~2.
Let A’ bethesubsebf A thathasbeendecidedoy now. We wantto definef sothat,
eventually T/A(1™) # censug(1™). SimulateT;"' oninput1™. Wheneer in this
simulationa string of the form 0(z, i, b) whosemembershign A hasnot yet been
decideds queried,we addthis stringto A’ andsettheth bit of f(z) to b unlesswe
have alreadyput 0z, i, 1 — b) into A (andthushave setthis bit to 1 — b), or unless
i > |z|+ 1. Thesamecommenippliesto querystringsl(y, j, b) whosemembership
in A hasnot beendecidedyet andwhich mayfix the jth bit of f=!(y). If we added
thequeriedstringto A’, we continuethe simulationin the“yes” state;otherwisejn
the “no” state. In this way, the simulationof 7, (1") may determinef (and f )
on at mostp;(n;) < 2"~2 bits of the stringsof lengthn;. Thus,for nom > n; is
f~* determinedon all stringsof lengthm in R or R. Oncethe value T/ (1™) is
computedthereis roomto decidef (x) and f~!(y) for all stringsz andy of lengths
betweenr(i—1) andp;(n;) sothatf is anisomorphisnmappingo U?i:(?(ii)fl) R=*and
suchthatcensusg(1™) # T/ (1™), without changingthe outputvalueof T4 (1™).
Finally, definer(i) = p;(n;). |

Next, we provide an oraclerelative to which thereexists somesetin P thatis neither
scalablenor hasaneasycensugunction.

Theorem 8.5.5 Theke existsan oracle D suc that D € P” is not D-scalableand its
censudunctionis notin FP”.

Proof. It is known from the work of GoldsmithandHomer[GH96] that arny sparseset
is scalablef andonly if it is rankable,andthis holdsif andonly if it is P-printable. D
will be sparsewith at most2 stringsat eachlength. We assumehat(ﬂ('))izl enumerates
FPY), andthatT)” runsin timen‘. A simplediagonalizatiomuaranteethatnoP” function
computeshecensuof D. Notethatthis guaranteethatno P” functioncomputegherank
of 17 in D for all n, sincecensug (1*) = rank(1") — ranky(1"~') would thenbein PP.

At stagei we guarante¢hatT;” (1") doesnotcomputethecensugunctionof D, where
n is choserarge enoughthatn® < 2". ComputelP(1™), restrainingary oraclestringsof
length> n thatit queries By our choiceof n, thisdoesnotdecideD=" for ary m > n, SO
we canthenputin theappropriatenumberof stringsof lengthn for thediagonalization i

Finally, we shaw thatrelative to anoracle thereexistssomenon-scalablsetin P having
aneasycensugunction.

Theorem 8.5.6 Thee existsanoracle A sudthat A € P4 is not A-scalableandits census
functionis in FPA.



134 8. Tally NP SetsandEasyCensud-unctions

Proof. We constructheoracleA sothat A hasonestringof eachlength.For thoselengths
for which nothingelseis decidedwe putin 1™. Otherwisewe do thefollowing.

To maketheoracleA non-A-scalablewe actuallymakeit non-P!-printable.At stage;,
chooseanappropriatdengthn, andthencomputel’”* (1"). Wheneerit queriesa string of
length> n, restrainthestringfrom theoracle.If it doesanything exceptprint out A<", then
putin thefirst unrestrainedtringof eachlength.If it correctlyprints A upto lengthn, then
chooseanz of eachrelevantlengthto includethatneitheris restrainechor printed. i
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