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DIENSTAG, 04. NOVEMBER 2014

Groß-Demo gegen das SED-Regime heute vor 25 Jahren
in Jena
04.11.2014 - 20:01 Uhr

Der Alt-Prorektor und DA-Mitgründer Gerd Wechsung erinnert sich.

Professor Gerd Wechsung, DA-Mitbegründer. Foto: Thomas Stridde

Jena. Der Ruhm gebühre anderen, jene Stadtgeschichtssternstunde heute vor 25 Jahren organisiert zu haben: die Demonstration von 40
000 Jenaern auf dem heutigen Eichplatz gegen das SED-Regime, samt Versuch des Dialogs mit damaligen Machthabern. - Diese
Feststellung war Gerd Wechsung (75), dem emeritierten Mathematik-Professor, gestern wichtig, möge er selbst auch in Jena
Gründungsmitglied des "Demokratischen Aufbruchs" (DA) und dessen Ortsverbandsvorsitzender gewesen sein. Ohne Wenn und Aber:
Der heutige OB Albrecht Schröter habe eine zentrale Rolle am 4. November 1989 gespielt. Und beim DA sei der späteren CDU-Stadträtin
Hildegund Storch "die eigentliche Arbeit" zugefallen, weil er im Wende-Herbst wöchentlich an einigen Werktagen Gastvorlesungen an der
Uni Greifswald zu halten hatte, berichtete Prof. Wechsung.

Aber am 4. November 1989: "Da war natürlich auch ich in der Stadt. Ich stand in Höhe der heutigen Rathausgasse und hatte dieses
unwahrscheinliche Hochgefühl, dass alle nur einen Gedanken hatten: Es soll anders werden." Gerd Wechsung ist sich nicht sicher, ob
heute allen Zeitzeugen beim Blick zurück die Feinheiten allgemeinen Be�ndens noch bewusst sind. Denn nein, die wenigstens hätten an
jenem Tag wohl an Wiedervereinigung gedacht, eher daran, "dass man nun einmal hier lebt und das Beste daraus machen will". Selbst
beim DA hätten einige wenige in jener Zeit von "deutscher Einheit" gesprochen. Derlei habe man noch als provozierend empfunden; da
würde man doch als Staatsfeind verortet. Ja, ein vermeintlicher DA-Mitstreiter, der sehr früh den Einheitsgedanken o�ensiv vor sich her
trug - der sei ja vielleicht sogar ein eingesetzter Provokateur gewesen. "Er wurde dann sehr bald nie wieder bei uns gesehen."

Am 4. November auf dem "Platz der Kosmonauten" hätten zunächst "dieser Gleichklang der Ho�nungen und Erwartungen" und diese
"Hochstimmung im Herzen" dominiert. "Da hatte ich auch noch nicht das Gefühl, dass die SED aus dem Sattel zu werfen gewesen wäre.
Aber man sagte sich: Die müssen doch zur Kenntnis nehmen, dass sie so nicht weitermachen können."

Er selbst sei "im tiefsten Inneren optimistisch" gewesen trotz aller Frustation beim Anblick der "Balustrade": der Machtrepräsentanten wie
Zeiss-Generaldirektor Wolfgang Biermann und SED-OB Hans Span, die auf dem Sockel des Uni-Turms den Demonstranten zugewandt
standen. Das Gefühl drohender Gewaltausbrüche habe ihn während keiner der Jenaer Wende-Demonstrationen beschlichen, sagt
Wechsung. "Schreien, Lachen, Klatschen, Buhen - ja. Beim Fußball hatte man da schon eher Angst vor Eskalationen." Auf diese Weise sei
"erst einmal die Mündigkeit" der Bürger bekundet worden. "So wars doch!"

Groß-Demo gegen das SED-Regime heute vor 25 ... http://www.tlz.de/startseite/detail/-/specific/Gross...

1 of 2 11/04/2014 10:58 PM
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Actually, What Does It Mean to Be a “Hard” Problem?
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Another Intractable Problem
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How “Hard” Is S = {x2|x |x
∣∣ x ∈ {0,1}∗}?

1 Turing machines with one read-only input tape and one read-write
working tape can solve S in real-time, i.e., the number of steps in
the computation equals the length of the input.

2 Turing machines with only one working tape and no separate input
tape require time at least quadratic in the input size to solve S.

3 Alternating Turing machines need time no more than
logarithmic in the input size to solve S.

4 Finite automata cannot solve S at all.
Note that finite automata can be considered to be very restricted Turing

machines, which are equipped only with a one-way read-only input tape

(i.e., the head is allowed to go only from left to right in each step), have

no working tape, and must finish their work in real-time.
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A Problem’s Complexity is Determined by:

the computational model (or algorithmic device) used—e.g., the
two-way, multitape Turing machine;

the computational paradigm (or acceptance mode) of this
computational model—e.g., Turing machines are

deterministic or
nondeterministic or
probabilistic or
alternating or etc.

the complexity measure (or resource) used—e.g.,
the time (the number of steps executed in the computation) or
the space (the number of tape cells used in the computation) or etc.

needed to solve the problem (in either the worst-case or the
average-case complexity model).
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Where Do the Problems Come From?

Complexity theory studies important, interesting, natural problems
from almost every field of sciences, including areas as diverse as

logic,
graph theory,
algebra and number theory,
algorithmics,
cryptography,
coding and information theory,
data compression,
the theory of formal languages and automata,
circuit theory,
genome sequencing,
social choice theory, and many more.
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Where Do the Problems Come From? Examples

The satisfiability problem of propositional logic:

SAT =
{
ϕ ϕ is a satisfiable boolean formula

}
The clique problem of graph theory:

CLIQUE = {(G, k)
∣∣G is a graph that has a clique of size ≥ k}

The primality problem and the quadratic residue problem of
algebra and number theory:

PRIMES = {bin(n)
∣∣ n is a prime number}

QR =

(x ,n)
x ∈ Z∗n and n ∈ N are encoded in binary

and x is a quadratic residue mod n
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Where Do the Problems Come From? Examples

The multiprocessor job scheduling problem in algorithmics:
“Given a list J = (j1, j2, . . . , jk ) of jobs, ji having length `i , m
processors, and a bound t , is it possible to schedule all jobs in J
on the processors such that none overlap and the total time to
process all jobs is at most t?”

Decision problems like this have related optimization problems.

The (functional) problem of breaking RSA in cryptography:
“Given the public RSA key (n,e) in binary notation, determine the
corresponding private key d .”

How does this relate to the factoring problem: “Given a number n
in binary notation, determine its prime factors”?
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Where Do the Problems Come From? Examples

From the theory of formal languages and automata:
The halting problem for Turing machines:
“Given a Turing machine M and an input x , does M(x) ever halt?”
The equivalence problem for context-free grammars:
“Given two context-free grammars, G1 and G2, are they equivalent
(i.e., does it hold that L(G1) = L(G2))?”

From social choice theory:
The winner problem for plurality elections:
“Given an election (C,V ) and a distinguished candidate c ∈ C, is c
a plurality winner of (C,V )?”
The (coalitional weighted) manipulation problem:
“Given a candidate set C, a candidate c ∈ C, the votes and weights
of the nonmanipulative voters, and the weights of the manipulators,
can the manipulators cast their votes so that c wins?”
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Tasks and Aims of Complexity Theory

Classify problems in terms of their intrinsic complexity:
Prove an (algorithmic) upper bound for the problem;
Prove a lower bound for the problem.

Compare problems according to their computational complexity
via complexity-bounded reducibilities.

Determine the “hardest” problems of complexity classes in terms
of completeness w.r.t. some reducibility.

Prove structural properties of complexity classes and hierarchies.

J. Rothe (HHU Düsseldorf) Cryptocomplexity II 17 / 73



Reminder: Some Foundations of Complexity Theory Reminder: Some Central Complexity Classes

Reminder: Some Central Complexity Classes

Space classes

L = DSPACE(log)

NL = NSPACE(log)

LINSPACE = DSPACE(ILin)

NLINSPACE = NSPACE(ILin)

PSPACE = DSPACE(IPol)

NPSPACE = NSPACE(IPol)

EXPSPACE = DSPACE(2IPol)

NEXPSPACE = NSPACE(2IPol)
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Reminder: Some Central Complexity Classes

Time classes

REALTIME = DTIME(id)

LINTIME = DTIME(ILin)

P = DTIME(IPol)

NP = NTIME(IPol)

E = DTIME(2ILin)

NE = NTIME(2ILin)

EXP = DTIME(2IPol)

NEXP = NTIME(2IPol)
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Reminder: Simple Inclusions

Theorem

L ⊆ NL ⊆ P ⊆ NP ⊆ PSPACE.
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Reminder: Many-One Reducibility and Completeness

Definition
Let Σ = {0,1} be a fixed alphabet, and let A,B ⊆ Σ∗.

Let FP denote the set of polynomial-time computable functions
mapping from Σ∗ to Σ∗.

Let C be any complexity class.

1 Define the polynomial-time many-one reducibility, denoted by ≤p
m,

as follows: A≤p
m B if there is a function f ∈ FP such that

(∀x ∈ Σ∗) [x ∈ A ⇐⇒ f (x) ∈ B].

J. Rothe (HHU Düsseldorf) Cryptocomplexity II 21 / 73



Reminder: Some Foundations of Complexity Theory Reminder: Reducibility, Hardness, and Completeness

Reminder: Many-One Reducibility and Completeness

Definition (continued)
2 A set B is ≤p

m-hard for C if A≤p
m B for each A ∈ C.

3 A set B is ≤p
m-complete for C if

1 B is ≤p
m-hard for C (lower bound) and

2 B ∈ C (upper bound).

4 C is said to be closed under the ≤p
m-reducibility (≤p

m-closed, for
short) if for any two sets A and B,

if A≤p
m B and B ∈ C, then A ∈ C.
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Reminder: Properties of ≤p
m

Lemma

1 A≤p
m B implies A≤p

m B, yet in general it is not true that A≤p
m A.

2 The relation ≤p
m is both reflexive and transitive, yet not

antisymmetric.

3 P, NP, and PSPACE are ≤p
m-closed.

That is, upper bounds are inherited downward with respect to ≤p
m.

4 If A≤p
m B and A is ≤p

m-hard for some complexity class C, then B is
≤p

m-hard for C.
That is, lower bounds are inherited upward with respect to ≤p

m.
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Reminder: Properties of ≤p
m

Lemma (continued)
5 Let C and D be any complexity classes. If C is ≤p

m-closed and B is
≤p

m-complete for D, then

D ⊆ C ⇐⇒ B ∈ C.

In particular, if B is NP-complete, then

P = NP ⇐⇒ B ∈ P.

6 For each nontrivial set B ∈ P (i.e., ∅ 6= B 6= Σ∗) and for each set
A ∈ P, A≤p

m B. Thus, every nontrivial set in P is ≤p
m-complete for P.

J. Rothe (HHU Düsseldorf) Cryptocomplexity II 24 / 73



Reminder: Some Foundations of Complexity Theory Reminder: Reducibility, Hardness, and Completeness

Reminder: Properties of ≤p
m

Proof: All these properties follow easily from the definitions.

As examples, we only show two selected properties:
3 We show that P is ≤p

m-closed:
Let A≤p

m B via f ∈ FP, where f is computed by DPTM M running in
time p ∈ IPol, and
let B ∈ P via DPTM N running in time q ∈ IPol.

To show that A ∈ P, given input x , simply
compute f (x) via M,
run N on input f (x), and
accept if and only if N(f (x)) accepts.

Note that |f (x)| is polynomial in |x |, and as p,q ∈ IPol, so is p(q).
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Reminder: Properties of ≤p
m

6 To show that every nontrivial set B in P is ≤p
m-complete for P,

choose
a string b ∈ B and
a string b̄ /∈ B

(which is possible because ∅ 6= B 6= Σ∗).

Let A be an arbitrary set in P.

Define the reduction

f (x) =

 b if x ∈ A

b̄ if x /∈ A.

Clearly, f ∈ FP and f witnesses that A≤p
m B. q
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Reminder: Log-Space Many-One Reducibility

Definition
Let Σ = {0,1} be a fixed alphabet, and let A,B ⊆ Σ∗.

Let FL denote the set of log-space computable total functions
mapping from Σ∗ to Σ∗.

Let C be any complexity class.

1 Define the log-space many-one reducibility, denoted by ≤log
m , as

follows: A≤log
m B if there is a function f ∈ FL such that

(∀x ∈ Σ∗) [x ∈ A ⇐⇒ f (x) ∈ B].
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Reminder: Log-Space Many-One Reducibility

Definition (continued)

2 A set B is ≤log
m -hard for C if A≤log

m B for each A ∈ C.

3 A set B is ≤log
m -complete for C if

1 B is ≤log
m -hard for C (lower bound) and

2 B ∈ C (upper bound).

4 C is said to be closed under the ≤log
m -reducibility (≤log

m -closed, for
short) if for any two sets A and B,

if A≤log
m B and B ∈ C, then A ∈ C.
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Reminder: Properties of ≤log
m

Theorem

The ≤log
m -reducibility is a transitive relation.
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Reminder: The Satisfiability Problem

A boolean formula ϕ is in conjunctive normal form (CNF, for short)
if and only if ϕ is of the form

ϕ(x1, x2, . . . , xn) =
m∧

i=1

 ki∨
j=1

`i,j


=

(
`1,1 ∨ · · · ∨ `1,k1

)
∧ · · · ∧

(
`m,1 ∨ · · · ∨ `m,km

)
,

where the `i,j are literals over {x1, x2, . . . , xn}, and the disjuncts(∨ki
j=1 `i,j

)
of literals are said to be the clauses of ϕ.

A boolean formula ϕ is in k-CNF if and only if ϕ is in CNF and
each clause of ϕ has at most k literals.

Analogously: disjunctive normal form (DNF, for short) and k-DNF.
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Reminder: The Satisfiability Problem

Definition
Define the decision problems

SAT =
{
ϕ ϕ is a satisfiable boolean formula

}
,

k -SAT =
{
ϕ ϕ is a satisfiable boolean formula in k -CNF

}
.

Remark:

2-SAT is ≤log
m -complete for NL, the class of problems solvable in

nondeterministic logarithmic space.
As NL ⊆ P, it follows that 2-SAT is in P.

SAT is easy to solve (i.e., in P) for formulas in DNF.
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Reminder: SAT is NP-complete

Theorem (Cook 1971 & Levin 1973)

SAT is ≤p
m-complete for NP.

Proof:
1 SAT ∈ NP: Given a boolean formula ϕ with variable set X ,

1 guess nondeterministically a truth assignment

T : X → {true, false},

2 check deterministically whether T � ϕ and accept accordingly.
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Cook Reduction: Boolean Variables in Fx

2 SAT is NP-hard: To show A≤p
m SAT for any NP set A (with

L(M) = A for NPTM M), construct a boolean formula Fx such that:

x ∈ A ⇐⇒ f (x) = Fx ∈ SAT. (1)

Let x = x1x2 · · · xn be the input string, where xi ∈ Σ for each i .

Since M = (Σ, Γ,Z , δ,2, s0,F ) works in, w.l.o.g., time exactly p(n), the
tape head can move no further than p(n) tape cells to the left or right.

Enumerate the relevant tape cells from −p(n) through p(n).

Start configuration of M(x):

input symbols x1x2 · · · xn in tape cells 0 through n − 1,
the head currently scans the tape cell with number 0, and
the start state is s0.
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Cook Reduction: Boolean Variables in Fx

· · · 2 · · · 2 x1 x2 · · · xn 2 · · · 2 · · ·

· · · −p(n) · · · −1 0 1 · · · n−1 n · · · p(n) · · ·

variables of Fx index range intended meaning

statet,s 0 ≤ t ≤ p(n) true ⇐⇒ in step t ,

s ∈ Z M is in state s

headt,i 0 ≤ t ≤ p(n) true ⇐⇒ in step t ,

−p(n) ≤ i ≤ p(n) M ’s head scans cell i

tapet,i,a 0 ≤ t ≤ p(n) true ⇐⇒ in step t ,

−p(n) ≤ i ≤ p(n) the symbol a is in

a ∈ Γ cell i of M ’s tape
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Cook Reduction: Structure of Fx

Fx = S ∧ T1 ∧ T2 ∧ E ∧ C, where

S: correct start of the computation of M(x);

T1: correct transition from step t to step t + 1 for those tape cells
whose contents can be altered by the head of M;

T2: correct transition from step t to step t + 1 for those tape cells
whose contents cannot be altered by the head of M;
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Cook Reduction: Structure of Fx

Fx = S ∧ T1 ∧ T2 ∧ E ∧ C, where

E : correct end of the computation of M(x), i.e., E is true if and
only if M(x) has an accepting computation path;

C: general correctness, i.e.,
C is true if and only if the following conditions hold:

in each step t of M(x), there exists exactly one state s ∈ Z such
that statet,s is true, and there exists exactly one i such that headt,i is
true;

in each step t of M(x) and for each cell number i , there exists
exactly one a ∈ Γ such that tapet,i,a is true.
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Cook Reduction: Subformula C

Let the set of states and the working alphabet of M be given by

Z = {s0, s1, . . . , sk},

Γ = {2,a1,a2, . . . ,a`}.

Define

C =
∧

0≤t≤p(n)

[D(statet ,s0 , statet ,s1 , . . . , statet ,sk ) ∧

D(headt ,−p(n), headt ,−p(n)+1, . . . , headt ,p(n)) ∧∧
−p(n)≤i≤p(n)

D(tapet ,i,2, tapet ,i,a1
, . . . , tapet ,i,a`

)],

where the structure of the three subformulas D of C above is specified
in the next lemma.
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Cook Reduction: Lemma for Subformula C

Lemma
For each m ≥ 1, there exists a boolean formula D in the variables
v1, v2, . . . , vm such that:

D(v1, v2, . . . , vm) is true if and only if exactly one variable vi is true,
and

the size of the formula D (i.e., the number of variable occurrences
in D) is in O(m2).

Proof of Lemma. For fixed m ≥ 1, define

D(v1, v2, . . . , vm) =

(
m∨

i=1

vi

)
︸ ︷︷ ︸

D≥

∧

m−1∧
j=1

m∧
k=j+1

¬(vj ∧ vk )


︸ ︷︷ ︸

D≤

.

J. Rothe (HHU Düsseldorf) Cryptocomplexity II 38 / 73



Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Cook Reduction: Lemma for Subformula C

Subformulas D≥ and D≤ of D satisfy the following properties:

D≥(v1, v2, . . . , vm) is true ⇐⇒ at least one variable vi is true; (2)

D≤(v1, v2, . . . , vm) is true ⇐⇒ at most one variable vi is true. (3)

Equation (2) is obvious. To see that also (3) is true, observe that the
formula D≤(v1, v2, . . . , vm) has the following structure:

(¬v1 ∨ ¬v2) ∧ (¬v1 ∨ ¬v3) ∧ · · · ∧ (¬v1 ∨ ¬vm)

∧ (¬v2 ∨ ¬v3) ∧ · · · ∧ (¬v2 ∨ ¬vm)

. . .
...

∧ (¬vm−1 ∨ ¬vm).

(2) and (3) together imply that D(v1, v2, . . . , vm) is true if and only if
exactly one vi is true. Clearly, the size of D is in O(m2). q Lemma
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Cook Reduction: Subformulas T1 and T2

Letting δ denote M ’s transition function and y ∈ {−1,0,1} represent M
moving its head to the left, to the right, or not at all, respectively, define

T1 =
∧

t ,s,i,a

((
statet ,s ∧ headt ,i ∧ tapet ,i,a

)
=⇒

∨
ŝ ∈ Z , â ∈ Γ, y ∈ {−1,0,1}

with (ŝ, â, y) ∈ δ(s,a)

(
statet+1,ŝ ∧ headt+1,i+y ∧ tapet+1,i,â

))

and

T2 =
∧
t ,i,a

((
¬headt ,i ∧ tapet ,i,a

)
=⇒ tapet+1,i,a

)
.
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Cook Reduction: Subformulas S and E

Define

S = state0,s0 ∧ head0,0 ∧
−1∧

i=−p(n)

tape0,i,2 ∧

n−1∧
i=0

tape0,i,xi+1
∧

p(n)∧
i=n

tape0,i,2

and

E =
∨
s∈F

statep(n),s .
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Cook Reduction: Proof of Equivalence (1)

We show:

x ∈ A ⇐⇒ f (x) = Fx ∈ SAT.

(⇒)

x ∈ A ⇒ there exists an accepting computation path α of M(x)

⇒ assigning truth values to every variable of Fx

according to α, associating with each variable

its “intended meaning” according to our table, this

truth assignment satisfies each subformulas of Fx

⇒ Fx ∈ SAT
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Cook Reduction: Proof of Equivalence (1)

We show:

x ∈ A ⇐⇒ f (x) = Fx ∈ SAT.

(⇐)

Fx ∈ SAT ⇒ there exists a truth assigment τ to Fx ’s variables

satisfying Fx

⇒ according to τ , the variables statet ,s, headt ,i , and

tapet ,i,a of Fx can be sensibly interpreted as a sequence

of configurations K0, K1, . . ., Kp(n) of M(x) along

some accepting computation path of M(x)

⇒ x ∈ A
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Cook Reduction: Reduction is in FP

Finally, to show f ∈ FP, note that:

The size of Fx is polynomial in n = |x |:

|Fx | ∈ O((p(n))3).

An FP algorithm computing f runs in time linear in |Fx |. q
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Reminder: 3-SAT is NP-complete

Theorem

3-SAT is ≤p
m-complete for NP.

Proof: Membership in NP for the restricted problem follows
immediately from that for the general problem.

To prove that SAT≤p
m 3-SAT, define a reduction f mapping any given

boolean formula ϕ to a boolean formula ψ in 3-CNF such that:

ϕ is satisfiable ⇐⇒ ψ is satisfiable. (4)

Let
ϕ(x1, x2, . . . , xn) = C1 ∧ C2 ∧ · · · ∧ Cm,

where the Cj are the clauses of ϕ.
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Reminder: 3-SAT is NP-complete

The formula ψ is constructed from ϕ as follows.

The variables of ψ are ϕ’s variables x1, x2, . . . , xn and, for each clause
Cj of ϕ, the variables y j

1, y
j
2, . . . , y

j
hj

.

Define
ψ = D1 ∧ D2 ∧ · · · ∧ Dm,

where each subformula Dj of ψ is constructed from the clause Cj of ϕ
as follows.

Consider the j th clause of ϕ, and suppose that Cj = (z1 ∨ z2 ∨ · · · ∨ zk ),
where each zi is a literal over {x1, x2, . . . , xn}.

Distinguish the following four cases.
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Reminder: 3-SAT is NP-complete

Case 1: k = 1. Define

Dj = (z1∨y j
1∨y j

2)∧(z1∨¬y j
1∨y j

2)∧(z1∨y j
1∨¬y j

2)∧(z1∨¬y j
1∨¬y j

2).

Case 2: k = 2. Define

Dj = (z1 ∨ z2 ∨ y j
1) ∧ (z1 ∨ z2 ∨ ¬y j

1).

Case 3: k = 3. Define Dj = Cj = (z1 ∨ z2 ∨ z3).

Case 4: k ≥ 4. Define

Dj = (z1 ∨ z2 ∨ y j
1) ∧ (¬y j

1 ∨ z3 ∨ y j
2) ∧ (¬y j

2 ∨ z4 ∨ y j
3) ∧ · · · ∧

(¬y j
k−4 ∨ zk−2 ∨ y j

k−3) ∧ (¬y j
k−3 ∨ zk−1 ∨ zk ).
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Reminder: 3-SAT is NP-complete

Observe that the reduction f is polynomial-time computable.

It remains to show that (4) is true.

(⇒) Let t be a truth assignment to the variables x1, x2, . . . , xn of ϕ
such that t(ϕ) = 1.

Extend t to a truth assignment t ′ of the variables of ψ as follows.

Since for i 6= j , the subformulas Di and Dj are disjoint with respect to
the y variables, it is enough to consider all subformulas of ψ
separately. Consider the subformula Dj for any fixed j .

In Cases 1 through 3 above, t already satisfies Dj , so t can arbitrarily
be extended to t ′.
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Reminder: 3-SAT is NP-complete

Consider Case 4 above.

Let zi , where 1 ≤ i ≤ k be the first literal in Cj for which t(zi) = 1.

Such an i must exist, since t satisfies Cj .

If i ∈ {1,2}, then set t ′(y j
`) = 0 for each ` with 1 ≤ ` ≤ k − 3.

If i ∈ {k − 1, k}, then set t ′(y j
`) = 1 for each ` with 1 ≤ ` ≤ k − 3.

Otherwise, set

t ′(y j
`) =

 1 if 1 ≤ ` ≤ i − 2

0 if i − 1 ≤ ` ≤ k − 3.

In each case, t ′ satisfies Dj .

Hence, t ′(ψ) = 1, so ψ is satisfiable.
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Reminder: 3-SAT is NP-complete

(⇐) Let t ′ be a satisfying truth assignment to ψ.

Let t be the restriction of t ′ to the variables x1, x2, . . . , xn of ϕ.

Hence, t(ϕ) = 1, so ϕ is satisfiable, which proves (4) and the
theorem. q
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Reminder: Clique, Independent Set, Vertex Cover, and
Dominating Set

independent
set

vertex
cover

dominating
set

clique
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Reminder: Clique and Independent Set

Definition
Let G be an undirected graph.

A clique of G is a subset C ⊆ V (G) such that for any two vertices
x , y ∈ C with x 6= y ,

{x , y} ∈ E(G).

An independent set of G is a subset I ⊆ V (G) such that for any
two vertices x , y ∈ I with x 6= y ,

{x , y} 6∈ E(G).
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Reminder: Vertex Cover and Dominating Set

Definition
Let G be an undirected graph.

A vertex cover of G is a subset C ⊆ V (G) such that for each edge
{x , y} ∈ E(G),

{x , y} ∩ C 6= ∅.

A dominating set of G is a subset D ⊆ V (G) such that for each
x ∈ V (G)− D there exists a vertex y ∈ D such that

{x , y} ∈ E .
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Reminder: Dominating Set
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Reminder: Clique, Independent Set, Vertex Cover, and
Dominating Set

Definition

CLIQUE = {(G, k)
∣∣G has a clique of size ≥ k}

INDEPENDENT SET = {(G, k)
∣∣G has an independent set of size ≥ k}

VERTEX COVER = {(G, k)
∣∣G has a vertex cover of size ≤ k}

DOMINATING SET = {(G, k)
∣∣G has a dominating set of size ≤ k}
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Reminder: Clique, Independent Set, and Vertex Cover

Lemma

For each graph G and for each subset U ⊆ V (G), the following are
equivalent:

1 U is a vertex cover of G.

2 U = V (G)− U is an independent set of G.

3 U = V (G)−U is a clique of the co-graph of G, which is defined as
the graph with vertex set V (G) and edge set

{{u, v}
∣∣ u, v ∈ V (G) and {u, v} 6∈ E(G)}.
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Reminder: Clique, Independent Set, and Vertex Cover

Theorem
CLIQUE, INDEPENDENT SET, and VERTEX COVER are NP-complete.

Proof: It is easy to see that each of CLIQUE, INDEPENDENT SET, and
VERTEX COVER belongs to NP.

The previous lemma implies that these three problems are pair-wise
≤p

m-equivalent:

CLIQUE≤p
m INDEPENDENT SET≤p

m VERTEX COVER≤p
m CLIQUE.

Hence, it suffices to prove that, e.g., 3-SAT≤p
m INDEPENDENT SET.
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Proof Idea: Independent Set is NP-complete

Let ϕ(x1, x2, . . . , xn) = C1 ∧ C2 ∧ · · · ∧ Cm be a given boolean formula
with exactly three literals per clause.

For each i with 1 ≤ i ≤ m, let the i th clause be given by
Ci = (zi,1 ∨ zi,2 ∨ zi,3), where every
zi,j ∈ {x1, x2, . . . , xn} ∪ {¬x1,¬x2, . . . ,¬xn} is a literal.

The reduction f maps ϕ to the pair (G,m), where G is the graph with
vertex set

V (G) = {zi,j
∣∣ 1 ≤ i ≤ m and 1 ≤ j ≤ 3}

and edge set

E(G) = {{zi,j , zi,k}
∣∣ 1 ≤ i ≤ m and 1 ≤ j , k ≤ 3 and j 6= k} ∪

{{zi,j , zr ,s}
∣∣ i 6= r and zi,j = ¬zr ,s}.
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Proof Idea: Independent Set is NP-complete

According to the construction, formula

ϕ(x1, x2, x3) = (x1∨x2∨x3)∧(¬x1∨x2∨x3)∧(¬x1∨x2∨¬x3)∧(x1∨¬x2∨x3)

is transformed into the following graph:

¬ x2

¬ x1

¬ x1

¬ x3

x2

x1 x3

x

x

x3

1

2

x

x

2

3
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Proof Idea: Independent Set is NP-complete

Clearly, f ∈ FP. The construction implies that:

ϕ ∈ 3-SAT ⇐⇒ there exists a truth assignment t with t(ϕ) = 1

⇐⇒ every clause Ci has a literal zi,ji with t(zi,ji ) = 1

⇐⇒ there exists a sequence of literals z1,j1 , . . . , zm,jm

such that zi,ji 6= ¬zk ,jk for i , k ∈ {1, . . . ,m} with i 6= k

⇐⇒ there exists a sequence of literals z1,j1 , . . . , zm,jm such
that {z1,j1 , . . . , zm,jm} is an independent set of size m
in G.

Since G has an independent set of size at least m if and only if ϕ is
satisfiable, the reduction f witnesses that

3-SAT≤p
m INDEPENDENT SET. q
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Reminder: Some Foundations of Complexity Theory Reminder: NP-complete Problems

Reminder: Dominating Set is NP-complete

Theorem
DOMINATING SET is NP-complete.

Proof: Exercise. Hint: Reduction from VERTEX COVER. q
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Reminder: Graph Colorability

Definition
Let G = (V (G),E(G)) be an undirected graph.

A k-coloring of G is a mapping V (G)→ {1,2, . . . , k}.

A k -coloring ψ of G is called legal if for any two vertices x and y
in V (G), if {x , y} ∈ E(G) then ψ(x) 6= ψ(y).

The chromatic number of G, denoted by χ(G), is the smallest
number k such that G is legally k -colorable.
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Reminder: Graph Colorability

Definition
For fixed k ≥ 1, define

k -COLOR = {G
∣∣G is a graph with χ(G) ≤ k}.

Example:

Figure: A 3-colorable graph
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Reminder: 3-COLOR is NP-complete

Fact
2-COLOR is in P. without proof

Theorem
3-COLOR is NP-complete.

Proof:
1 3-COLOR ∈ NP is easy to see.

2 3-COLOR is NP-hard: We show 3-SAT≤p
m 3-COLOR. Let

ϕ(x1, x2, . . . , xn) = C1 ∧ C2 ∧ · · · ∧ Cm

be a given 3-SAT instance with exactly three literals per clause.
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Reminder: 3-COLOR is NP-complete

Define a reduction f mapping ϕ to the graph G constructed as follows.
The vertex set of G is defined by

V (G) = {v1, v2, v3} ∪ {xi ,¬xi
∣∣ 1 ≤ i ≤ n}

∪{yj,k
∣∣ 1 ≤ j ≤ m and 1 ≤ k ≤ 6},

where the xi and ¬xi are vertices representing the literals xi and their
negations ¬xi , respectively.
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Reminder: 3-COLOR is NP-complete

The edge set of G is defined by

E(G) = {{v1, v2}, {v2, v3}, {v1, v3}} ∪ {{xi ,¬xi}
∣∣ 1 ≤ i ≤ n}

∪ {{v3, xi}, {v3,¬xi}
∣∣ 1 ≤ i ≤ n}

∪ {{aj , yj,1}, {bj , yj,2}, {cj , yj,3}
∣∣ 1 ≤ j ≤ m}

∪ {{v2, yj,6}, {v3, yj,6}
∣∣ 1 ≤ j ≤ m}

∪ {{yj,1, yj,2}, {yj,1, yj,4}, {yj,2, yj,4}
∣∣ 1 ≤ j ≤ m}

∪ {{yj,3, yj,5}, {yj,3, yj,6}, {yj,5, yj,6}
∣∣ 1 ≤ j ≤ m}

∪ {{yj,4, yj,5}
∣∣ 1 ≤ j ≤ m},

where aj ,bj , cj ∈
⋃

1≤i≤n{xi ,¬xi} are vertices representing the literals
occurring in clause Cj = (aj ∨ bj ∨ cj).
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Skeletal Structure of the Graph in 3-SAT≤p
m 3-COLOR

v v

x

x

¬ x

¬ x

¬ x

1

x1 1

2

v3

2 2

n n

Figure: Skeletal Structure of the graph in 3-SAT≤p
m 3-COLOR
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Clause Graph in 3-SAT≤p
m 3-COLOR

1

2

4
5

6

3

a

b

c

y

y

y

y

y

y

Figure: Graph H for clause C = (a ∨ b ∨ c) in 3-SAT≤p
m 3-COLOR
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Properties of Clause Graph H in 3-SAT≤p
m 3-COLOR

1 Vertices xi and ¬xi corresponding to the literals xi and ¬xi are
legally colored 1 (“true”) or 2 (“false”).

2 Any coloring of the vertices a, b, and c that assigns color 1 to one
of a, b, and c can be extended to a legal 3-coloring of H that
assigns color 1 to y6. Thus, if ϕ ∈ 3-SAT then G ∈ 3-COLOR.

3 If ψ is a legal 3-coloring of H with ψ(a) = ψ(b) = ψ(c) = i , then
ψ(y6) = i . Thus, if ϕ 6∈ 3-SAT then G 6∈ 3-COLOR.

It follows that

ϕ ∈ 3-SAT ⇐⇒ f (ϕ) = G ∈ 3-COLOR

Clearly, reduction f is polynomial-time computable. q
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Directed Hamilton Circuit

Definition
DIRECTED HAMILTON CIRCUIT (DHC, for short) is the following
problem:

Given: A directed graph G = (V (G),E(G)).

Question: Does there exist a Hamilton cycle in G, i.e., a sequence
(v1, v2, . . . , vn), vi ∈ V (G), n = |V (G)|, such that
(vn, v1) ∈ E(G) and (vi , vi+1) ∈ E(G) for 1 ≤ i < n?

Theorem
DHC is NP-complete. without proof
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Hamilton Circuit

Definition
HAMILTON CIRCUIT (HC, for short) is the following problem:

Given: An undirected graph G = (V (G),E(G)).

Question: Does there exist a Hamilton cycle in G, i.e., a sequence
(v1, v2, . . . , vn), vi ∈ V (G), n = |V (G)|, such that
{vn, v1} ∈ E(G) and {vi , vi+1} ∈ E(G) for 1 ≤ i < n?

Theorem
HC is NP-complete.

Proof: Excercise. Hint: Reduction from DHC. q
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Traveling Salesperson Problem

Definition
The TRAVELING SALESPERSON PROBLEM (TSP, for short) is the
following problem:

Given: A complete undirected graph Kn = (V ,E), a cost function
c : E → N, and k ∈ N.

Question: Does there exist a Hamilton cycle in Kn such that the sum
of the edge costs is at most k?

Theorem
TSP is NP-complete.

Proof: TSP ∈ NP is easy to see.
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Traveling Salesperson Problem is NP-complete

TSP is NP-hard: We show HC≤p
m TSP.

Given an undirected graph G = (V (G),E(G)) with
V (G) = {v1, v2, . . . , vn}, define

f (G) = (Kn, c,n),

where Kn = (V ,E), V = {1,2, . . . ,n}, and for each edge e = {i , j} of
Kn:

c({i , j}) =

 1 if {vi , vj} ∈ E(G)

2 otherwise.

Clearly, G ∈ HC if and only if f (G) ∈ TSP. q
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